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ON RELATED PAIRS OF PLANE ELASTIC STATES 


By R. Hi 


Department of Mathematics, University of Nottingham 
( Received 23rd June, 1955) 


SUMMARY 


Ir 3s shown that remarkable connexions exist between solutions to certain superficially dissimilar 
boundary-value problems in plane strain of an elastic solid. Essentially, these connexions relate 
the displacement at a point in either state to the force resultant on a curve to the point in the 
yther ; as a consequence, related states can be recognized from their defining boundary-conditions 
alone. Many exan.ples are given, including several problems not hitherto solved. 

Analogous results in steady quasi-static viscous flow are discussed. These complement and 
omplete the correspondences noted by Gooprer (1934) between plane states of deformation in 


an elastic solid and a viscous fluid. 


1. OvuTiNe or PAPER 
Tue purpose of this note is to draw attention to a remarkable connexion between 
the solutions to certain superficially dissimilar boundary-value problems for an 


elastically deformed solid. 
Consider a state of plane strain with no body-forces in an incompressible elastic 
material (Poisson’s ratio }). Then, as well as the Airy stress-function ¢ defined 


by 


? ¢ ° #2 ¢ 2 a7 ¢ 
Tay M wr dy’ c M dr? 


Qu (1) 


where » is the shear modulus, there exists also a ‘ displacement-function’ % such 
that the components of displacement are 

yl 
>y’ 7 


It is well known that any stress function associated with an elastic state satisfies 


(2) 


the biharmonic equation and can be expressed in the form 
$ = R[x f(z) +-g(z)] 


where f(z) and g(x), sometimes called complex potentials, are analytic functions 
of z = a + iy (R denotes the real part and the bar denotes the conjugate com- 
plex). The writer has, however, seen no mention of the fact that the negative 
imaginary part of the above complex function is actually ¢ itself, i.c. 

@ — ip = 2zf(z) +g (2). (3) 
This is proved in Section 2 below. ¢ and ¥ are of course not harmonic conjugates, 


since the function is not an apalytie function of z. 
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Suppose, now, that we have a certain state, defined by given boundary-con- 
ditions, such that the complex potentials are f and g. Consider another state 
defined by potentials 

f°*=% f=. 
Then 
$* — ig* = 3f* (z) + g* (z) = i (¢ — iy) 
and so 
eo=% Y=-—¢. 
We introduce functions P (z, y) and Q(z, y) such that 


” wR Dd 
Pak, Q@=-—, ae = 0. 
oY AY 4 or oY 
with similar definitions for the corresponding starred quantities. By the use 


of (1) the differentials 


Con dz + 0, dy 
(7) 


o, dx + Try dy 


can immediately be recognized as the (x, y) components of the force acting across 
a line element dz; more exactly, if a positive sense be arbitrarily assigned to the 
element, the force is that exerted by material to the right of the element on material 
to the left (with respect to the positive direction). Hence 2u (P,Q) are the com- 
ponents of the resultant force acting across a curve from a certain origin to the 
point (z, y). It follows from (2), (5) and (6) that 


d— 
sy (Oy 


0 p* 


oY 


(8) 
u* v* 
Thus the displacement vector at a point in one state is directly related to the 
force on a curve to the point in the other. 
The resultant moment of the stresses acting on a curve AB is 


B 
2u [ (adQ ydP) 2u [2Q yP t $)% 
i 
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from (6). The sense of the moment is anti-clockwise on material to the left of 
the curve when traversed from A to B. Hence, from (8), 


B 
Qu (adQ — ydP) = 2u [yu* —av* — ¥*)4. (9) 

JA 
By examining whether the correspondence (8) is satisfied by those boundary 
tractions and displacements that uniquely define the respective internal fields,t we 
can at once recognize pairs of related states, even though neither of the internal 
+t Namely, either the displacement or the traction is given at each point, or a component of one and the perpendicular 


component of the other. In multiply-connected bodies the ‘ strengths ’ of dislocations, if any, have also to be con- 
sidered (see Section 3) 
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fields (and remaining boundary-values) may have been determined. Put otherwise : 
the transforms of ‘ natural’ boundary-conditions are themselves natural. This 
is a most important feature of the correspondence. 

It is to be observed that two states are effectively related if (8) would be satisfied 
after the subtraction of a rigid-body translation from either; this is connected 
with the fact that, for given stresses, ¢ is arbitrary to within a linear combination 
of x and y, while P and Q are arbitrary to within additive constants. Again, a 
rigid-body rotation may need to be subtracted from one state, or a uniform hydro- 
static stress added to the other, in view of the following equivalence of rotation 


and hydrostatic stress : 

(= =} 

ox oY 

du* . 

2 ,/,* / » 
wW \o, + 0,)/sp. 
or dy az y I 
There is yet a further correspondence to be noted. It is shown in Section 2 

that 


oe * 
Co, G, . T. r (11) 


Thus, the magnitude of the maximum shearing-stress at any point is the same 
in the two states, while the principal axes in one become the maximum shearing- 
stress directions in the other. 

By means of the correspondences (5), (8), (10) and (11), any known solution 
may immediately be converted, in its entirety, into the solution of a different 
problem. Again, a boundary-value problem defined by surface displacements can 
be converted into one defined by surface tractions (or vice-versa) for which the 
method of solution may be more apparent (even though the problem is not thereby 
made intrinsically easier —as indeed the correspondence demonstrates). There 
may also be advantages in so transforming the boundary conditions when it is 
intended to employ the photo-elastic technique. Examples of related solutions 
are given in Section 4. 

Finally, in Section 5 analogous results are stated for steady flow of a viscous 
fluid. In a later paper it is hoped to deal with generalizations to compressible 


media, 


2. Proors or Basic THEOREMS 


It is advantageous to proceed by regarding z and z as independent variables 


instead of z and y. We formally define the operators 


d 
3 = (5 
ve c 


Then, if f(z) is an analytic function of z, with derivative f’ (2), 


in virtue of the Cauchy-Riemann relations. Conversely, if )f/dz = 0 for a function 
f (x, y) whose real and imaginary parts are differentiable functions of x and y, f is 
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an analytic function of z. In other words, we may treat the operators }/dz and 
)/dz just as if z and z were a pair of independent variables. Moreover, this forme! 
symbolism extends to the interchange of order of differentiation of any (non 


analytic) function ¢ (z, y) ; for 


d (*4) =} V?¢= M ( 4 


Yi oz Oz 


We shall also use the easily-verified formulac 


‘ 


a [/ > = >? i > 
dz? =t(S =) “s 


where ¢ is real 
Equations (2) and (6) can now be written 


2 op 


u+ iw 2 
dz 
From (7), or from (1) and (6), 


ie, — & 4 2ir,,) Qu 


$(o, + oy) 2y 


Also, if the strain components are 


(14) 

» 

’ (= _ du) ;2 

oa dy/ 2 

In an elastic state the left-hand sides of the first lines of (18) and (14) are equal. 
On equating the right-hand sides we obtain 


(tu 


>? ’ 
ga (f — #8) = 0, (15) 


Two integrations give 
¢ — ip = af (z) + g (2) 


where f(z) and g (z) are arbitrary analytic functions of z; this proves (8). The 
formal integration is justified by previous remarks, since ¢, %, and their first 
derivatives are differentiable functions of z and y (the second derivatives of ¢ 
and ¥ being continuous if the stress and strain fields are). 

In passing, it may be noted that ¥, as well as ¢, is biharmonic (if the stresses 
are twice differentiable). For 
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>? 
ds 22 


{ef (2) + 8 (*)} =F’ (2). 


t V9 (¢ — tp) 


Hence V2 4 and — V? ¥ are harmonic conjugates and so ¢ and ¥ are biharmonic. 
The previous equation can be written as 

. {or du : 

— igi = af (z), 


wy 


(o, + o,)/2p +1 
from which with the aid of (4) we could re-derive (10). 

The elimination of ¢ and ¥ from (18) and (14) in favour of the potentials f and 
g leads to the formulae of KoL_osov (1909; see, for instance, MUSKHELISHVILI 
1953, p. 114). However, for the present purpose, it is preferable to regard a 
solution as specified rather by the functions ¢ and ¥. 

Consider, now, two elastic states related by the correspondence (5) or equiva- 


lently (8). From (13) 


But from (5) and (15) 
»3 p* »2 ~ 


“dz? sz? 


Hence 


in accord with (11). This completes the proof of theorems stated in Section 1. 


8. MuLtipLy-CONNECTED REGIONS 


When the body is singly connected, P and Q are single-valued functions of 
position and do not depend on the particular path from the origin; this is an 
obvious restatement of the fact that, in a state of equilibrium without body-force, 
the resultant traction on any closed circuit in the body is zero (since all circuits 
are reducible to zero within the body). If, however, the body is multiply-connected, 
and the stresses on one or more of the internal boundaries have non-vanishing 
resultants, then one or both of P and Q must be multi-valued. In such a case 
we imagine sufficient ‘ barriers’ introduced to make the resulting domain singly- 
connected, and then consider only paths that do not cross the barriers. Within 
the new domain P and Q will be single-valued and continuous. However, their 
values at neighbouring points on opposite sides of certain barriers will be different ; 
evidently, the ‘jumps’ in value depend only on the resultant forces applied to 
the internal boundaries, and are therefore of constant amount along each barrier. 

Consider, now, the correspondence (8) applied to a continuous field of stress in 
a multiply-connected body. In the related state the strains are continuous, but 
the displacement vector has discontinuities similar to those in the original force 
vector; in particular the ‘ jump’ in displacement is constant along each barrier. 
In other words, there are translational! dislocations of Weingarten type (see Love, 
Elasticity, p. 222). Elastic states with dislocations arising from a relative rigid- 
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body rotation of opposite sides of a barrier cannot be transformed into (nor arise 
from) states in which the stress varies continuously. It would be necessary to 
suppose that in the transformed state a real cut replaces the barrier, and that 
the tractions applied to the two faces differ by a uniform normal pressure. The 
transforms of displacement fields involving dislocations of more complicated types 


can be similarly interpreted. 


4. ILLUSTRATIONS 


The following examples are a small selection from the many possible. 

(i) Consider a body of rectangular section cemented along a pair of opposite 
faces to rigid dies, the other faces being free (Fig. la). The body is strained by 
translating the dies in opposite directions parallel to themselves through equal 


small distances s relative to the plane a 0. The conditions defining this elastic 
state are 
u § 1 0 on y b u s t O on y b; 
2uP 4S, Q 0 on a a; 2uP LS, Q 0 on t= -—@; 
Gaza zzz 4 
yi "| ‘ 
y 
} 
b —- —T 2b — -< 
a ¥/A V 
Cc ~ 4 OE 
erzzzzz77 777773 4 (A 
‘S—_—— 
Fig. 1. 


where S is the necessary shearing load on the dies (per unit thickness); no normal 
load is needed, by symmetry. (P,Q) is the force on a curve to the point (z, y) 


from the origin of co-ordinates. According to (8) the related state is defined by 
p* 8. * 0 on y b; p* 8, Q* 0 on y —b; 
u* S/ 4p, v* =0 on r=a; u* = S/4y, v*=0 on @ a. 


This represents compression between rigid dies cemented to the body (Fig. 1b) ; 
the movement of each die relative to the plane a 0 is S/4y, c say, and the 
compressive load per unit thickness is 4ys, C say. Now bS/2uas and aC /8ybe 
are the respective constraint factors ; that is, the actual loads, S and C, divided 
by the loads that would produce the same overall strains in uniform shear and 
compression respectively (under plane strain, with Poisson’s ratio 4). Hence, by 
the above correspondences, the product of the constraint factors is unity. 

Exact solutions to either problem are apparently not available. From approxi- 
mate summation of series solutions, partial information about the internal stresses 
in the shearing problem for particular values of a/b has been obtained by INGLIs 
(1923) and Mann (1949). By the aid of extremum principles, constraint factors 


have been estimated approximately for the shearing problem by Reap (1950) for 
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Poisson’s ratios between 0 and } and values of a/b greater than about 8, and 
for the compression problem by GREENBERG and TRUELL (1948) for Poisson's 
ratio 4 and a/b = 1. 

(11) Consider an infinite medium, free from dislocations, containing a traction- 
free cavity of circular section, and suppose that at infinity the rotation vanishes 
and the stress is a pure tension o in the y direction (Fig. 2a). Let this be the 
unstarred state. The solution was found long ago by Kirscu (see, for instance, 
TIMOSHENKO and GoonpreER, 1951, p. 80). In the related state the stress at infinity 


is a shear of amount $e in the (2, y) directions and there is a rotation of amount 


* 
| 
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Fig. 2. 


o/4y (cf. equations (10) and (11)). On the circle P and Q can be taken zero, and 


so, by (8), u* and v* both vanish there; accordingly, in the starred state we 


suppose that a rigid cylindrical inclusion is cemented within the cavity (Fig. 2b). 


Moreover (as would be expected from symmetry consider..tions) no resultant force 
is exerted by the material on the inclusion (cf. Section 3), which therefore need 
not be regarded as artificially fixed in position. Curiously enough, the solution 
to this related problem was stated only comparatively recently (MUSKHELISIVILI 
1933 ; see, for instance, his book, 1953, p. 212). 

Similarly, existing solutions for plates perforated by several holest would 
furnish solutions (seemingly new) for a body containing a number of cemented 
inclusions, each free to move. 

(iii) Consider an initially unstressed body of circular section having a concentric 
circular cavity filled by a rigid inclusion cemented to it. No displacement is per- 
mitted to elements on the external surface of the body when the inclusion is 
given a small translation. Let this be the unstarred state ; the solution is known 
(STEVENSON, 1943). In the related state both surfaces are free from traction 
(since dP* du 0, dQ* di 0 along them). However, according to the 
discussion in Section 3, the body must contain a dislocation whose discontinuity 
vector is parallel to the line of action of the force needed to move the inclusion. 
This related problem presents itself in the so-called ‘ dislocation theory’ of 
plastic flow in metals ; the solution has been discussed by Corrre.y (1953, pp. 


+ For references see TIMOSHENKO and GoopIEerR (151, p. 83 In addition to these, mention may be made of 
DEAN and MANN (1049) for shear of a plate with two circular holes 
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88-35, 87-88). Many other problems in this context, involving pairs or arrays of 
dislocations, have been investigated (an extensive review has been given by 
NaBARRO, 1952 All such solutions could be translated in terms of inclusions 


each under active load, or, in the limit, in terms of nuclei of forces 


5 Viscous FiLow ANALOK y 


It is well known that the equations characterizing a state of equilibrium in ar 
incompressible clastic solid are identical with those characterizing steady quasi 


static flow of a Newtonian viscous fluid, if one mercly replaces displacement and 


shear modulus in the former by velocity and coefficient of viscosity in the latter 


This was probably first pointed out by Lord RAYLEIGH Theory of Sound, Vol IT 


Chap. 19). Thus, the previous theory can be immediately taken over for two 
dimensiona! steady viscous flow problems. However, in practice the boundary 
conditions for these are almost always that the fluid is contained by rigid surface: 
(except perhaps at infinit reiati to which it does not slip For this reasor 
it 6 more profit ible to regard a viscous flow as related to an elastic state in whicl 
the corresponding surfaces a free from traction (or under uniform norma! 
pressure if the surface in the fluid is rotated) 

As a very simple example of this method of procedure, steady flow between 
paralle! walls under a uniform pressure-gradient corresponds to uniform bending 
of a rectangular beam by terminal cot According to (9) the rate of discharg: 
of fluid (given by the difference in the values of the stream-function on opposit« 
walis) ts directly related to the bx nding moment Agn n, ace rding to (10 the 
head of pressure 1s directly related to the angle of bend 

Essentially the sam procedure for deriving solutions to a wid range of two 
dimensional viscous flow problems from known clastic fields was formulated by 
Gooprer (1934).{ His starting-point was the remark that an elastic stress-functior 
@, being biharmonic, could bx interpreted a the stream-function w#* of a slow 
viscous flow, since this is also biharmoni He showed, moreover, that boundary 
conditions on stresses in the solid could be s mply related to those on velocities 
in the fluid (effective! s in the second line of (8), with u* and v* now denoting 
flow velocities thoug! he did not introduce the field functions P and “2 LOODIER 
also derived (9), the second line of (10), and results equivalent to (11 However 
he did not introduce the displacement-function ~¢ since there was no need t 
restrict the clastic aterial compressible when applying the partial 
correspondence y* ¢ Thi CoopieR could not have been aware of th 
complementary hall of thy correspondence embodied in the first half of (8) o1 
the first part of (5), nor of the important formula (3 

It is outside the scope ol this note t« pursuc the viscous-celastic corre spondence 
in more detail, but brief reference may be le to a few examples additional 
those mentioned by Gooprer. arising out of work of later dats For instance 
laminar motion of a viscous fluid past a projection from an infinite plane boundary 
has been discussed by Dean (1940. 1944) and Scott-Hutron (1955) for various 
shapes of projection. Their results furnish solutions for the tension of a semi 
infinite plate whose edge contains a notch (variously shaped) Weber (1942 

+ It was Gooormsa’s excellent paper which, in conjunction with Ravyision'’s analogy, suggested to me the idea 
behind the present inv eetigation 
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and STEVENSON (1948) have discussed the tension of a semi-infinite plate whose 


edge has various wave-like contours. Their results can be translated in terms 
of viscous flow past a corrugated boundary. Scorr-Hutron has also solved the 
problem of laminar flow over an infinite plane boundary containing a hollow. This 
can be translated in terms of the tension of a semi-infinite plate whose edge has 
a projection. 


REFERENCES 


Cortney, A. H. 1953 Dislocations and Plastic Flow in Crystals (Clarendon 
Press, Oxford). 
Dean, W. R. 1940 Proc. Camb. Phil. Soc., 36, 300 
1044 Ibid., 40, 19 and 214. 
Dran, W. R. and Mann, E. H. 1949 Proc. Camb. Phil. Soc., 45, 131 
Goopter, J. N. 1934 Phil. Mag., 17, 554 and 800 
Garenserc, H. J. 
and True.., R. 104% Quart. Appl. Math., 6, 52 
Inous, C. E. 1922 Proc. Roy. Soc. A 103, 598 
Mann, E. H 1949 Proc. Camb. Phil. Soc., 45, 258 
MuskResiseviti, N. I 1953 Some Basic Problems of the Mathematical Theory of 
Elasticity, 3rd Edition (Noordhoff Ltd., Groningen). 
Napararo, F. R. N. 1952 Advances in Physics, 1, 269. 
Reap, W. T. 1950 J. Appl. Mech., 17, 349 
Scort-Hutrton, D. L. 1955 Ph.D. Thesis, University of Nottingham. 
Stevenson, A. C. 1943 Phil. Mag., 34, 766. 
Timosuenko, 5. 
and Gooprer, J. N. 1951 Theory of Elasticity (McGraw-Hill) 
Wesenr, C. 1942 Z. ang. Math. Mech., 22, 29. 


Journal of the Mechanics and Physics of Solids, 1955, Vol. 4, pp. 10 to 16. Pergamon Press Ltd., London 


ON COULOMB’S LAW OF FAILURE IN SOILS 


By R. T. Seip 
A.R.D.E., Fort Halstead, Sevenoaks 


(Received 2nd June, 1055) 


SUMMARY 


Tae Coulomb law of failure for an ideal cohesive soil is interpreted to obtain the yield surface 
for three-dimensional stress fields. The associated flow rule is derived under the assumption of 
perfect plasticity. As an application, limit analysis is used to obtain a lower bound for the 
bearing capacity of a rectangular footing on a soil. 


INTRODUCTION 


Tue work of Drucker and Pracer (1952) on the implications of assuming that 
an ideal cohesive soil can be treated as a perfectly plastic material has been 
extended recently by Drucker (1953) to three-dimensional soil mechanics prob- 
problems. The Coulomb law was interpreted by Drucker as a modified Tresca 
as well as a modified Mises yield criterion. The yield surfaces obtained are valid 
generalizations of the Coulomb law to three dimensions, and there is no limit to 
the number of yield functions which reduce to the Coulomb law in two-dimensional 
problems. In the author’s opinion, however, the interpretation of the Coulomb 
law leads to only one yield surface for three-dimensional stress fields. This yield 
surface is described in Section 2 below. The assumption of perfect plasticity is 
then made in order to derive the associated flow rule. As an application of the 
yield criterion a lower bound for the bearing capacity of a rectangular footing on 
a semi-infinite mass of soil is obtained. This bound applies to any footing which 
has a convex area of contact. 

It should be remarked that application of this yield criterion and the associated 
flow rule to a problem will provide results which are correct for the ideal material, 
but which may bear no relation to the behaviour of a real soil. The value of the 
assumption of perfect plasticity must be estimated by the comparison of experi- 
ment with the predictions of the theory. Comparison between some theoretical 
results (SHIELD 1953) and experiment has been made by SYLwestrrRowicz (1953). 

After the work described below had been completed, the author learnt that 


the yield surface and the associated flow rule were obtained previously by 
Professor W. Pracer and Dr. J. F. W. Bisnorp in unpublished work. 


THe CouLtomsB YIELD CRITERION 


In the theory of soil mechanics, it is usual to assume that the magnitude of the 


shearing stress rt on any section through a mass of an isotropic cohesive soil must 
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not be greater than an amount which depends linearly upon the normal stress 
o acting on the section. This condition, which was suggested by CouLomsB (1778), 
is written 


tT <c —o tan d, (1) 


where c is the cohesion and ¢ is the angle of friction of the soil. Failure can only 
occur when the equality sign holds in condition (1) for some section through 
the soil. Tensile stress is taken as positive so that clearly the stress o must be 
less than c cot ¢. Mention will be made later of soils which are unable to support 
a tensile stress. 

In order to express the Coulomb yield condition (1) in terms of the principal 
stress components ¢,, o, and o,, we use the graphical representation of stress 


due to Mour (1882). In the Monr diagram (Fig. 1) the normal stress o and the 


shearing stress + are used as co-ordinates. 
The stresses (o, 7) acting at a point in the 
soil on any plane parallel to the second 
principal stress direction lie on the stress circle 
which passes through the points (¢,, 0), (a, 0), 
and which has its centre on the o-axis. 
Similarly the stress circle through the stress 


points (,, 0), (o,, 0) and the circle through 


= 
(o,, 0), (o,, 0) represent states of stress acting 

on planes parallel to the third and first 

principal stress directions respectively. In _ Fig.1. Monr’s representation of a stress 
Fig. 1. we have taken O, X<% <a, for and the Coulomb yield criterion. 
definiteness. At a point of the soil where the 

principal stresses have the values o,, o,, o,, the stress point (o, 7) representing 
the traction across any section through the point lies on or within the largest 
stress circle in the Monr diagram. 

Values of o, 7 satisfying the CouLomB law (1) are represented in Fig. 1 by 
points in the region to the left of the two straight lines from the point (c cot ¢, 0) 
and inclined at angles of amount ¢ to the negative o-axis. It follows that in order 
to satisfy condition (1), a state of stress o,, o,, o, must be such that the Mour’s 
circles lie within the wedge-shaped region. Failure of the soil can occur when 
the largest of the circles touches the two straight lines, and in this case we have 
the well-known result 


3 — % = 2ccos¢ — (og + a,) sin ¢. (2) 
It can be seen from Fig. 1 that the principal stress o, can have any value between 


g, and o, without violating the yield condition (1). Equation (2) can also be 


1 
written 


o, = o, tan* (tm + $¢) — 2c tan (fm + $¢). (3) 


In principal stress space the yield surface is a right hexagonal pyramid equally 
inclined to the o,, og, o, axes, and with its vertex V at the point o, = o, = o, = 
ccot ¢. Fig. 2 shows the section of the yield surface by the plane o, = 0. Sections 
by other planes o, = constant (less than ¢ cot ¢) are similar in shape but are of 
varying size. The hexagon drawn with a full line in Fig. 8 is the section of the 
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pyramid by the plane 


hexagon is irregular since the vield 
tress in tension differs from the yield stress 
in compression In contrast, the vield 
surface proposed by Drucker (1953) as a 
modified Tresca criterion is a right regular 
hexagonal pyramid. The inter-section of 
the plane (4) with this yield surface is a 
regular hexagon shown by the broken line 
Fig. 3. This yield surface lies within 
the vield surface considered here. 
if il is unable to take tension, 
r 


he pyramid is tru 
. , gy Plane stress (co 0) section of 

U Vy 0 I the oa pA 
I 2 ; the ld surface. OA aA 2c tan 


section by the plane o, yyramid bw — jd), OD = OF = 2ctan(}n + 34), 
with tension cut-offs. tan § = sin ¢. 


Fig. 3 . f the vield surface by the Section of the pyramid with tension 


plane o; + ¢g + 0, = 0. (The broken line vut-offs by the plane og = 0. 


shows the section of the yield surface pro- \D = OF ret 
, { «Cc tan t ° 
posed by Drucker). (tn + 49) 


accos 4 ,c ce 
Bc cos p op — 2V8¢ cos ¢ 
sin } 3— sing 


[Tue Frow Rue anp Dissipation FuNCTION. 


As in recent work (see, for example, DrucKER and PraGer 1952) the concept 
of perfect plasticity is assumed to be applicable to the ideal! soil under consideration. 
With this assumption, the vector representing the plastic strain rate is normal 
to the yield surface at a regular point (see voN Mises 1928 and Drucker 1950), 
At a singular point of the yield surface the plastic strain rate vector lies within 
the directions of the normals to the surface at adjacent points. For example, 
the normals drawn to the sides of the hexagon in Fig. 2 are the projections on the 
plane of Fig. 2 of possible plastic strain rates for stress points lying on the sides. 
When the stress point lies at a corner of the hexagon, e.g. point A in Fig. 2, the 
plastic strain rate vector lies in the fan bounded by the normals to the sides which 


meet at the corner. 


On Coulomb's law of failure in soils 18 


For the faces of the pyramid, one of the principal components of the plastic 
strain rate is always zero, and the principal components if properly ordered are 
in the ratio 

(1 + sing): —(1 —sing): 0. (5) 


At an edge of the pyramid, a possible plastic strain rate is a linear combination 
of the components for the faces which intersect at the edge. For example, for 
points on the edge which passes through the point A of Fig. 2, the principal com- 
ponents ¢,, €,, ¢, of the plastic strain rate can be written 


¢,=(A +p) (1+8in¢), «|= —A(l—sing), «= —p(l —sin¢g), (6) 


where A and y» are positive scalars. Corresponding expressions apply for other 
stress points and it follows that for stress points on the faces and edges of the 
pyramid, 

é, + &g + 5 = (€, — &, — ¢5) sin gd DO, (7) 
where ¢, is the (only) strictly positive principal component of the plastic strain 
rate. When ¢ is zero the Coulomb law reduces to the Tresca yield criterion 
and equation (7) becomes the equation of incompressibility, but non-zero values 


of ¢ imply an increase in volume during plastic flow. From the equality in (7), 


& tan® (ta _ }4) F €g T £3 = 0, (8) 


where €, > €» &- 

At the vertex of the cone, the plastic strain rate vector has more freedom, but 
the principal components must be such that the left hand side of equation (8) 
is positive, where ¢, is the algebraically greatest principal strain rate. 

In order to apply the limit analysis theorems (Drucker, GREENBERG and 
PRaAGER 1952), it is necessary to calculate the rate of internal dissipation of energy 
per unit volume due to a plastic strain rate. For the yield surface considered 
here the dissipation function D = Zo, «; has the simple form 


D = c cot  (e, + 4 + 6). (9) 


This form applies at all points of the pyramidal yield surface. 

For a soil unable to take tension, the truncated pyramid, a section of which 
is shown in Fig. 4, is used to derive the flow rule. For stress points which do 
not lie on the cut-off planes, the principal components of the plastic strain rate 
satisfy (8), where «, is the algebraically greatest component. Further, the dissipa- 
tion function D is again given by (9). For stress points on the cut-off planes the 
left hand side of (8) is positive. When there is no compressive strain rate the rate 
of dissipation of energy is zero, but for stress points on the boundary of the cut-off 
planes a compressive strain rate is possible. In this case the dissipation function 
D is 2c tan ($a + $¢) times the modulus of the compressive strain rate (or the 
sum of the moduli of the compressive strain rates if two of the principal components 
are compressive). 


4. RECTANGULAR FOOTING. 


As an example of the application of the CouLoms yield criterion to three- 
dimensional soil mechanics problems, we obtain a lower bound for the bearing 
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capacity of a rectangular punch or footing on the plane surface of a semi-infinite 


mass of soil. The bound applies to a rough or smooth punch which is normally 
and centrally loaded. The bound is obtained by application of the following 
theorem of limit analysis for the case of all surface tractions increasing in 
proportion. 

Theorem. Collapse will occur under the 
highest values of the surface tractions for 
which it is possible to find a statically 
admissible stress field. 

In this theorem, the term “ statically 
admissible stress field’ is used to describe 
a stress field which satisfies the equations 
of equilibrium and the stress boundary 
conditions, and which does not violate the 
vield condition. 

The stress field used is an adaptation of 
the statically admissible stress field used 
previously (SureLp and Drucker, 1953) 
for the indentation of a Tresca material 
by a rectangular punch. It is an extension 
into three dimensions of the two-dimensional Fig. 5. Two-dimensional stress field for 
stress field shown in Fig. 5. The stresses footing. 
acting in the various regions are given in 
Fig. 5. The field is built up in the following way. A uni-axial compression of 
amount FP in the regions ACFD, BCGE (which extend to infinity) produces a 
vertical compression Q and a horizontal compression g in the region ABC, AC 
and BC being lines of stress discontinuity. Superposed on this basic field are a 
horizontal compression of amount R throughout the soil, and a vertical compression 
of amount R in the region ABIH vertically below the line of indentation AB. 


The largest permissible value is taken for the stress R. This value is 
R 2ctan(j7 i 4), 

since this stress acts near the free surface where one principal component of stress 

is zero. The stress P and its inclination x to the vertical are chosen so that regions 

BCM, BMGE are both at the point of yielding. Region BCM will be at yield 
if P has the value 

P 2c tan® (ja } 4d), (10) 

independently of the value of x. Region BMGE will be at yield if P is given by 

4c (cos 2x + sin ¢) 

cos ¢ (1 — sin d) 


Equating the values (10), (11) for P shows that z is given by 


(11) 


cos 22 4 () L. sin? ¢), 


The compressions Q, g and the inclination y of the stress discontinuities AC, BC 
to the vertical are chosen to satisfy the equilibrium conditions across AC, BC 
and to stress the region ABC to the point of vi lding. It is found that 


On Coulomb’s law of failure in soils 
Q = hc tan* (ta + 44) {4 + sing + sin? d + (1 + sing) (4 + sin? $)"/?}, 


QP sin? x P sin x cos x 
oss tan y —— 
Q — P cos* x Q — P cos* x 
The extension of the two-dimensional field of Fig. 5 to a rectangular punch 
is shown in Fig. 6. LMNO is the rectangular area of contact between the punch 
and soil, LO and MN being the larger sides of the rectangle. The faces of the 
volume LMNOXY are inclined at an angle 
y to the vertical ; and the four prisms, two 


triangular and two trapezoidal, extending YY 
74 


s 
MY 


from the faces of the volume LMNOXY, J. 
are all inclined at an angle x to the vertical. . 
Only two of the prisms are shown in Fig. 6. 
The pressure Q on the rectangular area is 
supported by compressions P in the four 
prisms. The addition of an all-round 
horizontal compression R throughout the 
soil, and a vertical compression R in the soil 
vertically below the rectangle LMNO, com- 
pletes the stress field. Fig. 5 is then the 
vertical cross-section through the mid-points 
A, B of the longer sides of the rectangle. 

Since the yield criterion is not violated in Fig. 6. Basis of stress field for rectangular 
the plane of Fig. 5, it only remains to check footing. 
that the stress applied normal to the plane 
of Fig. 5 is intermediate to the two principal stresses in that plane, in order that 
the yield criterion be not violated by the three-dimensional stress field. The veri- 
fication is straightforward. We remark that the value R, which was chosen for the 
vertical compression added below the area of indentation, is the largest which can 
be taken without violating the yield condition in those parts of the prisms below 
the area of indentation. 

It follows that the pressure p Q + R, that is 


p tc tan® (tw + $6) {4 + sind + sin? d + (1 + sin d) (4 + sin? g)'/?} (12) 
2c tan (¢7 + $4), 


on the area of contact can be supported by a statically admissible stress field. 
By the limit analysis theorem quoted above, p is therefore a lower bound for the 
average indentation pressure. The lower bound (12) is plotted against the angle of 
friction ¢ in Fig. 7. For comparison, the value given by PranpTL (1920), 


c cot ¢ {exp (7 tan ¢) tan® (tr + $4) — 1}, (18) 


for the indentation pressure for a very long rectangular punch (plane strain) 
is shown in the same diagram. The value (18) is an upper bound for the plane- 
strain indentation pressure for all values of ¢, and is also a lower bound for values 
of # less than 75° (SHIELD 1954). 

As a special case, the lower bound (12) applies to a square punch. The points 
X and Y in Fig. 6 are then coincident. Further, the stress field of Fig. 6 can be 
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modified to apply to any convex area of indentation. The value (12 


> 
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) is therefore 


a lower bound for the average indentation pressure for any convex area. 


The bound also applies t« 
loaded 


loaded by a punch. 


as distin 
As 
DRUCKER, 


convex area 
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THE INFLUENCE OF FREE ENDS ON THE LOAD 
CARRYING CAPACITIES OF CYLINDRICAL SHELLS 
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SUMMARY 


Previous work by Drucker on the axially symmetric plastic loading of thin circular cylindrica! 
shells of infinite length is extended to shells of varying lengths. The ends of the shell are assumed 
to be stress free. The types of loading considered are a ring of force and a band of uniform 


pressure 


INTRODUCTION 


Tue axially symmetric plastic loading of circular cylindrical shells has been 
considered by Drucker (1958). By applying the theorems of limit analysis 
(Hitt 1951, and Drucker, GREENBERG and PrRAGeR 1952), Drucker determined 
the appropriate yield condition in terms of force and moment resultants for a 
rigid-plastic material obeying Tresca’s yield criterion. This work was extended 
by Honore (1954) and Onat (1955) to include the effect of an axial force resultant 
on the yield conditior 

Drucker solved the basic problems of an infinitely long shell acted upon by 
a ring of force or a band of uniform pressure. The following work considers the 
influence of free ends on the load-carrying capacities of cylindrica! shells. The 
material of the shell is assumed to be rigid-plastic, and a simplified yield conditior 
is used, effecting a considerable simplification in the analysis without a great 
loss in accuracy. For a material obeying the simplified yield condition used 
here, the solutions obtained to the problems considered are complete, i.e. they 


involve a plastic stress distribution and an asso iated mode of deformation. It 


follows from the theorems for a rigid plastic material (Hitt 1951) that the values 


obtained for the yield-poimt loads are the correct loads for a material obeying 


} rl | 1.4 ' 
the simplified yx ld condition. 


Basic EQUATIONS 


The force and moment resultants acting upon an element of a thin cylindrical 
shell under axially symmetric lateral loading are shown in Fig. 1. The axial 


force resultant will be assumed to be zero in the following work, and the circum 
ferential bending moment M, may be ignored since it does not enter explicitly 


into the equilibrium equations or the yield condition. The axia! bending moment 


M, the shearing force resultant Q, the circumferential force N and the applied 
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Dbrium 


(3) 


maximum permissible 


cCKHneESS | 


magnitude 


element of shell Fig. 2. Yield condition 


v4 The effect of the shearing force  o1 the vield condition 


The rectangular yield condition is chosen since it linearizes the 


ion, and effects a considerable simplification in the solution of particular 


too severe a loss in accuracy in the values of the collapse loads. 
tions predicted by a simplified yield condition may differ con 


from those in an actual material has been pointed out by Hin (1954). 


be remarked, however, that in prin ipl the problems considered below 


} 


ved with the exact yi ld condition. 


tangular yield condition used here overestimates the strength ol 
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the shell, the approximation can be improved by using a suitably chosen value 
Replacing oy by Ty 0-75 o,, 1S € quivalent 


0 


g, less than o, for the yield stress o,. 
to using a yield rectangle which lies inside the exact yield curve of Fig. 2, and 
the load-carrying capacity of the shell would be underestimated (see Drucker 
1953). With the value oa,’ 


limit loads which do not differ from the values predicted by the exact yield 


0-875 o,, the rectangular yield condition will predict 


conditions by more than 14%. Bounds for the error committed when any approxi- 
mate theory of plasticity is used to estimate yield-point loads have been obtained 
by Hii (1952). 

The radial velocity of the middle surface of the shell during plastic deformation 
will be denoted by u. Associated with the bending moment M and the force N 
are the rate of curvature « and the rate of extensional strain e, given by « =d? u/dz? 
and « u/R. During plastic deformation under the ‘ stresses ’ m, n, the vector 
with components proportional to the ‘ strain’ rates «xh, « is directed along the 
outwards-drawn normal to the yield rectangle at the stress point (m,n). At the 
corners of the rectangle the vector lies between the normals to the sides which 
meet at the corner. Thus, on the horizontal sides of the rectangle, « 0 and the 
shell deforms into a cone 

It is convenient (following Drucker) in the subsequent work to write equations 


(1), (2), (3) in the dimensionless forms 


dq 
dé 
dm 


dé 


q; 


d? m 
dg 
where € = 2/4/ Rh, } = pR/o, h,g = Q v/ Rh/o, h? and, as before, m 


wy 


8. Rinc or Force 


In this Section, the plastic loading of a cylindrical shell by a ring of lateral force is considered. 
The origin of the non-dimensional co-ordinate ¢ is taken at the point of application of the force, 


- 


the free ends of the tube being given by ¢ a, é b, where b >a. At the ends of the tube 
m=q=0. The lateral pressure ¢ is zero (except at ¢ 0) and the shearing force qg has a 
discontinuity of amount P at the origin, where Po, h4/h/R is the intensity per unit length of 
the ring of force. The values of a and b determine the number of hinge circles, i.e. sections at 
which |m| }, which form in the tube during plastic deformation. The analysis is straightforward 


and it is found that the following cases arise. 


(fija<l1 V2, a<b<1 
In this case, shown in Fig. 3, the moment m is everywhere less than the maximum value, 
jm| < 3, and |n 1. The stress distribution is as follows : 


For —a<£§ <0, 
m= —4(€ +a), 
For 0 < £ <c, where 7 = } (a? + b?), 


m = — $€7 + € (2c — b) — 4a’, 
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The value of P is 
a b \ 2(a* + ®t + a b. 


he form of the stress distribution is shown in Fig. 3. The circumferential force n is discontinuous 
t the point C distant c from 0. Since |m| < }, the rate of curvature « is zero. Where n 1, 


0 and where n 1, € <0 so that a permissible deformation mode is given by 
u V (c £)/e, 


he radial velocity at O. The mode of deformation is indicated in Fig. 3. 


Mode of deformation and stress distribution : 


c* } (a* + b*), P 2c 


(ii) a 1/+/2, b>1++ (a4 


2 4 })3 

In this case a yield-hinge at which m { develops at the point E in the length OB of the 
cylinder, Fig. 4. The stress distribution and deformation mode are as shown in the figure. For 
the length OA, the stresses are again given by equations (7). The distance £, of the hinge from 


O is given by §, 
For 0 < £ < &,, the stresses are given by 


» \2 
c. 


and the value of P is 
(11) 


‘he portion EB of the shell remains rigid. Since the length of EB is greater than unity, 


b f, » 1. the stress field can be extended into the portion EB without violating yield to give 


zero stress at the free end B. A permissible extension into EB is shown in Fig. 4. 


{aaz) 1 2 « 


For this range of values for a and 6, a hinge develops at the point O of application of the force, 
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Fig. 5. There are two discontinuities in the stress n at the points { d, é c where 


c = } (2b? + 1)4 d = 4 (2a* + 1) 


Mode of deformation and stress distribution : 
+ 24 4)4, I 


Fig. 5. Mode of deformation and stress distribution : 
d $ (2a” +1), P=2( 
For —d< é< 0, 
m — 4g? + (a — 2d) - 
For 0 < §<¢, 


m™m 
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The force P has the value 


d) a b (2a* + 1)3 + (2b? + 1)8 —a — Bb. 


The radial velocity u is zero at the points C, D, where n is discontinuous, and since «x 


everywhere except at the hinge, the deformation mode is given by 
d)/d for a —é <0, 


£)/c for 0 


where V is the velocity at the hinge 


Mode of deformation 


, ¢ 
Oo 


a IN UNITS OF WRH = 


Variation of P with a and b. 


(iv) 1/of2<a<2<b 


For this case there are two yield-hinges, one at the origin and one in the length OB, Fig. 6. 


The hinge at E in the length OB is at unit distance from O. The stresses in the portion OA of 
the shell are again given by equations (13), (14), and the stresses in OE are given by equations 
(10) in which £, is put equal to unity. The length of the rigid portion EB is greater than unity 


since b > 2, and the field can be extended into EB in a permissible way. The intensity of the 


force P is given by 


= (2a +1)8 + 1 —a. 
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The velocity field is given by 
V (€ + d)/d for —a < é <0, 
“lva-8 toro<é<1. 


(v) a,b > 2. 

This is the case considered by Drucker (1953). The deformation is symmetrical about the 
point O. Hinges develop at O and at the sections at unit distance from O. The intensity of 
the force P is two units, P = 2. Fig. 7 shows the variation of P with a for various ratios of 
b to a. 


4. BANpb oF PrRESsURE APPLIED TO A SEMI-INFINITE TUBE 


When the shell is loaded to yielding by a band of uniform pressure, various cases arise depending 
on the width of the band and the distance of the band from the free ends of the shell. The 
analysis is more difficult than that for the ring of force and only two particular cases are con- 
sidered here, the semi-infinite tube and a shell of finite length loaded symmetrically. 

Considering first the semi-infinite tube, the origin of the non-dimensional co-ordinate £ is 
taken at the centre of the band, which is at a distance b from the free end é b. A uniform 
pressure of amount Po,h/R is applied over the band a < £ <a, where a <b. 


(i) b « [a* (4/2 1)? 4 ah + a(2 — 4/2). 


In this case there is one yield hinge in the tube at the point E in Fig. 8a. The distance ¢, of 
the hinge from the centre of the band is given by 


(b? + 4). 


(b) {a (v2-1)% + $}8 + al2-v2) <d< ${ar2+(at+a)?} 


Fig. 8. Semi-infinite tube. 


a, the stresses are given by 


m 4(¢ +b), 


4 (P 1) (é + a)? — (é + a) (b — a) 


l, q =(P — 1)(€ + a) — (6 — a). 
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For a <é < fy, 
m=—i(f—6)7 +3 m=1, g=u—f+ &. (17) 
The value of P is given by 
Pa = 5 (b + &) = 3 {b + (b® + 44}. 


Since » = 1 in the plastic region, the radial velocity u is positive. The mode of deformation 
is given by 
om V (g = f) fy, 


and is shown in Fig. 8a. The stress feld can be extended into the rigid region ¢ > £, without 
violating the yield condition. 


ii) fa? (4/2 — 1)? + §)) + a(2 — 1/2) <b <p {a + 2 + (a? + 43}. 


For values of 5 in this range, there are two yield hinges at the points E and F in Fig. 8b. Also 


the stress n has a discontinuity at the point D ; n lin BDandn iin DE. The distances 
of the points D, E, ¥ from the centre O of the band are denoted by d, £,, , respectively. 
For bd< é« 1, the stresses are given by 
m b(é + 0), n 1 7 = (€ +d) 
For 1 é « a 
m $(é i)? (b d)(é ; d) + 4 (b d)* 
n 5 q (é t d) + db d 
For —a <é < fs, 


m = 4(P —1)(£ + a}? + (£ + a) (a + b — 2d) — 4 (d — a)? 


+ (b —d)(d —a) + 4b 1)?, 


n l, 1 (P ié+a)+ar+d 2d. 
Vor fs £ 3 
m 4(P 1¢(é ay {a E,)¢é a) i (a é,)? + 2, 
a) 1, q (P 1(é a) (a &,). 
For a 7 f,, region CE in Fig. 8b, the stresses are again given by equations (17). The 
listances £,, f, are given in terms of a, b, d, by 
. e 2 (2d 2ad b* + ab 4) 
fy (e+ 2d* b*)3, fo ; (18) 
2d a b 
und the value of P is given by 
Pa 4 (2d b + £;). (19) 
The distance d is found from the equation 
la (2d b fo) (2d b 4 f(a fo), 
n which £, and £ have the values (18), subject to the condition 0 <b — d 1/ 4/2. 
rhe radial velocity is negative in BD and positive in DE. The mode of deformation is indicated 
in g. SD 
tii) 5 b{a +2 + (a* + 4)3} 


This is the case considered by Drucker (1953). The deformation is symmetrical about the 


entre O of the band Yield-hinges form at O and at distances €, from O, where 


+ hia 4 (a* 4 4)?}. 
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The value of Pa is given 


by 


Pa = £, = 4 {a + (a? + 4)4}. 


The variation of Pa with a and 5 is indicated in Fig. 9. 


a IN UNITS OF RA. 


4 
Ab = {a* (42-1)? + 5}? 4 
+a(2-¥2) h 


b= b{a+2+(a?+ 4)2} 
rc... 


/ 
Pa-| 


5. Banp oF PRE 


2 3 


b IN UNITS OF VRAH OO 


Fig. 9. Semi-infinite tube. 


SSURE SYMMETRICALLY APPLIED TO A SHORT TUBE 


As before the width of the band is denoted by 2a. The centre O of the band, Fig. 10, is at 
the middle of the tube, distant b from the free ends. 


(i) b < } fa + (a? + 2)3}. 


In this case there are no yield-hinges, and n 1 everywhere. The stresses in the length AB, 


Fig. 10a, are given by 


In the length OA, 


The value of P is given by 


— (€ — d). 


a) — ¢(b — a)’, 


Permissible modes of deformation must be such that the radial veloeity u is positive everywhere 


and is a linear function of 


(ii) § {a + (a* + 2)3} 


In this case a yield-hinge 


fa +2 + (a? + 4))}. 


s 


forms at the centre O of the band. Fig. 10b. The stress n is dis- 


continuous at points distant ¢ from O in the unloaded portions of the tube. The value of c is 


given by 


b {(d a)* + b? 4 1}4 + $a, 
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he pressure P by 


Je bed {are +(e? oa)?} 


Symmetrical loading of short tube 


| 


@ IN UNITS OF 4RA 


11 Symmetrical loading of short tube 
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Orr 
~t 


The deformation mode is indicated in Fig.10b. The radial velocity is positive where n = 1 
and negative where n l 


(ai) b > fa +2 + (a* 4 4)3}. 


This is again the case examined by Drucker (1953) and described in the previous section. 
Fig. 11 shows the variation of Pa with the distances a and b. 


(Crown Copyright reserved. Reproduced with the permission of the Controller, H.M.S.O.) 
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SUMMARY 


Tue effects of vacancy and F-centre concentrations on the room temperature creep properties 
of NaCl single crystals were studied Under a load of 1,200 gm/mm?, logarithmic creep 
behaviour was found for both annealed and quenched crystals before or after irradiation. 
Irradiation with 50 kV X-rays was found to have a marked effect on both initial deformation 


and subsequent creep, causing an initial softening followed b: hardening as irradiation is 


continued. The behaviour after irradiation can be explained on the basis of the changes in 


vacancy concentration and distribution which accompany F-centre formatior Experiments in 


which the vacancy concentration was changed by quenching from various temperatures indicate 


that the creep rate may depend in a simple way on the number of vacancies 


INTRODUCTION 


Ir nas long been known that one of the effects of ionizing radiation on the alkali 
halides is to increase brittleness, and recent work has shown that marked changes 
in hardness (WESTERVELT 1954), yield stress (PopaAscHEWsky 1935; Li 1958), 
and internal friction (FRANKL 1958) also occur. These considerations, together 
with the fact that much is known about F-centre formation (Serrz 1954; Pont. 
1937 ; MarKHAM 1952), instigated this study of the creep properties of sodium 
chloride as affected by radiation. A stress range was chosen which yielded transient 
creep to which the Morr-NaBarro exhaustion theory (Morr and NABARRO 1948 ; 
CoTTRELL 1953) might be expected to apply. 

In the Mott-Nasarro theory, the plastic flow is considered to be the result 
of the motion of a large number of dislocations. A dislocation moves when the 
sum of the applied stress and thermal activation stress is great enough to over- 
come its internal stress. It is generally assumed that both the number and distri- 
bution of lattice vacancies have a pronounced effect on the internal stress, and 
on the contribution to the strain made by a dislocation jump. Consequently the 
changes in vacancy concentration and distribution which are believed to result 
when F-centres are produced by X-irradiation might be expected to affect the 
creep properties. 


* Taken in part from a thesis submitted by Florence I. Metz to the faculty of the Western Reserve University in 
partial fulfilment of the requirements for the Master of Science Degree 
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In this investigation, the creep properties of NaCl single crystals under com- 
pression were studied as a function of irradiation time. Compression was used 
rather than tension because grips were not required and because an accurate 
measurement of the initial deformation was possible. The strain range studied 
(< 10 per cent) was small enough to minimize the deviations from uniaxial stress. 
The effect of incremental loading was studied before and after irradiation. Changes 
in vacancy concentration and distribution were also effected by the use of crystals 
quenched from temperatures which ranged from 150°C to just below the melting 
point. 

Both F-centre production and creep are complex processes, and the results of 
the experiments described herein are not sufficient to enable one to set forth a 
unique explanation of their interrelations. However, an interpretation is given 
of the observed phenomena which is consistent with some of the current ideas 
about F-centre formation and of creep. 


EXPERIMENTAL 
(i) Preparation of Specimens 


Harshaw sodium chloride single crystals were used in the form of 10 x 2-5 
2.5mm blocks. The initial cleaving and grinding were to dimensions slightly 
larger. Further surface treatment after annealing resulted in the proper final 
dimensions. A fresh specimen was used for each creep experiment. The annealing 
treatment involved heating in a bed of powdered NaCl at 600°C for 24 hours, then 
a slow cooling to room temperature over a period of 36 hours. The annealed 
crystals were stored at room temperature in a desiccator. Prior to irradiation, 
the specimen surface was removed by a stream of water from a burette (4 ml 
were used), and the crystal immediately rinsed with ethanol followed by acetone. 
Air drying for 10 minutes resulted in a smooth surface, which microscopic examina- 
tion showed to resemble an electropolished metal surface (smooth and free of 
steps or abrupt changes in level). The surface treatment described was adopted 
as a standard procedure in all except the quenching experiments because, although 
the nature of the surface was found to have no systematic effect on the magnitude 


of the creep constants, the reproducibility of the creep data was increased. 


The quenched crystals were heated at temperatures between 150° and 700 
before quenching. Prior to heating at the desired temperature, each specimen 
was maintained at 720° for at least 100 hours. The time at the lower temperature 
was long enough to ensure that further heating would have no effect on the creep 
behaviour after quenching to room temperature: it varied from 150 hours at 
500° to 800 hours at 150°. Quenching was accomplished by air cooling the com- 
bustion boat containing the crystal imbedded in powdered NaCl. 


(ii) Irradiation Procedure 


The depth of penetration of X-rays which are effective in colouring the crystals 
is small. The intensity of the effective wavelengths has been estimated (EsTer- 
MANN, Leivo and STERN 1949) to decrease to 37 per cent of the initial intensity 
in approximately 0-05 mm. Specimens of thickness 0-05 mm could not easily be 
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adapted to creep measurements. Consequently the alternative procedure of 
irradiating larger specimens on all four sides was adopted. 

The specimens were mounted on the shaft of a 4 rpm clock motor, and rotated 
around an axis normal to the X-ray beam and parallel to the large faces of the 
specimen. The irradiation was performed in an atmosphere of helium at room 
temperature. The X-ray tube was a Machlett AEG-50 having a tungsten target 
and a beryllium window, and was operated at 50 kv and 30ma. The radiation 
intensity as measured on a Gamma survey meter was 75,000 r per hr at the position 


of the crystal. 


(iii) Creep Measurement 


The creep tests were performed in the apparatus shown in Fig. 1. Granulated 
lead was used in order that the load could be applied gradually and without an 
initial shock. The creep strain was measured on a dial indicator which was sensitive 
to changes in length of 5 x 10*mm. The experiments were carried out in red 
light having a cut-off at 6,000 A. No detectable diminution in the F-band occurred 
due to the illumination for the period of time required to obtain a creep curve (60 
to 100 minutes). 

The general procedure was to mount 
the crystal in position with a small load 
(piston plus platform amounting to 
150 g/mm?), and adjust the dial indicator 
to zero. The quantity of lead required 
for an applied stress of 1,200 gm/mm? 
was poured into the funnel, and readings 
were then taken at appropriate intervals. 

The time required for loading was of the 

order of 15 seconds. Incremental loading Ol Gace 

experiments were carried out in the same 

fashion, except that further increments 

in load of 20-60 gm/mm* were added 

after times of 50 to 100 minutes. The 

alignment of the piston, anvil and the Fig. 1. Creep apparatus. 

ends of the specimen were good enough, 

so that the measured strain can be taken to be the total strain of the specimen. 

The creep tests showed the variations characteristic of creep tests in general. 
The reliability of the observed effects of irradiation was increased by the use 
of a large number of specimens. The variations from specimen to specimen will 


be discussed in more detail in the section on radiation effects. 


8. Resutts AND Discussion 


(i) Time Law for Creep 


The creep data were found to be represented satisfactorily by an equation of 


the type 
y=alogt+b (1) 
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where y is the creep strain, ¢ is time in minutes, and a and b are dimensionless 
constants. This functional dependence was obtained by Morr and NasBarro 
(1948 ; CorrrELL 1953) in their theory of exhaustion creep, and found to prevail 
for a number of metals by Davis and Tuompson (1950) and by Wyarr (1953). 
The equation derived by Mort and NaBarro is 
: vNkT > - 
Y ae . yy og v 
where y, is the “ instantaneous ” strain, v is the incremental contribution to the 
creep strain due to a single dislocation jump, N is the number of dislocations, A 
is the activation energy, v is the vibration frequency of the dislocation loop against 
its obstacle, and kT has its usual connotation. In the present investigation, a 
logarithmic dependence of strain on time was found for all three types of specimens 
~annealed, quenched, and irradiated. Typical data are shown in Fig. 2, where 
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Fig. 2. A typical creep curve. The points are Fig. 3. Activation stress distribution. The 
experimental and the curve represents the number of dislocations which will start to 
equation c = a logt + 6. move under stresses between o and o + do is 

N (co) de. 


the points are experimental and the curve is that obtained from equation (1). The 
constants a and b were obtained from a plot of y versus logt; b is the value of 
the strain at the intersection of the line with the log t = 0 axis. The satisfactory 
fit obtained with the equation led to the adoption of the two constants as character- 
izations of the creep curve; a is equal to the creep rate at unit time and b is a 
measure of the extent of initial deformation. The discussion below indicates that 
a value of the initial deformation which might have a greater physical significance 
may be obtained by computing the strain at the time required for the passage of 
a dislocation through the crystal. However, the assumption that the dislocations 
which move immediately would do so with the velocity of sound yielded a value 
of the strain substantially the same as that for t = 1, and the latter value was 
adopted for convenience. 

The exhaustion theory of creep (Mort and NaBarro 1948; CorrTrRELL 1958) is 
based on the idea that plastic deformation is the result of the individual movements 
of dislocations which are fixed in number and which move but once. For a given 
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applied stress, every dislocation has an activation stress which is the minimum 
required to induce motion. A dislocation will move only when thermal activation 
supplies the stress needed in addition to the applied stress to overcome the internal 
stresses. The distribution of activation stresses might be as in Fig. 8; the number 
of dislocations having an activation stress between o and o +-do is N (a) do. 
When a stress o, is applied, the number of dislocations represented by the area 
under the curve to the left of 7, will move immediately. Subsequently, as activation 
energy is supplied by thermal vibrations, the dislocations to the right of g, will 
move so that at a later time the stress necessary for motion will in effect be o,. If 
now an increase is made in the applied stress to a value greater than o,, the activa- 
tion stress will be reduced to a value equal to that existing at an earlier time. The 
effect of the increment would therefore be to reproduce the portion of the creep 
curve which continues from that time. Incremental loading experiments by 


TABLE 1 
Dislocation energies obtained in incremental loading experiments on NaCl 


Initial load Increment, F- kTa(A log t) 
¢, Ao, 2 


g/mm? g/mm? 


060 60 
1100 20 
1200 40 
1200 60 


es 
eo 


og 


y = 
I 


@ a 
Time - MINUTES 
Fig Incremental loading curve for unirradiated NaCl. The initial stress was 1,200 gm/mm? 
and the increments were 60 gm/mm?. 


Wyatr (1958) on aluminium, copper and cadmium indicated that the curves after 

the increments in load were applied were indeed similar to segments of the parent 

curve. The structural theory of Corrre.L (1958) based on Wyatt's results pre- 
dicted that the relation 

Ao kT 

oh logt ~ F " 

should hold where o and Ao are the applied stress and incremental stress, while 

4 logt is the distance along the log? axis which is equivalent in strain to the 
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effect of Ac. F is the energy per unit length of dislocation. Good agreement 
was obtained for Wyatt’s data on copper when F was taken as equal to pb’, 
where yu is the shear modulus and b is the atomic dimension in the shear direction. 
In this investigation, incremental loading experiments were carried out after 
the manner of Wyatt for both unirradiated and irradiated crystals. With un- 
irradiated crystals, it was found (Fig. 4) that the successive increments of the 


TIME - MINUTES 


Fig. 5. Incremental loading curve for a crystal irradiated for 24 hours. Initial load of 1,200 
gm/mm? and increments of 60 gm/mm%. 


creep curve could be superimposed on the parent curve. Quenched and annealed 
crystals behaved in the same manner. Average values of F' computed by equation 
(8) for various loading conditions are listed in Table 1. The values so obtained 
are of the correct order of magnitude ; ,}® is 5 e.v. in this case, and HUNTINGTON’s 
(1941) computations, which take into account the electrostatic energy between 


sodium and chloride ions in a dislocation, predict a value of F lower than yb*® by 


a factor of 3. 

Incremental loading experiments on crystals irradiated for 30 to 60 hours 
gave a notably different result. In every case, an induction period in the creep 
was obtained on the addition of a load increment (Fig. 5). 


(ii) The Effect of Radiation 


Irradiation of sodium chloride with X-rays results in marked changes in its 
mechanical properties. The variations in the initial deformation (which we take 
to be approximately equal to b) and the creep coefficient a with irradiation time 
are illustrated in Figs. 6 and 7. As mentioned above, the variations in the values 
of a and b from specimen to specimen for the same irradiation time required that 
a large number of experiments be run. The points plotted in Figs. 6 and 7 are 
averages obtained from a total of 64 creep tests. It is believed that the value 
of b at any point is reliable to + 0-010, and the value for a to + 0-0009. 

The initial softening of the crystals, followed by a hardening, indicates that there 
may be several pertinent processes occurring during irradiation. Current theories 
regarding the role of dislocations in creep and the interaction of X-rays with dis- 
locations and vacancies suggest an approach to the explanation of these two 
effects. 

The annealed crystal before irradiation contains both dislocations and vacancies. 


The vacancies are believed to be distributed as pairs and larger clusters at random 
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throughout the crystal, and also as clusters around dislocations. Since vacancies 
clustered around dislocations contribute most to the relief of the internal stresses 
due to the dislocations, it may be concluded that an appreciable number of vacancies 
will be so located. 


MI 
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Fig. 6. Variation of the initial deformation, 6, with irradiation time for an annealed crystal 


5 te 


* PRADATION - HOUR 


Fig. 7. Variation of the creep constant, a, with irradiation time for an annealed crystal 


The dislocation theory as applied to creep would lead one to assume that both 
the number and distribution of lattice vacancies have an effect on the internal 
stresses and on the contribution to the strain mad by a dislocation jump. The 
vacancies closely associated with a dislocation effect the ease with which it can 
be made to move on the application of externe| stress, while the others may act 
as blocks when in the path of moving dislocations 

Two important processes which are believed to occur concurrently during 


X-irradiation of an alkali halide involve va ancy concentration and distribution. 


The first of these processes, and the one which is probably predominant at short 
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irradiation times, is the formation of F-centres by the combination of X-ray 
produced electrons with existent negative ion vacancies. The second process is 
the production of additional vacancies at dislocation jogs by the NaBarro-Sertz 
(NaBarRo 1948; Srrrz 1950) mechanism followed by the conversion of the 
negative ion vacancies so produced to F-centres. 

The long term effect observed in this investigation, namely an increase in creep 
resistance, is analogous to the effects observed on irradiation of metals with high 
energy neutrons (Kunz and Ho_pen 1954). In metals, the increase in hardness, 
yield point and early flow stress have been ascribed to the formation of vacancies 
and interstitials; these imperfections being thought of as impediments to the 
motion of dislocations. It might be expected that the additional vacancies intro- 
duced by the Naparro-Serrz process would have a similar effect in the alkali 
halides. 

The initial softening of the crystals is more difficult to understand. It might 
be thought of as the result of a temporary predominance of the cluster dispersal 
which accompanies the formation of F-centres from existent negative ion vacancies 
(Seitz 1954). Such a dispersal would tend to reduce the number and effectiveness 


of the impedime nts to dislocation motion. 


(iii) Experiments with Quenched Crystals 


It was also of interest to study the behaviour of crystals in which the vacancy 
concentration and distribution were varied by a means other than radiation. A 
convenient way in which to vary them is to quench the specimens to room tem- 
perature after equilibration at some higher temperature. Because vacancies can 
be lost during quenching, such crystals can be expected to have a concentration 
and distribution characteristic of the temperature from which they were quenched, 
but not necessarily the equilibrium number at that temperature. The need for 
an easily reproduced initial state for all specimens led to the adoption of a pre- 
treatment of 700°, since diffusion rates at temperatures near the melting point 
are high enough so that crystals can be equilibrated in relatively short times. The 


procedure was to heat the crystals at 700° for a long time (in excess of 100 hr), 


and then to reduce the temperature to the desired value before quenching to room 
temperature. The time at the second temperature was long enough to achieve 
reproducible creep behaviour. Some of the vacancies present at 700° are in excess 
at the lower temperatures and must be lost by diffusion, possibly, as suggested 
by SrrauMANIs (1958), to form voids. These may not be of importance as sources 
of F-centres, but they can play a role in the deformation behaviour of the crystal. 

The specimens therefore were assumed to have a vacancy concentration charac- 
teristic of the temperature from which they were quenched, as well as voids which 
were the result of the condensation of the excess vacancies introduced at 700°. There 
is no doubt that there were present stresses arising from the quenching procedure, 
and that they would have an unpredictable effect on the creep behaviour. However, 
it is believed that these were small in comparison to the stress applied in our 
experiments. 

The variation in the creep constants of quenched crystals which have not been 
irradiated is illustrated in Fig. 8. The lack of variation of the initial deformation, 
b, with the heat treatment, suggests that the changes in vacancy concentration 
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did not alter the stress distribution around the dislocations. The large decrease 
in the creep coefficient, a, with temperature prior to quench, suggests that some of 
the randomly distributed vacancies, introduced at 700° may have been converted 


to voids, and that the voids are not so effective in interfering with the motion of 
dislocations. The dashed line in the Figure is an exponential curve and suggests 
that the creep rate may depend in a simple way on the number of vacancies. 


oa — 


Fig. 8. Variation of the constants a and b, with temperature prior to quenching. 


CONCLUSIONS 


The results of this investigation may be summarized as follows : 

1. Alkali halide single crystals exhibit logarithmic creep at room temperature 
under a load of 1,200 gm/mm?*. The logarithmic equation was found to fit equally 
well for crystals which were annealed, quenched, or irradiated with X-rays. 

2. Irradiation with X-rays has a marked effect on creep behaviour, causing an 
initial softening followed by a hardening as irradiation is continued. 

8. The behaviour after irradiation can be explained on the basis of the changes 
in vacancy concentration and distribution with accompanying F-centre formation. 

4. Studies in which the vacancy concentration was changed by quenching from 
higher temperatures indicate that the creep rate may depend in a simple way on 


the number of vacancies. 
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SUMMARY 


Tus paper is concerned with the behaviour of an infinitely long uniform beam, made of a non- 
hardening plastic-rigid material, under the action of a single transverse concentrated load. The 
effects of transverse shearing deformation and rotatory inertia are assumed negligible, and the 
yield condition is assumed to depend only upon the bending moment. This problem is solved 
subject to the condition that the ratio of the impact velocity of the concentrated load to the 
time is non-increasing in time The impact velocity is allowed to vary with the time. The 
associated problem concerning the motion of the beam following the removal of the concentrated 
load is also solved Hitherto the only problem of the present type whose solution has been 
published is that involving constant impact ve locity, but even there the solution of the unloading 
problem was not found. The general analysis of this paper is applied to solve completely the 
constant impact velocity problem, and some detailed results for other cases are also given . The 
motion, subject to the above restriction upon the impact velocity, is such that there are always 
1 central, fixed yield-hinge and two lateral, outwards-moving yield-hinges, and is also such 


that the beam does not come to rest in any finite time, 


INTRODUCTION 


Tue general problem of plasti deformations in structures subjected to dynamic 
loading is very complicated. So far only the simplest possible physical situations 
have been treated theoretically These include the propagation of plane waves 
along a rod, the propagation of spherical waves in an infinite medium, and trans- 
verse impact on cables. beams, frames and membranes. The compilation of a 
bibliograpby of published work in this field is not within the scope of this paper, 
but the reader m: \ note that some repres¢ ntative references art given in a recent 
paper by Hopkins and Pracer (1954). 

The only theoretical work on the behaviour of infinitely long plastic beams 
under transverse concentrated load of which the author is aware is that of BoHnEeN 
I r (1950) and Conroy (1952 The reader is referred to Pracer (1955) for 

summary of tl heoretical treatments that have been made of corresponding 


problems for fini ’ 1 this latter field the work of LEE and Symonps 


nd their llaborators 1s ially importan 


This paper is concern haviour al initely long uniform beam, 


> action of a single trans 
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verse concentrated load. The analyses of BoHNENBLUsT (1950) and Conroy 
(1952) exhibit a similarity in that attention is restricted to the special problem 
of constant impact velocity, the associated problem concerning the motion following 
the removal of the concentrated load not being solved. These analyses also 
exhibit a dissimilarity in the choice of mechanical behaviour of the material, this 
being taken as elastic-plastic by BoHNENBLUsT (1950) and as rigid-plastic by 
Conroy (1952), with arbitrary moment-curvature relationship. The analysis of 
BoOHNENBLUST (1950) is essentially an extension of that by Bousstnes@ (1885) 
for infinitely long beams, made of a material exhibiting linear elastic behaviour, 
to cover the completely general case of non-linear elastic behaviour. This extension 
is possible because no unloading of beam elements is involved, and then any 
distinction between elastic and plastic mechanical behaviour is immaterial. The 
success of the extension devolves from the fact that the transverse velocity and 
bending moment distributions in the beam can be expressed when there is constant 
impact velocity, and independently of mechanical behaviour, simply in terms of 
a single independent variable which is the ratio of the distance from the point 


of impact to the square root of the time. The same mathematical situation occurs 


in the problem studied by Conroy (1950), but, although its exploitation enables 
a compact elegant analysis to be given, it appears to have obscured the fact that 
there also exists a relatively simple solution of the present problem in other 
circumstances. Here the problem is solved subject to the condition that the 
ratio of the impact velocity of the concentrated load to the time is non-increasing 
in time. The impact velocity is allowed to vary with the time. As will be seen 
later the motion is then such that there are always a central, fixed yield-hinge and 
two lateral, outwards-moving yield-hinges. The associated problem concerning 
the motion of the beam following the removal of the concentrated load is also 
solved. The purpose of this paper is to give the general analysis of these problems, 
and to apply this analysis to solve completely the constant velocity impact problem, 
and to give some detailed results for some other prescribed velocity distributions 
of interest. M 

In the present paper, the usual assumption of 
the theory of thin beams is adopted, according to 
which the transverse normal stress and the shear 
stress are, on the average, regarded as small when 
compared to the bending stress. Although the 
shear force resulting from the shearing stresses is 
taken into account in the equation of motion, these 
shearing stresses are neglected in the yield con- 


dition. It is supposed that the line of action of 
Fig. 1. Bending moment ov. 


curvature relationship for a per- 
axis of the beam cross-section, and thus there is fectly plastic-rigid beam. 


no twisting action under load. Fig. 1 shows the 
relationship between the bending moment M and the curvature « for a beam 
made of a non-hardening rigid-plastic material. Such a beam can bend only 


the concentrated force coincides with a principal 


at cross-sections where the absolute value of the bending moment is equal to 
the limit moment M,( > 0); and, at other cross-sections, |M M,, and there 
the beam is rigid. As a rule, the limit moment is first reached only at isolated 
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cross-sections, and accordingly bending is therefore initially concentrated at 
these yield-hinges. Since the beam segments between these yield-hinges must 
initially remain straight, deformation of a statically indeterminate beam first 
becomes possible only when yield-hinges have been formed in a number sufficient 
to transform the beam into a mechanism. The flow limit at which the non-harden- 
ing rigid-plastic beam begins to deform is therefore, in general, different from the 
elastic limit at which the limit moment is first reached at some cross-section. Once 
the flow limit has been achieved, although the velocity distribution depends only 
upon the instantaneous disposition of the yield-hinges, the deformation depends 
upon the past positions of the yield-hinges. Only in relatively simple situations 
do all the yield-hinges remain fixed, and, for example, in the present problem it 
is necessary to consider the complications due to moving yield-hinges. Lee and 
Symonps (1952) and Symonps and Letu (1954) have discussed the circumstances 
in which the present type of analysis is likely to provide results that are a satisfactory 
approximation to those obtaining in experimental studies of the permanent deform- 
ation of a beam of ductile material subjected to transverse impact load. These 
authors observe that the assessment of the reliability of such an analysis must 
perforce rest ultimately upon comparison with either experimental results or 
predictions of more complete elastic-plastic solutions when these are developed, 
but the results may be expected to be vaiid when the plastic deformations are 
large enough. 

In Sections 2 to 4, attention is given to the general problem of the deformation 
of a non-hardening rigid-plastic beam under distributed transverse load. The 
basic concepts involved here are now well established in the literature. Here, 
for completeness, the derivation of the formal mathematical statement of the 
problem is included. In Section 5, analysis is given of the problem involving a 
single concentrated transverse load and also of the associated unloading problem. 
In Section 6, as an illustration, the general analysis of Section 5 is applied to 
solve the problem for the variable impact velocity : const. times f* (0 < « < 1). 
This includes the constant velocity impact problem as the special case « 0, and 


some results of Conroy (1950) are recovered. 


DYNAMICAL EQUATIONS, YIELD CONDITION AND FLow RULE 


Let x be distance measured along the neutral axis from some arbitrary cross- 
section ; and let t be the time. Let p (z, t) denote the applied load intensity, the 
direction of p everywhere coinciding with a principal axis of cross-section and 
pointing vertically downwards, and let m be the mass per unit length of the 
beam. Let y (2, t) be the downwards deflection of material points lying on the 
neutral axis and M (2, t) be the bending moment caused by the bending stresses 
parallel to the neutral axis. Here M is reckoned positive when the lower half of 


the beam is in tension. Finally, let Q(z, t) be the shear force caused by the 


shearing stresses normal to the neutral axis. Here the shear force transmitted 
across a section z = const. from the side of larger values of x to the side of smaller 
z values is reckoned positive if it is directed vertically downwards. The variation 
of the states of deflection and stress will then be specified by giving y, M and Q 
as functions of the co-ordinates z and the time t¢. 
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In the spirit of the theory of thin beams, the dynamical equations are expressed 
in terms of the bending moment M and shear force Q. Here the effects on the 
motion of shearing deformation and rotatory inertia are assumed negligible, and 


then the dynamical equations are well known to be 
q. — (p — my,), 
Q M, 0, (2) 


where, for simplicity, p is supposed finite. Here, as elsewhere, suffixes denote 


derivatives. Equations (1) and (2) yield 


M (p — my,), (3) 


Ir 


which is taken as the fundamental dynamical equation, and then, once M is 
known, Q is given directly by (2). Equation (3) is independent of the mechanical 
properties of the material. These properties are specified by the yield condition 
and flow rule. The yield condition specifies those states of stress M under which 
plastic flow can occur. For each of these yield states the flow rule makes a state- 


ment regarding the rate of curvature 


K Y ont (4) 


that can occur under a given yield state. Here the situation is an especial V 


simple one because there are only two possible yield states, viz. 


M + M 


Qo” 
and the corresponding flow rules are respectively 
Kk S 0. (6) 


There is of course the possibility that some parts of the beam are not yielding 
ata particular instant. Since elastic deformations are neglected in the present 
analysis such a part must move instantaneously as a rigid body, i.e. the rate 
of curvature «x vanishes. According to (4), this means that, at this particular 


instant, the rate of deflection is linear in z. 


YIELD-HINGES 


A cross-section across which y,, is discontinuous is called a yield-hinge. A 
yvield-hinge is best regarded as the limiting case of a very thin slice of the beam 
through which y,, varies rapidly although in a continuous manner. It is clear 
that for non-hardening rigid-plastic material, yield-hinges can form only at cross- 
sections where |M M,, and elsewhere y,, must be continuous. 

If the entire beam were at all times exhibiting the same mechanical behaviour. 
then the determination of y, M and Q as functions of x and t would not constitute 
a difficult problem. For most problems, however, the beam is sub-divided into 


segments separated by cross-sections at which there is a yield-hinge. Moreover, 


the number of these segments and the associated yield-hinges may vary with 
time. It therefore becomes necessary to establish relations between the various 
mechanical quantities on the two sides of a yield-hinge separating two such 


segments of the beam. 


H. G. Horxins 


Dynamical considerations establish that the 
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deflection y (z, t) and the bending moment M (za, t) are then to be determined in 
such a manner that certain conditions are fulfilled throughout the entire length 
of the beam for all time. In the enumeration of these conditions it will be assumed 
first that p (2, t) is continuous int. There are then the following conditions. 

(1) The quantities y and y, are continuous in z and ¢, and the derivatives y,, y,., y,; and yy, 
are piece-wise continuous in z and continuous in t, z-discontinuities occurring only at 
yield-hinges. Across a stationary yield-hinge y,, and hence y,, and y,,, may be dis- 
continuous, but y,, must be continuous. Across a moving yield-hinge y, must be con- 
tinuous, but y_,, ¥,; and y,, may have discontinuities satisfying (8) and (9). 

The bending moment M is continuous in z and /, and the derivatives M, and M, are 
continuous in z and {. 

The quantities y and M satisfy (3). If the loading p (z, t) is symmetrical about z = 0, 
then, at z = 0, |M M,, unless a neighbourhood of the centre moves as a rigid body 
with y,, identically zero in z. 


(4) The bending moment satisfies either |M| < M, or |M M,. In the first case y,, = 0, 
and in the second case the rate of curvature must satisfy the flow rules (6). 


(5) At an end z = | that is either (i) simply-supported, y (I, t) M (i,t) = 0; (ii) clamped, 
y (i, 0) = 0, and |M (1, t)| = M,; or (iii) free, M (I, t) M, (i, t) 0 
(6) Initially y (z, 0) = y, (2, 0) = 0. 


When p (z, t) is allowed to have t-discontinuities, all quantities considered above, except y and 


Y, must be allowed to have corresponding discontinuities in 1. 


5. INFINITE BEAM UNDER CONCENTRATED LoAp. GENERAL ANALYSIS 


In this Section, the problem of an infinitely long beam subjected to the action 
of a single transverse concentrated load P(t) is solved for an impact velocity 
v (t) (> 0) of the concentrated load; v satisfying only the condition that v/t is 
non-increasing, and othe rwise U 1s arbitrarily prescribed. The associated prob'em 
concerning the motion of the beam following the removal of the concentrated 
load is also solved. The direction of P coincides with a principal axis of the 
cross-section 2 0, and points vertically downwards. The beam is held rigidly 
at infinity. In view of the symmetrical deflection of the beam about the cross- 
section 2 0, it is sufficient to confine attention to the semi-infinite beam z > 0 
subjected of course to shear force and bending moment at the left-hand end 
cross-section. 

The procedure adopted here is to assume first an appropriate linear form for 


the velocity distribution along the beam, and then integrate th dynamical 


equations satisfied at all sections of the beam. This procedure differs slightly 


from that adopted elsewhere (see for example Lee and SyMonps 1952) which 
is to assume first that the beam is divided into rigid segments, and then integrate 
the dynamical equations for these segments. 

Two phases of the complete motion are distinguished, viz. the loading phase (1) for which 
Pit) > 010 <t < +r) and the unloading phase (11) for which P (t) 0(t > 7) 

Phase 1: 0 t< rr, Pit) 0. Attention is confined to the case in which there is a central 
vield-hinge atz 0 and an outwards-moving, lateral yield-hinge at 2 t his is the simplest 
situation, and it will be seen that the impact velocity v (1) or alternatively the concentrated force 
P it) must satisfy a certain condition for this to be the case The solu n of the problem has 
not been investigated when this condition . violated Consider the tion described by the 


velocity distribution 


tion satisfies the 
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2) and (15) this additional condition gives 
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(21) 
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The necessary restrictions upon v (t), for the present solution to be valid, arise from the require- 
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the 


function 
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form of (20), because if t 
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(z > 0), and therefore from (13), £, > 0 is a necessary condition. Equation (15) together with 


the condition M, (£, %) 0 gives 


M,/m 4 (€ + 2) (0/£);}.- (22) 


= 

Therefore M will decrease monotonically from M, to M,, as z increases from 0 to ¢ only if 
v, > max. {4 (£ + 2) (0/€),} &(v/£),, ie. only if €& > 0. Thus the conjecture is proved 
correct. Therefore the present solution is valid if and only if v/t is a non-increasing function 
oft. Then é is a non-decreasing function of t, and M is a monotonic decreasing function of z. 

Instead of regarding P and ¢ to be determined in terms of a given v, consider now the inverse 
problem of the determination of v and ¢ in terms of a given P. Equation (21) may be integrated 
to give 
12M, mt, (28) 


*{ \2 
t P (t) dt 
lJ o } / 


and then substitution of this result in (20) gives 


im 
(12M, t) / P (t) dt. (24) 
/ Jo 


a4 / 
The solution is valid if and only if P (t) is such that P (t) at) / tis anon-increasing function of t. 
0 / 


Finally it remains to determine the deflection of the beam. Suppose that the moving yield- 
hinge reaches the cross-section z at a time 7 (x) determined from (20). Then the displacement 
at this cross-section at later times is 

rt 
y (2, t) y,dat(t > T), 
7 


J T(z) 


and therefore, from (11) and (20), 


rt 
y (2, t) | v{l a (mv/12M, t)'/*} dt(t > T), (26) 


where 
2 = {12M, T/mv (T)}"/? (27) 
The jump condition (8) together with (12) gives 
[Yer] ~ 0/ ££ ¢, (28) 
and it is straightforward to show that (26) and (27) are consistent with this result 
Phase Il: t > +, P(t) = 0. In this part of the motion no concentrated load is applied, but 
the beam must continue in further motion for some period of time during which the kinetic 
energy acquired during Phase I is dissipated by plastic work. At time +r, continuity of dis- 
placement and velocity is required. Consider the motion described by (11) to (13) where é, 
different from before, is as yet unknown. Equation (3), after setting p = 0, together with (13), 
gives 


M m {v, (1 — 2/£) + v€,2/€*}. (29) 


az 


The bending moment distribution M (z, t) satisfying (29) and the conditions M (0, t) = Mg 
and M, (0, t) 0 is 


M = M, +m {v, (a? 2 — 2°/6£) + vé, 29 6 £7}. (30) 
Further, exactly as before, M, (£1) = 0, and therefore from (20), 


(vg), = 0. (31) 
Therefore 
vé u(r) E(r) = 0, & (32) 


because the velocity is continuous at ¢ = +, the suffix 1 denoting evaluation at time +r. Moreover 
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M (£, t) M,, and therefore from (20), 


2M, + m (v, £* 3 + vf, €/6) 0. 


From (32) and (33), 


£ 9 £ 
é, 12M, /m 1 £1- 


Then after integration and with use of (20), 


(35) 
and hence from (32), 
(26) 


The results (35) and (36) are notably simple, and state that the distance from the origin of the 
moving yield-hinge is directly proportional to the time and the central velocity is inversely 
proportional to the time The latter result means that the beam does not come to rest in any 
finite time 

The above solution is valid only if the condition |M M, (0 <2 < &) is satisfied. From 
(30), (382) and (36) 


(rt {*)2(1 


and accordingly M monotonically decreases from M, to M, as x increases from 0 to £. Therefore 
the above condition is satisfied 

Finally, it remains to determine the deflection of the beam. Two cases need to be considered 
here according as a 7 

i) The case 0 é The displacement is continuous at f r, and therefore 


y (2, t) y (2, T) 


(z, 7) is given by (26) and (27) and y, is given by (11), (35) and (36) Thus 
y (x, t) y (z, 7) v, riln(t/r 
alternatively 
v, T{ln(€/§, r(i/é &,)) (40) 
The c: E , £(t). The displacement is continuous at | r is then zero 
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>0. Then 


necessary that « <1. Further, restrict v to be finite, and then « 
in (44) take 


ae 


Phase I: 0 <t<r. From (20), 
é (12M, ti-« ,0 mv,)'! 2, (46) 
so that the distance to the moving yield-hinge varies directly as {%~-°)/?, Also from (21), 


P = {3(1 4 x)? My, muy r* t) o}! 2 (47) 


so that the magnitude of the concentrated force varies inversely as t-®)/2, Thus Pé remains 


constant. Note from (47) that, although an infinite force is required, save in the special case 
1 1, to initiate the motion envisaged, the impulse J (t) of this force is finite, 
rt 
I(t) P (t) dt = (12My mug t?+ 1 /7%)'/2, 


« UO 


The deflection of the beam is found from (26) and (27), 


(zr 


where ¢ is given by (46). Therefore, for any fixed ¢ the deflection of the beam is given in terms 
of a simple algebraic expression. The discontinuity in slope of the beam at the central cross- 
section, viz. 20 ( 0), is given from (46) and (49) by 


0 (mv, T 3M,)' 2 (t/r)+3e)/2 71 4 Ba). (50) 


Further, from (49) it is clear that there is no discontinuity in slope of the beam at the lateral 
vield-hinge. Also from (46) and (49) the change in curvature x (> 0) at the lateral yield-hinge is 


x {mv," 6(1 a) My} (t r)*2, (51) 


Phase II: t > 7. The results found in Section 5 under (b) apply, and it is only necessary 
to note that y (2, r) occurring in (38) to (40) is given from (46) and (49) by 


y (2, 7) T . é (x? £,2)(1+0)(1-a)| 


x) 
§, (12M, +r mvp)! 2). 


The formulae for the deflection of the beam, (40), (48) and (52), now involve algebraic and 
logarithmic expressions. The discontinuity in slope 26 of the beam at the central cross-section 
is given from (39), (46) and (49) by 


, l 
@ = (mv,*+/3M,)"/? F | (53) 


and therefore 
lim @ (t) = 3 [(1 + «)/2(1 + 8a)] (3 mug? +/My)"/?. (54) 
t+ @ 
Further, from (43) it is clear that there is no discontinuity in slope of the beam at the lateral 
yield hinge. Also, from (35), (43) and (46) the change in curvature x at the lateral yield-hinge is 


qt (mv,* 12M,) (+ t)?, (55) 


and, as expected, x > 0 as {> o. Further, from (40), (43) and (52) it is clear that there is 
no discontinuity in slope of the beam at the cross-section x £,. The change in curvature at 
this cross-section is given by (40) and (52), 
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so that the magnitude of the concentrated force varies inversely as the square 
root of the time. The impulse of this force is 


I (12M, mv, t)'/?, (68) 
and thus varies directly as the square root of the time 


The displacement of the 
beam is given from (49) by 


(%!( 
y (7, t) 


& 2 Mot/mv,) 1/2 
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Fig. 2. Variation of position of lateral yield-hinge with time for three types of impact velocity 
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Fig. 3. Variation of central displacement with time for three types of impact velocity 


t Ug (t/7r)* (0 < t/t <1) where a 0, 1/2 orl. 


where £ is given by (66), and therefore, for any fixed t, the beam has a parabolic 
shape. 


Now consider the case of velocity impact varying directly as the time, 1.¢ 


»t/r. The results corresponding to (66) to (69) are 
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Some of the more important of the results obtained above are shown in Figs. 2 


to 6. In Fig. 2 there is given the variation of the position of the lateral yield- 
hinges with time for the three types of impact velocity corresponding to « 0, 
sand 1. The three curves coalesce, of course, fort/r > 1. In Fig. 3 there is given 
the variation of the central displacement with time for the same types of impact 
velocity. Note that the curves have a similar asymptotic behaviour for t/r > o. 
Finally, in Figs. 4 to 6 there is given the variation of the displacement along the 


| —aicio =} 
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SUMMARY 


Tue behaviour of an infinitely long, rigid-plastic cylindrical shell under impulsive loading by a 
ring of concentrated force and a band of uniform pressure is discussed. The loads are assumed 
to be greater than the statical collapse values and to act for a short period of time. Numerical 
results are obtained for rectangular and triangular pulse shapes for the ring of force and for a 
rectangular pulse shape for a band of uniform pressure. In the final section of the paper, the 
steady-state motion which would be produced by a constant load greater than the statical value 
moving along the shell with constant velocity is obtained for the particular cases of a ring of 


force and a band of uniform pressure 


INTRODUCTION 


In analysing the behaviour of cylindrical shells under dynamic loading, certain 
simplifying assumptions must be made in order to reduce the problem to manageable 
proportions. In the analogous theory of the dynamic loading of beams (see, for 
example, Lee and Symonps 1952) and the dynamic loading of plates (see, for 
example, Hopkins and PraGer 1954), it is usual to assume that the elastic 
deformations are negligible compared with the plastic deformations. At the same 
time it is assumed that the strains produced are small compared with unity, 
so that changes in shape may be neglected. Further, an approximation is made 
to the plastic behaviour of the beam or plate by using a simplified yield condition. 
Similar assumptions are made here to predict the behaviour of an infinitely long 
cylindrical shell under certain types of dynamic loading. It is not within the scope 
of the present paper to assess the extent to which the results predicted for an 
ideal material will differ from those for a real material. Such an assessment can 
only be made when a more exact analysis has been performed or when experi- 
mental results are available. 

The statical loading of a cylindrical shell by axially symmetric lateral pressure 
was considered by Drucker (1953), who obtained the appropriate yield condition 
for a material obeying Tresca’s yield criterion. Later work by Hopce (1954) 
and Onat (1955) included the effect of an axial force. Recently, HopGe (1955) 
has applied the rigid-plastic theory to the impact pressure loading of cylindrical 
shells, under the assumptions mentioned above. Hopce considered the loading 
by a uniform radial pressure pulse of an infinitely long cylindrical shell reinforced 


by equally spaced rigid reinforcing rings. After a statement of the basic equations 


358 
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in Section 2 of the following work, the impulsive loading of an infinitely long shell 
by a ring of force is examined in Section 8. The two types of possible deformation 
modes and stress patterns are discussed and applied to rectangular and triangular 
pulses of force. Section 4 treats impulsive loading by a band of uniform pressure, 
particular application being made to a rectangular pressure pulse. In Section 5 
we consider a different type of dynamic loading. The loads are constant in 
magnitude but move along the shell with constant velocity. For simplicity it is 
assumed that the motion has settled down to a steady state, and the loads con- 
sidered are a ring of force and a band of uniform pressure. 


2. Basic EQUATIONS 


The stress and moment resultants acting upon an element of a cylindrical shell 
under axially symmetric loading are shown in Fig. 1. In the following it will be 


assumed that the axial stress resultant N, is zero. 
Also the circumferential bending moment M, can 


be ignored, since it does not enter explicitly into 
the equations of motion or the yield condition. 


The remaining resultants are the axial bending 
moment M, the shearing force resultant Q, and 
the circumferential force resultant N. The applied 
lateral pressure is denoted by p and is considered 
positive if it is directed outwards. The types of 


* 


‘ , . " re. eo ‘ ig . : 
loading to be considered will produce radial Fig. 1. Stresses on element of shell 


motion only of the shell. The equations of 


motion are therefore 


dM 


or 


Q. 


In these equations the surface density of the shell is denoted by p, the radius of 
the shell by R, and the radial velocity by u. The quantities ¢ and a represent 
time and distance along the shell. 
It is convenient to introduce dimensionless variables defined by 
Q 
¢ R/h, 
1 ah ® 
(2) 
upR F a t 
.? ’ T , 
a, hT ; VV Rh T 


where o, is the yield stress of the maternal of the shell, A is the thickness of the shell, 
and T is a time interval associated with the particular problem under consideration. 
Equations (1) can now be written in the dimensionless forms 


oq 


y a 
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Elimination of the shearing stress g, which is ignored in the yield condition, between 
these two equations gives 
d? m 


a = - (4) 


As in previous work (HopGE 1955 and Eason and SuteLtp 1955), we shall use 
a simplified yield condition on the reduced stress resultants m and n. The yield 
condition to be-used is an approximation to the exact yield condition obtained by 
Drucker (1953) for a material which obeys Tresca’s yield criterion of constant 
maximum shearing stress during plastic deformation. The shell is assumed to 
remain rigid until the magnitude of M or N reaches the maximum permissible 
value M, or N, given by 


M 


0 0 


jo, h?, N,=a,h. 


0 
Thus plastic deformation is possible if |m| = } or |n| = 1, .e. if the state of stress 
in the shell is represented by a point on the rectangle ABCD in Fig. 2. The true 
vield condition derived by Drucker (1953) is 

shown by the broken line in Fig. 2. During plastic n= Nx p 


deformation, the strain rate vector with components P 
proportional to )* 7/d), 7» must be normal to the 
yield curve at the stress point in question. At a 
corner, the vector must lie between the normals at 
adjacent points. The plastic regions in the following 
work will all be represented by points on the side 
AB of the rectangle in Fig. 2, including the end 
points A and B. Thus n will have the value 


1 throughout the plastic regions. It follows that 
the radial velocity must be positive. » > 0, and 
where |m| < }, 

>? 7 v€? - 0 (5) 


o c 


and the velocity depends linearly on £. Sections 
of the shell at which |m| = } will be called hinge 
circles. At these sections the magnitude of d? »/d€ 
is unrestricted, but the derivative must have the 


Fig. 2. Rectangular yield con- 
dition (full line) and exact yield 
condition (broken line). 


same sign as m. 

Since the magnitude of )* 7/d£ is unrestricted at a section where |m| = }, 
discontinuities in the velocity slope dy/dé can occur at a hinge circle. The radial 
displacement must be continuous at a hinge circle since it is assumed that fracture 
of the material does not occur. If the hinge circle is stationary, it also follows 
that the radial velocity and acceleration must be continuous. Conditions at a 
moving hinge circle can be obtained in the same way that LEE and Symonps 
(1952) obtained the conditions at a moving hinge in a beam. It can easily be 
shown that the velocity » must be continuous across a moving hinge circle, but in 
general the acceleration is discontinuous. The discontinuity in the acceleration 


dn /dr across a moving hinge circle at the section £,, is given by 


(°”) ‘ dé, | 7) m (23 | 


a 
e ' IT! dr \\d&/, dE! I 
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where suffices 0, 1 refer to sections just to the right and just to the left of the hinge 
section. Equation (6) may be obtained by equating the total time derivatives, 
expressed in terms of partial derivatives with respect to € and 1, of the velocities 


and », on either side of the hinge circle. 


RING OF Forct 


When an infinitely long shell is acted upon by a ring of force, no plastic defor- 
mation takes place unless the magnitude of the force exceeds the statical collapse 
value For the rectangular yield condition used here the collapse value P, is 


given by 


r. 20, h \ A/R 


per unit length (see Drucker 1953). When a ring of force of intensity P is applied, 
iccelerated plastic flow will occur if P is greater than P.. We shall use the notation 


P=¥P. 


where ¥ is a non-negative function ol the time > ¥Yi(+r). The ring of force is 
applied to the section & 0. and the stress and deformation patterns are 
symmetrical about this section. Because of the symmetry, only the half-shell 
E 0 need be considered 

Depending upon the form of the loading function ¥,two types of motion can 
occur. In the first type, which will be called the first phase, there is a hinge circle 
it the loaded section & Oanda hinge circle at some distance §, from the loaded 
section. In general the distance €, varies with the time. The deforming region 
0 £ €, of the sh ll is in a plastic state of stress represented by points on the 
side AB of the rectangle in Fig. 2; the states of stress at the hinge sections 
& = @, { €, are represented by points A and B respectively, and the bending 
moment m attains the maximum numerical value } at the hinge circles only. 
At a given time the radial velocity of the shell is greatest at the loaded section 
and decreases linearly to zero at the section & €,. When the shell first deforms 
under the action of the ring of force, the motion is always in the first phase. How- 


ever, if the loading function ¥ increases at a sufficiently large rate the motion 


cannot continue in the first phase without violating the condition |m| < } in 


the deforming region 0 £ 2 In order to prevent this violation, the hinge 


circle at the section & é, spre ads so that there is a finite region g, < é: é, 
of the shell in which m has the maximum value 4. The region where m = } is 
called a hinge band, and when the width of the hinge band is finite the motion is 
said to be in the second phase. During motion in the second phase, the velocity 
in the region 0 < € < &, is again a linear function of ¢. The form of the velocity 
in the rest of the deforming region, i.e. in the hinge band ¢, < é < é,, depends 
upon the history of the motion, but the deceleration is constant throughout the 
hinge band. Since the elements of the shell in the hinge band are decelerating, 
the boundary £ = &, of the plastic region moves towards the section é = 0. The 
first and second phases will-now be discussed in more detail, and the equations 


governing the motion in the phases will be derived 
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(i) First phase 


When the loading function ¥Y first exceeds unity hinge circles develop at the 


= 


section of application of the force and at the section = ¢,. The bending moment 


m has the value — } at € = 0 and m } at € = &,, where €, is a function of the 
time r. The shearing stress g = )m/d€£ has a discontinuity of amount 2¥ at é 
and q is zero at = £, where m has a maximum value. Since |m| < } for0 < € . 
the velocity » is a linear function of £ from (5). Also 7 = 0 at the boundary é 


of the plastic region, and it follows that 


No l r: 


where No 1S the velocity at é — acceleration is obtained by differentiation 
of (7), giving 

OT £ E dé 

<=> (8) 
dT é, £,° dr 


The equation of motion is obtained by substituting ¢ = 0 and n 1 in (4), and 


with the value (8) for the acceleration term we obtain 


9 , » 
o* m ) : } 7 Ho dE, 


, r- (9) 
nT dr &, dr 


Integrating this with respect to € and using the conditions at £ = 0, there results. 
for 0 < é 


" é dng ny 4, 


za; é, dr 


The conditions m } and dm/dé 0 at & provide two equations for the 


functions £,, y), and after re-arrangement the equations can be written 


£ 
lo $1 


dé, “— 
| 


dr 


2 dno 


‘1 drt 


Ie £3 
4, ‘ €,°. 

With (11) the derivatives with respect to + can be eliminated from (10). Since 
m is a cubic function of €, and since dm /dé = Oat € €,, a necessary and sufficient 


condition that |m| < } in the range 0 < é < &, is that 


om dé 0 for 0: £ Pas (12) 


This condition can easily be shown to require that the loading function ¥ (assumed 
positive) must be such that 
(13) 


during the motion. Thus the first phase only applies if condition (13) is satisfied. 
During the first phase, equations (11) for the functions €,, n, apply whenever 


Y exceeds the collapse value unity and satisfies condition (13), They also apply 
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if the shell is in motion and the loading function ¥ is less than unity, for the shell 
will continue to deform until *he kinetic energy has been dissipated into plastic 
work. For the case when the force is removed while the shell is in motion during 
the first phase, ¥ is set equal to zero in (11), and the solution of the equations is 


found to be 


(14) 


The constants A, B are determined by the values of €, and », at the instant the 


force is removed. The hinge distance é, has the value V3 at the time 


B)/A (15) 


and at this instant NH, IS Zero and the motion ceases 


Phase 


The second phase arises if the loading function ¥ is such that at some stage 


(u Second 


during the first phase of the motion, Y increases and violates condition (13). 


In the second phase of the motion, there is a hinge circle at 
band the . that 


~ ea 
ind a hinge in region €, so 


€< &, 


; for é, ¢ 


Ihe has magnitude less than } in 


and the shell is rigid for £. 


bending moment m 
0 and n 


2y 


As be fore. w 


and gq ym /dé has a discontinuity of amount at é 


£ 0 where m }. 


the 0 £ 


1 in the plastic region, 


region 


0. The shearing stress 


£ £ é 
1 2 


0 for €, é 


the 
2 m /pé 


the de 


g i zero in region 


f 
the equation of motion (4) shows that in 


» that 


Since 


4 


this eleration 1s unity, dy r l. sé 


region 

(17 
the instant 
in the hinge band, 


The 


‘ velocity at the section —& at 


function f(é by the 
Since 


d* f 
the 


determined 
band 


sur h 


Is 


hinge mand n are positive 


be 


re pion is 


section enters the 


function f/f (&) must that dé and » ar positive boundary 


of the plastx given by equation 


) (ls 


Beca of the conditions on the function 


Se 


of + 


tion 


the velocity 1s a linear function of F so that 


(19) 


f on 


respectively 


20) 


i it rentiation of 19) w ith re spec t 
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>)? m dn, é (dn, dn, l ( 
= TT — = 7 

d€? dr &, dr dr &) ” 

With the conditions at ¢ = 0, integration of this equation with respect to & gives, 


for 0< ¢ <é, 


om 


To) f fdn,_ dn, } 
dé 


dr “i ldr dr & 


é(1 (% 
“"o) y x {dn 


be (1 te la, 


dr 


} and )m/dé = 0, and it follows from (21) that 


dn, (dn, dn, 
é,() ae) + 88h dr 


These equations hold only if jm} < } in the region 0 < é €,, and as in th 


discussion of the first phase it can be shown that ¥ and €, must be such that 
condition (13) is satisfied, Le. YE, < 3/2. 
Suppose now that at an instant of time, + 0 say, the shell is in motion in 


this second phase and the velocity » is known for 0 < ¢ (é Then the 


0 


—& < (€,) since (17) holds at the 


0 2/r=0 


function f(£) is known in the region (€,), 
time 7 0. If in the subsequent motion, dé, dr is positive, f(£) will be known 


in the interval £, < € < &, since €, will increase and £, decrease from their values 


5» Se» Ne» 2)» which specify the motion, will be given 


at r 0. The four functions é 
by the four equations (18), (20), (22). When é, becomes equal to é,, the motion 
will re-enter the first phase. On the other hand, if dé, /dr is n gative during the 
motion after the time +r 0, the function f(£) must be determined in the region 
&, < € < (€,), <9 45 part of the solution. Thus at first sight it appears that there 
are only four equations, (18), (20), (22), for the determination of the quantities 
E., fe No 21 and the function f(£) in the interval f, E,),<9 However, 
a closer examination of the equations, described below, shows that d£,/dr can be 
negative only if 

We 


(23) 


1 


and this additional equation enables the motion to be determined. (It follows 
from (23) that ¥ must be an increasing function of the time r+ for dé, dr to be 
negative). Equation (23) gives the hinge distance £, in terms of the known loading 
function Y, and with (23), equations (22) reduce to 

dy 


‘Uy 


dr 


d (n% 
a; | 


When », and », have been determined from these equations, the function f(€) in 


the interval &, < € < (€,), <9 '§ obtained from (20). 
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remains to show th g ve values dr imply 23) Eliminating 


ir between equation 


where ¢, and 7 tand just to the right, respectively, 


of the hinge se now be written 


(26) 


A4< can be seen by comparison with equatior the left hand side of this equation 


is the jump im the value of the acceleration across the hinge circle ¢ é, from 
eft to right) Because o 1e inequality 13 the right hand side of (26) is non 
regative Further. the quantity multiplying if lr on the left hand side is non 


egative simece *¥ £* 1s positive at the hinge 


section & + It follows that 
be negati\ ymivy if (23) holds and 


The above discussion of the motion of the shell due to loading by a ring of force 


Ss now applied to the cases of rectangular and triangular pulses of force. 


Rectang ul w Puls 
In this case it is assumed that a ring mstant magnitude oo (greater than the 
collapse value P,) is applied at the time © for a time T and then removed. Thus the quantity 
Y has the constant valuc Ton luring the 
interval O ' l ancl «ois «6then= «6ver 


Fig. 3a) The motion is miined to the 


first phase so that equations apply 


The initial condition that + ' 0 


letermines the initial value f, from the 


first of equations 11 During the 


application of the oree f, remains 


- y Seed 7 
onstant at this initial valu ven ‘ ie mA y * 
* | » 


(4) 


Rectangular and triangular pulses of force 


This value of f, satisfies the 
13 The radial accelerati 
mstant during the interva 


0 is found to be 
given by 


luring this part of the motion 
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After the force has been removed at the time +r = 1, the motion is given by (14). From the 
values of £, and 4, and at the time + 1, the constants A and B have the values 


{(¥,,% + 8)'/2 — 
* (2%, — (qe + 9/8 
B = (¥,7 + 3)'/2 ¥,, — A. 


The motion ceases when 9 becomes zero at the instant of time (15) 


14 


+ 


\ 
\\ | 
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Fig. 4. Progress of deformation of shell for ring of force 
Rectangular pulse of magnitude 3 times static collapse load. 
Load removed at r t. 

Deformation stops at + 3-309. 


The progress of the deformation of the shell for the particular case ¥,, 3 is shown in Fig. 4 
for illustration. In the figure, { denotes the non-dimensional displacement of the shell, so that 
7 = 0{/dr, and the displacement w of the shell is given by 


09 hT? 
eR 


(27) 


The final value of the radial displacement (, at the section ¢ = 0 after the motion has ceased is 
shown graphically in Fig. 5 for values of the load ¥,,. In the same figure is shown the radial 
displacement (, at the instant the load is removed (i.e. when r 1) in order to show the extent 
to which deformation occurs after removal of the load. For a pressure pulse of magnitude ten 
times the collapse load ( ¥,, 10), 80 per cent. of the displacement at the section £ = 0 occurs 
after the removal of the load. 


(iv) Triangular Pulse 


When a triangular pulse of force is applied to the section ¢ = 0, the analysis is more com- 
plicated. The loading function ¥ is assumed to increase linearly with time to the maximum 
value ¥,, (greater than unity) in the interval 0 < r <1, and then to decrease linearly to zero 
in the interval 1 < r < 2, (Fig. 3b). Thus we have 
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Yan 7 0<1r<l, 
¥,, (2 — 1) l<r<2, (28) 
0 r>2 


The shell remains at rest until the load ¥ reaches the collapse value unity at the time r = 1/¥,,. 
The shell then moves according to the first phase. At the time r = 1/¥,, the hinge distance é, 
is unity, and as the force increases the hinge circle § = £, moves towards the section of application 
of the force é 0. For small enough values of ¥,,, Yn < 2391, the motion is confined to the 
first phase. For values of ¥,, greater than 2-391, the motion enters the second phase when ¥ 
reaches the value 2-391, and (23) is satisfied. As the load increases from the value 2-391 to the 
value ¥,,, dé,/dr is negative and the width of the hinge band increases. After the time r l 
when the peak load is reached, df,/dr is positive and the width of the hinge band decreases. 
When the width of the hinge band becomes zero the motion re-enters the first phase and eventually 
ceases. 

In greater detail, the analysis proceeds as follows. When the motion begins at the time r = 1/ ¥,,,, 
equations (11) apply in which ¥ has the value (28). It is convenient at this stage to introduce a 
new time variable s defined by 

s= Vir l. (29) 


The loading function ¥ defined by (28) is now given by 


during the motion which starts at the time s 0. The time 8, when the peak load is reached 
and the time So when the force becomes zero are given by 


5 = ¥, —1, t = 2¥,, — 1. (31) 


Equations (11) now become, in the interval 0 5 


dé, 
Ym Yo £1 ds 2 »( 


$f, (1 


the initial conditions being £, land Oats 0. These equations were integrated numeri- 
cally to give é, and Ym No a8 functions of s. The integration was started with a series solution 
and completed with Griii’s form of the Runge-Kutta process (GiLL 1951) on the high-speed 
digital computer AMOS. It was found that the inequality (13) was satisfied until s reached 
the value 5s, 1-391, when the equality sign held. Since the load decreases after s 8), the 
motion remains entirely in the first phase if s, < 8p, i.e. if ¥,, < 2-391, from (31) 

The motion in the interval s, $ < 8 for the particular cases ¥,, 1-5, 2 was obtained by 
numerical integration of (11) on AMOS. The motion ceased before the load became zero for 
the case ¥,, 1-5, and the motion after the removal of the load for the case ¥,, = 2 was found 
from equations (14). 

For values of ¥,, greater than 2-391, the motion enters the second phase at the time 8%. The 
values of g, and ¥,, m9 at this time s, will be denoted by « and 8, respectively. The numerical 


values of « and 8 were found to be 
x 0-627, B 4-065. 


The hinge band starts at the section ¢ x and has zero width at the time s9. As the force increases 
during the ensuing motion, i.e. in the interval 8, < s < 8,, the width of the hinge band increases, 


ig, /dr being negative. From the discussion of the second phase, this part of the motion is given 


by (18), (20), (23) and (24). The distance é, is given by 
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f, = 3/2¥ = 8/2(1 + 8), (33) 


from (23) and (30). The velocities ng and 4, can now be obtained from (24) and (33), and with 
the conditions ¥,, 79 = 8 and », = 0 at s = 8», there results 


y Fa l 
m 10 2 z,3 é, 


a : é ' = ( 9 8) 


«a \8a3 


The function f (£) is determined by the continuity of velocity at the section = £,, equation (20), 
and is found to be given by 


3 ¢€/9 3 
¥m J (é) = seo * ‘(a 7 8] —satPt+%+t. (35) 


The boundary ¢ = £, of the plastic region is given by (18) in which f (£) has the value given by 
(35). The resulting equation for £, is, after re-arrangement, 


v 3 é é 

é* (53 p) 4 &,° 8 + - on! | = 0. (36) 
The relevant root of this equation is the root which has the value £, = « at the time s = 8». 
At the time s,, i.e. the time + = 1, the loading function Y becomes a decreasing function of 
time and (23) no longer applies in the subsequent motion. The width of the hinge band decreases 
and dé, /dr is positive. The motion is described by equations (20) and (22) in which f (£) is given 
by (35) and ¥ is given by (30). The distance £, is still given by (36). At the time r = 1, ¢, has 
the value 3/2¥,,, and the value of np) at + = 1 can be found from (34). The details are omitted 

here, but it can be shown that the quantities £, and no are given by 


Py €) = 3/2 {1 — (6/2 — 1) (7 — 1)}, 


No (no)+ —1)4 = Ya? (7 —1){1 —(r —1) + $(7 - 1)? (44 2 — 5)}. 
The velocity y, is given by (20) and (35). This part of the motion, in which £, and ng are given 
by (37), continues until either the hinge band width or the load becomes zero. When the hinge 
band width becomes zero, the motion reverts to the first phase and equations (11) apply. It 
was found that for ¥,, < 9-310, the first phase is re-entered before the load becomes zero at the 
time + = 2, and for the cases ¥,, = 3, 4, 6, 8 this part of the motion was obtained by integrating 
(11) numerically on AMOS. The final part of the motion when Y¥ is zero was then found from 
equations (14). 

For ¥ > 9-310, the motion is still in the second phase when the load becomes zero at the time 
r = 2, and equations (22) apply in which ¥ is zero and », is given by (20) and (35). While the 
motion is in the second phase after the time + = 2, £, and ng were found to be given by 


Pn by = BAe + (7? — 2)/9}, 


2 
Fat - > Fa" {¢ — (7? — 2)'/3} {6 = [r — (7? - 2)'/2)}. 


The boundary ¢ = 4 is again given by (36) and the motion re-enters the first phase when £, 
and £, become equal. The last part of the motion is then given by (14). Numerical results were 
obtained for the case ¥,, = 10. 

The final values of the radial displacement (, at the section § = 0, after the motion has ceased 
for the cases ¥,, = 1-5, 2, 3, 4, 6, 8, 10 are joined by a smooth curve in Fig. 5. The radial displace- 
ment {, at the instant the load becomes zero, i.e. the time + = 2, is also shown in the figure. It 
should be noted that the quantity T is the time of duration of the rectangular pulse and half 
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the time of application of the triangular pulse (see Fig. 3). It follows that for both the rectangular 
and triangular pulses 


P dt 


P,,, being the peak value of the load, so that Fig. 5 compares the final value of { for two sh pes 


f pulse which have the same impulse P,, T. The final value of ( may be considered as a damage 


parameter specifying the amount of permanent deformation produce y the force pulse 


3$0f¢ 
} 


+--+ 


.__ TRIANGULAR ot 
PULSE ~ 


_— <i / 
RECTANGULAR PULS 
| 
1 


L) 1O 


Van = Pa /Ps 
Displ wement at section of application of the ring of force as a function of maximum load 
Final displacement 


Displacement at instant load is removed 


In the analogous problem of the transverse dynamic loading of rigid-plastic beams, a convenient 
damage parameter to take is the amount of permanent relative rotation of the sections of the 
beam on either side of the loaded section. The values of the damage parameter for a centrally 
loaded beam have been obtained by Symonps (1953) for rectangular, triangular and sinusoidal 
pulses ; it was found that for the same impulse the rectangular pulse produced the greatest amount 
of deformation and the triangular pulse produced the least. The deformations produced by a 
sinusoidal force pulse (half sine wave) wer found to be approximately the averages of the 
deformations for the rectangular and triangular pulses for the same impulse. It is to be expected 
that a similar result will hoid in the present problem 


4. BAnp or Untrorm PRESSURE 


We now consider loading of the shell by a band of uniform pressure. The central! 
section of the band of pressure is taken to be the section 0 so that the applied 
lateral pressure y is given by 
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where 2a is the width of the band. The loading function y(t) is assumed to be 
positive and accelerated plastic flow involving outward radial motion of the 
shell occurs if & (t) exceeds the statical collapse load yp The value of y, for the 
rectangular yield condition used here has been determined by Drucker (1953) 
and is given by 


ay 4 ,a (a? t 4)! 3) 


3 5 ; (39) 
Depending upon the loading function ¢ (t) and the band width 2a, four types 
of motion can occur. The first two types, designated the first and second phas 
are similar to the ty pes « 1 motion produced by a ring ol force and discussed above. 
More explicitly, in the first phase there is a hinge circle where m } at the section 


é 0, and hinge circles where m } at the sections é + €,, where €, is greater 
than a; in the second phase m } at é 0 and also m } in the regions 
é. < |é| < €,. For large enough values of the band width 2a, the third and fourth 
phases are possible in which a central hinge band where m } develops in 
the region &, <€ < &. where &, 1S less than a. In the third phase there are 
also hinge circles where m } at the sections é + €,, while in the fourth phase 


Fas 


m } in the regions é 

The equations governing the motion in each of these phases are not difficult 
to obtain, although the analysis is more complicated than that for the ring of force. 
The fourth phase includes the other three phases as special cases in which 


é., or &, 


> £. or both, are zero, and all equations for motion in one of the first three 


! 
phases can be derived from the equations for the fourth phase. For this reason 


only the equations governing the fourth phase are given here 


During the fourth phase the bending moment m is such that 
m = — } for 0 E<és 

} for fs <€ < 
m ¢ for £, <£ < &, 


where é, is less than a and £, is greater than a. The shearing force q¢ dm/dé and m are con- 


tinuous functions of é. The velocity 7 is given by 


(¢ 1) r + g(é) < § < és, 


(é 


(%s ”) 
i] ‘1 (é, 


r+f(€) 


where », and ng are the velocities at the sections ¢ £, and é &, respectively. The functions 
f(€) and g(é) must be such that 7 is positive and d* f/dé* > 0, d* g dg* <0. Continuity of 
velocity at the sections ¢ £,,é €, requires that 


") T + f (€,), 
ng = (¥ — 1) 7 + B (Eg). 


The boundary é f. of the plastic region is given by 


tT + S (€) = @, 
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since the velocity is zero at this section. Integration of the equation of motion (4) with respect 
to ¢ and the continuity conditions on m and )m/)é provide two equations which can be written 
in the form 

| dng 3 — % %€s| 


(é £,)? 1 r 
; | dr & — & dr| 


(€, — &s) [4a — &) — (€, — €5)] ) 


3[1 + o(a — &)*], 


3[1 + ola — €,)*] 


2p (a — &5)(&, — &). 
The condition |m } in the region é, < § <a requires 
3[1 + g(a — &s)*] > o(é, — £5) [4(a — &s) — (& — €))- 
In the region a < & F,, the same condition requires 
3[1 + g(a — £5)*] > 2bla — &, é (44) 


Suppose now that the velocity » is known at some instant of time, +r T9 say, throughout 
the plastic region. If dé,/dr is positive and df£,/dr is negative in the subsequent motion, the 
quantities ,, 9g, £;, 3 in the subsequent motion will be determined by (40) and (42), since the 
functions f (€) and g (£) will be known from the conditions at the instant r,. Since )*n/dé€? is 
negative at the section é £, where m ¢, it can be shown from the first of equations (42) 
that dé,/dr must be negative unless the equality sign holds in (43). Hence if df,/dr is positive 
in the subsequent motion after the time 19, the second of equations (40) is replaced by the equation 
obtained by taking the equality sign in (43). The second of equations (40) still applies, but is 
now used to determine the function g (£) for values of ¢ greater than the value of £, at the time r 
Similarly, if d,/dr is negative during the subsequent motion, the equality sign holds in (44), 
and the first of equations (40) is used to determine f (£) for values of £ less than the value of £, 
at the time rp 

As an illustrative exam, le, we briefly consider the case when the loading function ¢ (t) has the 


form of a rectangular pulse. The loading function ¢ is assumed to be given by 


dm 0 «< l 
lo 


in the region || <a, where ¥,, is a constant greater than the statical collapse load ¥,. 


If the width 2a of the band and the magnitude ¢,, of the pressure pulse are such that 
B (1 + dyn)? / tn (Yn — 1) (bm + 3), (45) 


the motion is confined entirely to the first phase. During the motion, m } at é 0 and 
m taté + €,. Inthe interval 0 < + 1, i.e. during the application of the band of pressure, 


é, has a constant value given by 


#1 { hen” a* 3(1 Ym a*)}! . Yon a. (46) 


The radial velocity 4, which is symmetrical about the centre section ¢ 0, decreases linearly 
with ¢ from the value ny, at £ = 0 to zero at é £,. For 0 < +r <1, 4 is given by 


: 
€,} rT 7 


No Zid, G 
where £, has the value (46). After the removal of the load at the time r 1, the motion is given 
by (14), the constants A and B being determined from the values of £, and no at +r 1. 

If the inequality (45) is not satisfied by the quantities a, ¢,,, the motion begins in the third 
phase. That is a hinge band in which m + develops in the region fs < § < és, where 
£, is less than a, and also m } at the sections é t €,. During the application of the pressure 
pulse, the distances £, and £, remain constant and are given by 
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(a — &5)® = 3(1 + dm)*/dm (4m — 1) (tm + 8), 
(€) — &g)® = 12d_n/(m — 1) (bmn + 3). 
The radial velocity » in the hinge band fs < € < ég has the value ng, where 


1g (din — 1)r,. 


R 


tat 3 4 


dm/ bs 


Fig. 6. Displacement at centre of loaded region due to a rectangular pulse of uniform pressure 
ym applied to a band of width 2a. 
Final displacement. 
Displacement at instant load is removed a in units of RA. 


The velocity 7 is a linear function of ¢ in the remainder of the plastic region, i.e. the region 
és <|€| < &, and is zero at é + €,. When the load is removed at the time + 1, the motion 
continues in the third phase, kinetic energy of the shell being dissipated through plastic work. 
The motion is governed by the second of equations (40) and equations (42), in which the function 
g (é) is set equal to ¢,, and y and n, are set equal to zero. The quantities £,, £3, ng are found 
to be given by 


bm — 7 
B + 41/6 sech"' {A (¢,, — 7)}, 
6{1 — A? (¢, — 1)*}, 


where the constants A and B are determined by the values of £, and é, at + 1. When é, 
becomes zero the motion enters the first phase and is given by (14). 
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Fig. 6 shows the variation of the final value of the displacement () at the section é 0 with 
db for the cases a 0-2, 0-5, 1, 2. For comparison, the curve for the case a 0, i.e. the ring of 
force, is also shown in the diagram, together with the curve for the case when the width of the 
pressure band is infinite (a ©). The value of the radial displacement (, at the instant the load is 


removed is also shown for the cases a 0-2, 0-5, « 

Fig. 7 shows the progress of the deformation of the shell for a rectangular pulse of pressure 
of magnitude three times the statical collapse load applied to a band of unit width (i.e. ¢,, = 3¢,, 
a = 0-5). The motion in this case is confined to the first phase. The general features of the 
deformation are similar to those of the deformation indicated in Fig. 4 for a ring of force. Fig. 8 
shows the progress of the deformation for a band of width four units (a 2-0), the load again 
being three times the statical load. In this case the motion begins in the third phase. After 
the removal of the load at the time + 1, the motion continues in the third phase until the time 
r 2-261. The motion then enters the first phase and ceases at the time r+ 3-029 


Movine Loaps 


In the problems considered so far, the applied loads were stationary in that 
the loaded region of the shell was independent of the time. In this Section we 
consider a load of constant magnitude which moves along the tube with constant 
velocity. It is to be expected that after the initial application of the load the 
motion will eventually reach a steady state. In order to simplify the analysis it is 
assumed here that the steady state has been reached. 

We first consider a ring of force of constant intensity moving along the shell 
with constant velocity V. Deformation of the tube occurs if the intensity P of 
the ring of force exceeds the statical collapse value P, given above. We shall 
use the notation ¥ P/P,, and assume that ¥ is greater than unity. The 
origin of the non-dimensional co-ordinate £ defining distance along the tube 
is taken at the section of application of the force at the time r = 0. If the force 
is assumed to move in the direction of increasing £, the section of application of 


the force at later times ts given by £ vr, where v is given by 
VT V/ Rh. (49) 
Here 7 is the quantity used in defining the dimensionless variables », + by (2) 


and is an arbitrary interval of time. 
Since the motion is assumed to be steady it is convenient to use a co-ordinate 


system which moves with the force, and we write 
y £ U1 (50) 


The force is applied to the section y 0 and the radial velocity 7 and the stresses 


are functions of y only. With (50), the equation of motion (4) then becomes 


d* m dy " 
t (51) 


dy? * dy’ 


since w 0 (except at y 0) and n 1 in the plastic region. It is found that 
the solution to the problem is obtained by assuming a hinge circle where m } 
at the section y = 0, and hinge circles where m + at the sections y A.y B. 


The distances A and B are given by 


l 
B 


W (y2 . 1)! /2. 
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The radial velocity in the deforming region is given by 
y)/A 0 « 
y)/B 


where 7, is the radial velocity at the section y 0 and is given by 


‘Oo 
9 (yr 1)! 2 


‘~ 
The bending moment m is given by 


(t—(A 
\4— (B+ y?/2B? 


dm /dy has a discontinuity of amount 2¥ at the section y = 0. 


The shearing force g 
The displacement Is zero In 


The radial displacement is obtained from (53). 
A, and in the rigid region y B the non-dimensional 


the undisturbed region y 
displacement [ defined by (27) has the value 

c 27 (¥? 1)'/3 /7 (56) 
In the deforming region ¢ is given by 


y)* /2A1 


\ Yn, /% + y)* 2Bi 


The problem of a band of uniform pressure moving along the shell with constant 


velocity V can be solved in a similar manner. The centre of the band of pressure 


is taken to be the section y 0, and the width of the band is denoted by 2a. 
In the steady state there is a hinge circle where m + at the section y Y, 
inside the loaded region, and hinge circles where m + at the sections y A, 


y B outside the loaded region. The distances y,, A, B are given by 


Y, ‘ L/w ld 1) }3/2 
A wa (wh 1) Y)> 


B wa + (x l)y, 


where yf is the constant value of the pressure inside the band. The value % must 
be greater than the statical value y, for deformation to occur. The radial velocity 


in the deforming region is given by 


where N, 1s the velocity at the section Y, and is given by 
UN» 2 (yb 1) y,. (60) 


The value of the displacement {in the region y B which has ceased to deform 


is given by 


2wa (w Y 61) 
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THE PROPAGATION OF 
DYNAMIC STRESSES IN VISCO-ELASTIC RODS 


S. Berry* 


SUMMARY 


UNT is f stress in th Vist lastic rods when the ends of 
is satisfy a ary nditions is umed that the material of the 


satisfies a stre either of the 


t the strain e infinitesimal General solutions of th juations of motion are derived 


if 
ideration of special problems. The theory of possible 


Ln 
the theo yf Laplace transforms and their applicability demonstrated by the con 


experiments to determine the functions 


4(t) for any given material ts also developed 


INTRODUCTION 


Tue object of tl nt paper is to discuss the propagation of mechanical waves 


n thin rods of material. It is assumed throughout that the strains 
ire infinitesimal so that variations in the cross-section of the rod during the motion 


mav be neglected, and also that the effect of the inertia of the associated latera! 


otion on the longitudinal motion may be neglected. To simplify the analysis 


limensionless quantities are used throughout, a characteristic time r being taken 


is the unit of time, a quantity, E, with the dimensions of a Young’s modulus, 
being taken as the unit of stress 4 suitable unit of length is then (p/E)ir"'~” 


where po is the density of the material of the rod. It is 


f the rod satisfies a general linear relation based on Boltzmann’s principle of 
1943) and Gross (1958). and that 


issumed that the material 


superposition as developed by LEADERMANN 


there are no body forces operative in the rod 
stress patterns in semi-infinite rods and in rods of finite length are discussed 


former instance it is assumed that either the displacement of the free end 


or the pressure applied to it is pres ribed, and that the rod is * held at infinity ’ in 
such a way that the displacement and the strain are zero there. In the case of 


the finite rod it is assumed that one end is free of stress and that either the stress 


wr the displacement at the other end ts pres ribed, or that one end rests on a 


rigid foundation so that the displace ment there is zero and the stress or lisplace 


Irie 


t ipplied to the other end Is pre scribed 
nent of Mathemat Universit ege of North Staffordshire 
ent Research and Develoy nt Establishment, Ministry of Supp! 
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Special boundary-value problems corresponding to a rod satisfying a less general 
stress-strain relation than those of LEADERMANN and Gross have been solved 
recently by Lee and Kanrer (1953) by converting the equations of motion and 
the stress-strain relation for the material under discussion into a single partial 
differential equation and solving the appropriate boundary-value problem for that 
equation. In the present paper the theory of the Laplace transform is applied 
to convert the equations of motion and the stress-strain relation, and the equation 
relating displacement to strain, into a system of ordinary differential equations. 


The prescribed boundary conditions are converted similarly to yield a two-point 


boundary-value problem for this set of ordinary differential equations. The 
solution of these equations is readily found and the required solution of the problem 
considered is then expressible as a contour integral by making use of the inversion 
theorem for Laplace transforms. 

The general solution is applied to the discussion of the distribution of stress in 
semi-infinite and finite rods of various physical types and subjected to a variety 
of end conditions. A method is also described (in Section 8) by means of which 
it might be possible to determine the form of the stress-strain relation from suitable 
experimental measurements. Because of the difficulty of evaluating the contour 
integral in the general solution it is not always possible to obtain a simple closed 
expression for the stress at any point in the rod. For that reason some con- 
sideration has been given to the case of a ‘ nearly elastic’ solid for which the 
integral may be evaluated approximately. The steady-state solution corresponding 
to the imposition of a sinusoidal displacement on one end of the rod is also con- 
sidered in some detail. 


Tue E@uaTions oF MOTION 


We shall work throughout in dimensionless quantities. If we denote by 2%, 
t*, o*, X* measures of length, time, stress and body force respectively, then we 


define a reduced, or dimensionless, length through the equation 
(p/E)tx*/r 


where p is the density of the material, r is a characteristic time, and E is a constant 
which has the dimensions of a Young’s modulus. In a similar way we can introduce 
a reduced time through the equation 


t t* /7, 
a reduced stress through the equation 
a E, 
and a reduced body force through the equation 
X (p/E)ir X*. 


In the subsequent analysis we refer always to these reduced quantities unless the 
contrary is stated explicitly 
We consider a thin rod with spatial co-ordinate x measured along its length. If 


u denotes the displacement, in the direction of z increasing, of a section of the rod 
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specified by the co-ordinate z in the unstrained state, the equation of motion in 
the z-direction is, in dimensionless form, 


2 


u 
2 


(2.1) 


where o is the nominal! stress, that is, the tensile force per unit initial cross-sectional 
area. If the co-ordinate z is of Lagrangian type and the stress is nominal, equation 
(2.1) is valid for large strains ; but if, instead, use is made of the true stress, that 
is, the tensile force per unit current cross-sectional area, this equation is valid 
only for infinitesimal strains for which variations in the cross-sectional area of 
the rod may be neglected. The equation of motion (2.1) ignores the effect on 
the longitudinal motion of the inertia of the associated lateral motion; this is 
negligible if the wavelengths of all significant Fourier components of the stress 
pulse are appreciably greater than the diameter of the rod. The strain ¢ is expressed 
in terms of the reduced displacement u and the reduced co-ordinate x by means of 


the equation 


(2.2) 


38. Tue GENERAL LINEAR STRESS-STRAIN RELATION 


The most general kind of linear stress-strain relation is deduced by means of 
Boltzmann's principle of superposition and takes the form of an integral equation. 
Both LEADERMANN (1943) and Gross (1947) give the relation in two alternative 


forms. In the dimensionless units employed here these are 


€ (t) ao (t) 4 t)a(r)dr 


and 


o (t) ae(t) + the(r) dr (3.2) 


e x 


where a and a’ are numerical constants and x’ (t) and ¢’ (t) (the primes denoting 
differentiation) are functions often described as ‘‘ memory ” functions. Elsewhere, 
Gross (1958) uses equivalent equations which can be written 

i. da | T) 


€ (t) | T) dr 8. 
dr (3.8) 


) =) de, (8.4) 
dr 
If, following Gross, we put 
bt + 6 (t) 


and 
b’S (t) + w(t) 
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where a, b, a’, b’ are numerical constants (which may assume the value zero), and 
5(t) is the Dirac delta function, then the functions @(t) and y(t) correspond, 
respectively, to the creep and relaxation functions of Gross, which have the 
properties that @ (t) is zero at t = 0 and is monotonic increasing, and that ¢ (t) 
is monotonic decreasing and zero at ft x0. Gross (1958) derives the conditions 
under which the equations (3.3) and (3.4) are compatible. 

The creep function @ (t) is often represented in terms of a distribution function 
of retardation times of strain, F (7), thus: 

@ (t) = 8(a@) F (r) (1 — e!") d (3.7) 
~ O 

where @ (00) serves as a normalizing factor. In a similar way the relaxation function 
y(t) can be expressed in terms of a distribution function of relaxation times, 
G(r), thus : 


°= 


ws (t) (0) | G (1) ent!" dr. (3.8) 
0 


When the distributions degenerate into line spectra, that is, when 


0(0) F(r) = 2' A, 8 (7 — 7,) (3.9) 


and 
b (0) G(r) = 2B, 8(7r — 7), (3.10) 


we find that 
(3.11) 


b(t) = 2B, et!’ (3.12) 
‘ 
In this case it can be shown that the stress-strain relation can be written as the 
partial differential equation 


"oq 


be ) bee +O, (3.13) 
where the a, : m are numerical constants, with m n except 
when a 0 in (3.5) or 6’ + O in (3.6), and b, 0 when 6 + O in (3.5) or a 0 
in (3.6). Gross (1953) shows that the line spectra correspond to generalizations 
of the Voigt or Maxwell models of spring and dash-pot systems, and gives methods 
for deriving the constants A,, T; of equation (3.11) from the B., v, of equation 
(3.12) and vice versa. 
Later in this paper we shall consider a three-parameter model obtained by 
putting 
rx (t) a c(] é ). (3.14) 


If we substitute this expression into either equation (3.1) or equation (3.3), 
differentiate with respect to ¢, and eliminate the integral between the two equations, 


we form an equation of the type (3.13), namely 
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1 d. This equation has been used extensively 
f internal friction phenomena by ALFREY (1948), ZENER 
1953 When «a 8, (3.15) simplifies to that for a purely 


investigate the behaviour of a 
Ry this term we mean that the 


5 8. that is 


(8.16) 


ngt solid is given by 


(3.19) 


has been postulated by Kunn, 


ed by assuming the distribution 
(8 20) 


the integration we find that 


equations (3.20) does not properly 
function derived from the line spectrum (3.9), 
his is due to the extension of the distribution 


ded bw cutt ng it off at + T (sufficiently large) 


h t/t9)] (3.22) 
both cases the value of @ (0) 


found to be zero The 
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8 (a) k log (T To 


from which it follows that 


l 
r log (T'/r,)' 


0 


4. Bounpary VALUE PROBLEMS 


We shall enumerate here the combinations of boundary conditions with which 
we shall deal later. We assume throughout the analysis that there are no body 
forces acting on the rod, and that the time ¢ = 0 is chosen so that o u 0 


for i< 0. The boundary value problem then consists of solving the equation 


0, (4.1) 


with a stress-strain relation of the form (3.3) or (8.4) for each of the sets of boundary 


conditions listed below 


1. Semi-Infinite Rod. We consider the case a 0, with the assumption that 
both the stress and the displaceme nt tend to zero asx + co. We specify either 
(a) the displacement of the surface z 0, 


(b) the pressure at the surface a 0. 


We therefore have the boundary conditions : 
(la) w u(0,t) ata 0: o.u—>Oasaz 


(1b) o o(0,t)atz 


Il. Finite rod. We consider the rod 0 <a < / with the four cases : 
(a) Displacement prescribed at x = 0, displacement zero at 2 
(6) Stress prescribed at 2 0, displacement zero at a l; 
(c) Displacement pre scribed at 2 0, stress Zero ata 


(d) Stress prescribed at 2 0, stress zero at a l 


boundary conditions are therefore 
(Ila u(0,t) at a 0, u 
(11d) a0(0,t) ata 0, u 
(IIe) u(0.t) at a 0. 


(IId) a (0,t) at a 


( 


nay and HuUNTES 
MorTion 


und (3.8)— or, what is 


shall use the notation 


Assuming 


find that 


the integrals occurring 


theory of the Laplace 


ot the torms 5 ; tf the transformed stress-strain 


written is 


» 


eliminate w and ¢€ from (5.2), (5.3), and (5.9) we find that the Laplace 


o of the stress o satisfies the second-order ordinary linear differential 


l?q 


da* 


Ae ’ , (5.11) 


re functions parameter s alone It follows 


insform of the displacement } } f the form 
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v = "(Ae — Be). 
s 


In terms of the transformed quantities the boundary conditions of Section 4 


become : 
(Ia) u(0,s) at a 
(1b) 0 (0,8) ata 
(Ila) u(O,s)at az 
(11d) o0(0,s) ata 
(IIc) w u(O,s) at a 
(IId) o = o(0, 8) at a 0: @ 0 : 


In each case the number of boundary conditions is sufficient to enable us to deter- 
mine the constants A and B uniquely when the relevant functions u (0, t), o (0, t) 
are prescribed. The general expression for the stress is then found from the 


Laplace inversion theorem to be 
] ey+ia« 
o (x, t) (Ae“* + Be*) e* ds. (5.14) 


”» . 
“7 | —s 


Corresponding integral expressions for u (az, t) and v(z,t) can be obtained from 
(5.12) and (5.13) using the Laplace inversion theorem. 


6. SOLUTIONS OF THE EQUATIONS OF MOTION FOR A SEMI-INFINITE Rop 


In order that the stress and displacement should tend tu zero as r + © we 
must obviously take the constant of integration A in (5.11) to be zero. The 
remaining boundary conditions then give the two cases : 


(la) u u (0, s)e"; o (s*/u) uw (0, 8) eo ; (6.1) 
(Ib) w (u/s8*) o (0, 8) eo ; oe =a(0,s)e"; (6.2) 
where ,» is the root of either of the equations 
p? = s® X(s), 2 — 3/®(s) 


which is positive for real positive s. It is clear that such a root exists for functions 
x(t), d(t) which are positive for positive values of t. 
If we set 


8, (x,t) = L* (e2), 8, (2, t) L (8? ple), 0, (a, t) a. (us~* e~#*), (6.3) 


5 | . - 
where L’ denotes the inverse Laplace operator, we can make use of the convolution 


theorem for Laplace transforms to express the solutions corresponding to conditions 


(Ia) in the forms : 
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r)u (0, r) dr, 


solutions corresponding to conditions (Ib) can be expressed in tho 


EQUATIONS OF MOTION FO! » OF Finite LENGTH 


make use of the four sets of onditions for a rod of finite le ngth defined 


| to determine the constants A and B we obtain the following solutions 


u (0, s) sinh ju ( r u(0,s8 s? cosh | p r)| 
| | 


sinh (ul) u sinh (ul) 


" } f 
o\U, 8) sinh | p (| @ (0, s) cosh | p (/ r)| 
J . 


s* cosh (yl) cosh (ul) 


u 0, s) cosh [ p l u (0, s)s* sinh [ 4 l 


cosh (ul) uw cosh (ul) 


@ (0, s) wz cosh |p (/ a (0, 8) sinh [pu (1 r)] 


s* sinh (yl) sinh (yl) 


1 {sinh [ I f -1 {cosh [ l 


~ 
| sinh (yl) \ cosh (yl) 


1 {uw sinh [pu 


. 


u sinh (pul) | 5? sh (ul) 


transforms 


) iif 
ii ‘ 


The propagation of dynamic stresses in visco-elastic rods 


rt 
u (x, t) D, (2, t rt) u(0, r) dr, 
~ O 
v (x, t) (x, t r) ~ , tT) dr, 


r)u(0, r) dr: 


r) dr, 


8. Tue DETERMINATION OF THE STRESS-STRAIN RELATION 


rhe stress-strain relations (3.8) and (8.4) are specified for a particular material 
if we know the form of either the function x (t) or the function ¢ (t). In circum- 
stances in which the conditions are o u 0,t < 0, these functions are determined 
by means of (5.8) if the function pu (s) is known. From the general solutions (5.11) 
and (5.12) it follows that, if z, and r, are the co-ordinates of any two points of the 


rod, then 


[ue (2, s)|? " : u* 


> , ‘ (8.]) 
fo (ay, 8)]? — [o (2, 3 


Perhaps the most useful form of this relationship is obtained by setting 
0 and 2, l. We then obtain the formula 


u? s* (u,* 


where u, = u (0,8), u, = u(l, 8), o% (0, 8), o, = o(l, 8). Eq. (8.2) is 


0 
vr each set of the sets of conditions. In the semi-infinite case u, go, 
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that we have 
(8.3) 


and either w, or o, is prescribed. A knowledge of the other therefore should enable 


us to calculate ». For the finite case, either a, or o, is zero, and one of uw, or o, 


i i 
is prescribed so that a knowledge of the two remaining quantities is sufficient for 
the determination of the function , (8). 


From (5.8) and (8.2), it follows that 


f I e ‘ 
x (t) [s (u,* (8.4) 
and that 
d(t)=L {[: 2 — w?)). (8.5) 
Explicit formulae for u.* may be obtained by other methods, notably by con- 
sidering two rods of the same material of lengths / and 2/. As an example we 


derive such an expression under conditions (Ila) and (Ila’) where by (Ila’) we mean 


the set of boundary conditions 
u ‘ 1 > s 2/ 
for the rod 0 « < 2/. We have then for the first rod 


uy = 


js sinh (pl) 


and for the second 


Uy &* 
Sa; 


- 


uw sinh (2yl) 
Eliminating the hyperbolic functions from (8.6) and (8.7) we find that 


2 ot 2 
4u,* s° o,, 


- 


o;" (o;* — 40;") 


an expression which does not require a knowledge of the stress at the end x 
atwhich the displacement is prescribec. 


9. Streapy-STaTE SOLUTIONS 


When a visco-elastic rod is subjected to a sinusoidal displacement at the end 
z = 0, we expect on physical grounds that, as t + oo, the stress and the displace- 
ment at any point will become sinusoidal, with the same period as the applied 
displacement but with a change of phase. 

We shall begin by stating the implications of some restrictions we may reasonably 
impose on the function x(t). If x (0) > 0 and x’ (t) > 0 and non-increasing for 
t > 0, then it can be shown that ,, sinh (ul) and cosh (ul) are each regular and 


non-zero in the half-plane R (s) >0. Also us [x (0)}4 as |s|.+> © in the 


sector jarg s| << 47. If, in addition, xz (t) is regular for complex values of t lying 
within the sector jargt| < $7, all the singularities of yu? lie on the negative real 
axis (including the origin), and u/s - [x (0)]} as |s| + oo in the sector larg #| < 1. 
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(i) Semi-Infinite Rod 
We consider the displacement at the point z when a sinusoidal displacement 
u (0, t) = Ae‘~' is applied at the end « = 0 of & semi-irfirite rod. In this case 
u (0,8) = A/(s — iw) (9.1) 


and, substituting this expression in the first of (6.1) and making use of the 
Laplace inversion formula, we find that 


mt 


u(z,t) = | -" — iw)! e~“* +# des, (9.2) 


y~t@ 


Assuming that the function x (t) is regular in the sector jarg t| < $7, we find that : 


(a) When 2 [x (0)}} > t, Ri par + st) > — 00 as |s| > oo in jargs| < $7, 


> + OC as \s| > @ in br < arg 8 | <f 
(b) When Ya [ x (0) }4 . t, R pr +s + oO as \s| >a in larg 8| « $7, 
> 00 as \s| +> oo in $n < jarg s| < zm. 


In case (a) we can show by a simple application of Cauchy’s theorem that 
u(x,t) = 0. In case (b) the integral expression for u(z,t) may be evaluated by 
considering the integral of the same function round a closed contour consisting 
— PR 

of the infinite line h (s) = y and the infinite arc obtained by letting R > oo in 
the equations |s| R, (407 — 8) < |args| < a, where 5 = sin“ (y/R), the contour 
being deformed in such a way as to exclude branch points of the function 4 (s). 
We assume that the contributions to the integral due to the branch points will 
be decreasing functions of t. The remaining contribution results from the residue 
at the simple pole s iw, and gives the steady state solution, as t > oo, 


u, (z, t) Ag ola tte! (9.8) 
Putting 

pe (tw) E(w) + in (w), 
we have the expression 


u, (2, t) = Ae ® eat) (9.4) 


showing that, in the steady state, the displacement is transmitted with an attenua- 
tion coefficient £ (w) and a phase lag rn (w). 

Consideration of the two cases, a(x (0) |? S$ t, shows that the wave front is 
propagated with a velocity [2 (0)] 4, This holds for other forms of the imposed 
displacement u (0, ?¢). If the material exhibits no instantaneous elastic effect, so 
that x (0) 0, the velocity of propagation is infinite; but such materials are 


unlikely to exist. 


(ii) Finite Rod 
Applying the displacement u (0,/) = Ae'*’ to a finite rod under conditions 
(Ila), we find, from (9.1), and the second of (7.1), that 


'® s? cosh [;. (1 r)| 


ao 10 iw) u sinh (ul) 


S. 
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In this instance, with the full restrictions on the functions x (t), the integrand 
tends to zero exponentially as |s| + oo within the sector $7 < |arg s| < 7 for all 
positive values of t, and we consider the integral of this function round the same 
closed contour as in the semi-infinite case, modified as necessary. Besides con- 
tributions from possible branch points on the negative real axis, we need to 
consider those from residues at the zeros of »*/s* and sinh (ul). We must assume 


that these zeros lie in the half-plane R (s) < 0 if the residues are to decrease 


exponentially with ¢. This imposes a more stringent condition than that derived 
from the restrictions on x(t). Then, as t + o, we derive, from the residue at 
& = tw, the steady-state solution 


Aw* cosh [ iH (l r)] gu 


bo pp (tw) (9.6) 
Ho Sinh (jo !) 


a, (@, f) 


When z = I, this may be put in the form 


Aw e'\ot-9%) 
o, (I, t) (9.7) 
. (€* + »*)4 [sinh* (él) + sin* (»l)}} 


where p» (tw) &(w) + in(w) and the phase lag 4 is given by the equations 


€ cosh (£1) sin (nl) + » sinh (él) cos (nl) 


sin Oo 2 - 2 >? 2 , 
(€* +. »*)! [sinh* (€1) + sin? (»l)}} 
7 cosh (él) sin (nl) € sinh ( €l) cos (»l) 
cos oO - : 
( €* + »*)) [sinh* ( £1) + sin* (»l)}} 


(iii) Determination of » (iw 


If we suppose that steady-state solutions of the types illustrated by (9.4) 
and (9.6) may be obtained for each of the sets of conditions (1) and (IID). it is 
possible to derive expressions for ~ (iw) corresponding to those for u(s) given by 
(8.2) and (8.38 Assuming appropriate behaviour of y(s), we see that the 
steady-state solutions are derived from the transform solutions (6.1), (6.2), (7.1) 
to (7.4) by the substitution of Ae‘ for wu (0, s) or 2 (0, s) and of iw for s. Then 


each pair of steady-state solutions satisfies the relation 


u,(z,, 0)" iu (z,, t)}* u (tw)}? 
: ™ ——* r (9-8) 
0, z,.f 1, (Ze f)i* a 


where ry and z, are any two points of the rod We take the convenient case 


r 0, 2, t { © in the semi-infinite case), and suppose that the amplitudes 

and phase angles of displaceme nt and stress are known at each end as functions 
of the frequen VY wile We then have that 

et iw)}? w* (A,* 1.2 e?*s BT ms A? es) (9.9 

where A.(w), (i 1, 2, 3, 4) are the amplitudes of the displacement at a 0 

’ 
and Z and if the stresses at 2 0 and 2 in that order : and » w). 
‘ 
12s 4 ure the phase angies of the aispiacement at 2 O and a { and 
rf stresses at U0 and f mn that order If tiv phase angies are deter 


mined so that that of the applied displacement or stress 1s zero, we have inder 


the various boundary conditions 


The propagation of dynamic stresses in visco-elastic rods 
(Ia) 
(1b) 
(Ila) 
(11d) 
(Ile) 4 , é A, 
(Hd) . | A, = A, 


where A is the amplitude of the displacement or stress which is applied to the 
end 4 0 of the rod. 


10. Wave PROPAGATION IN A SEMI-INFINITE Rop For SpeciAL CASES 


We now apply the Laplace inversion theorem to (6.1) and (6.2) to obtain 
solutions of the equations of motion corresponding to known impact conditions at 
the end a 0 for prescribed forms of the function »(s) corresponding to the 
Voigt and Maxwell solids, and to the * nearly elastic’ solid defined earlier. It 
will be seen, in the first two examples, that the velocity of propagation of the 
wave front is [2 (0)] +, as we shewed in the previous section. 

(i) Maxwell solid impacted at constant velocity 


For this boundary condition 
u(0,t) = uv, t H (t) 


where v, is the constant velocity and H (t) denotes the Heaviside unit function. 
It follows immediately that 


For the Maxwell solid we have, from (8.16) and (5.8), that 
u? s® X (8) x2 s(s + a) 


where «? =a, and « = b,a. Substituting these results in the second of (6.1) 


and inverting by means of the Laplace inversion formula, we find that 


x)] t+ exp } « [s(s + x) | x} ef ds. 


This integral can be evaluated readily from tables of the Laplace transform 
(Erpeéyi et al. 1954) to give the expression 


r(x, t) vo Ket, [ba (A — «* 2*))) Ht (10.1) 


derived previously by Lee and KaAnTER (1958). 


(ii) The * nearly elastic’ solid impacted at constant stress 


The * nearly elastic’ solid is defined in Section 8 by equation (38.14) with the 


condition ¢ a, giving 


53 x S) 
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2 1 a a ; ld The inequality stated above will be 


used later in this example in order to simplify the form of the final integrals 


obtained from the formal solution 
For a constant compressive stress, o,, apphed at f 0, we have a (0, t) 
H (1). so that @ (0, s ,,**. Substituting these values for o (0, s) and 


o the second of (6.2) and inverting by means of the Laplace inversion 


find that 


s + 
co. s' exp | «s | . st! ds (10.2) 
e 


0 
i 


The integrand m : has a simple pok it & 0 and two branch points at 


: 0. s ; o evaluate this integral we complete the path of inte 


tion as shown in Fig. 1, where ultimately the radi of the two large circular 


infinity and the radii of the small circles tend to zero. Denoting 


2) by J we have, by Cauchy's theorem, 


sadrants tend to 


the integrand of the integral 


(10.3) 


where I" is the completed contour 


Fig. 1. 


Provided t xx > 0, the integrals round the two circular arcs tend to zero as 


the radii of the circles tend to infinity. Further, since yu (s) is a single-valued 


function along C, and C, the sum contribution from these two paths is zero. For 


the integrals round the semi-circles y, enclosing the singularity s + «a = 0 we 


write s + a = pe'®, < m. which yields the result 
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hes ; 
d: ] ’ ( p) o ! te 
Ids tim [1 J } » @ exp 8 -} e? 


>>0 J 


For the integral round the circle y, enclosing the point s 8B, we substitute 


8 B e’*, and then it can be shown that 


Ids = lim (1 O (p)| ) a, B' exp 
0) e r 


> 


Zaria, (a 
0 


in 


Finally along CU, and ¢ , we puts + B if + f qe respectively to obtain 


the contribution , 


| . . ' . | " 2 4] 7 
(2a) ; ids 1 5 + Bp +q) P+q) dq. 
wo Us 


o' Cy 
Combining these results and making an obvious change of variable in the integral 


we find that 


o(r.t) 


Oo 


+- BE a+ BE 
: ) &a exp \ d& (10.4) 
+ £4 +e 


provided that f r>0 If complete the contour by the 
. > p 

addition of a large semi-circle lying in the half-plane i (s) 0. Since the new 

contour contains no singularities of the integrand, and the integral round the 

semi-circle tends to zero as the radius tends to infinity, we find that 


o (x, t) 0, t cr < O, (10.5) 


The corresponding expression for the displacement, obtained by a similar 


procedure, is 


u(x,t) a5 «(2 B)+[t (a/ 8)? xxr—(a—B) 28] + 2B-!(a— B) «xe?! 


°*s 


5 e x+BE x+fE) 1] |.) 
+ cos . ‘ > t dé Hit . 
° ), @raRP bites. tery, >| "I 
(10.6) 


In the limit «x 8 (10.4), (10.5) and (10.6) reduce to the well known results 


oa (a, t) a, H it Ka), u (a, t) o, «(t Kr) Hit Kr) 


0 


for an elastic rod. A first-order approximation for (« B) < B is obtained by 
substituting « 8 in the definite integrals occurring in (10.4) and (10.6) which 
may then be evaluated to yield the approximate solutions 


a (x, t) o,[1 — (x — B) xa(Bux + be-?*) e*') H(t — wx) + O[(a — B)?] (10.7) 
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used 


tutions 


st} ds 


impac ted 


(10.10) 


Like expression 
these expressions in the 


mn theorem. we find that 
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a (0, t) (U, k) {erf [(é q)}| +- (t/q)? et/9! 


j 


for the stress at the impacted end. 

One method of generalizing these solutions to problems 
arbitrary shape are applied to rods of finite length has been 
KANTER (19538) In the examples that follow a more direct 


is employed for problems involving rods of finite length 


1] WAVE PROPAGATION IN Rops or Finite LENGT! 


We consider in this Section the variation with time of 
a l of the ‘ nearly elastic ’ rod 0 < 2 </ when the end 
a uniform velocity for a finite time, and the displaceme! 
kept zero. The conditions are (Ila) with 


for which 
u (0, 8) eT tad tl 


Substituting from (11.1) into the second 

inversion theorem we find that, at the e1 
equation 

Vo | Py+ee e*' ds 

oll l : 

2ni | J y-i.p sinh (pl) 


When t < t,, the second integral is zero and 


a (I, t) o,, (t, t) 


{ 
where 


e*' ds 


a, (Ll, t) 
’ » sinh (ul) 


When i 
0 (1, t) 


say. The expressions (11.3) and (11.4) tend to the same limit as ¢ 
that I (l, 0) 0, which we shall find to be so in the present case 
The ‘ nearly elastic ’ case is given, as in Section 10, case (ii), by writing 
pt (8) K8 (8 + a)ji(s + py p 
We find that, as R > « 


> 0 


| et! ds 


pe sinh (ul) 
I 


where I is the arc of \s| R, (47 8) < jargs| < 7, 8 = sin" (y/R). The 


singularities of the integrand are poles lying in the half-plane Ris) <0. He 


only 


nee 


a, (l, t) is equal to v, times the sum of the residues at the poles. The double 


pole at s 0 has residue 


R, = (at 
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and the simple pole at s x has residue 


R pat fg? | 2, (11.7) 


a 
The remaining poles are at the other zeros of sinh (u/), which are the roots of 


pe? l? + n? 2? 0, n l, 
that is 
as* + m*s + m? 8B 0. (11.8) 


It can be shown that this cubic equation has complex roots for all values of n 
whenever a < 98, so that the poles fall into three groups: s,, the real poles, 


s,, and a's the complex poles. The residues at the poles 8, are 


(— 1)" 2(s, + B)* e*n 


(2s? i @¢ (gf + $8) + § B} 


n 


(11.9) 
while those at the poles aT denoted by R. , are similar but with ea.& 


substituted for s,. 
We can prove the following inequa litie s concerning the roots of equation (11.8): 


$ (2 


(mm? 4a*) . 


Furthermore, in the purely elastic case. where «z 8, the roots of (11.8) 
become B, + mi. We therefore make the assumption that for « and 8 nearly 
equal the roots of (11.8) are close to these values. In fact we have the following 
approximations, valid at least for «8 : l 


m* (a 
2(m? 4 2 (m* + B?) 
Substituting these expressions in (11.9) we have 


( 1)" 287 (« 
R 


lx* (m?* 4 


| B*t(« — B) 
) 
{2(m? + B?) 
| B(a— B)(m* — B?) mB? («x 


) Tm? a Re sin [(m—h)t} + 
| 2 (m* + Bp”) 


J cos [(m h)t)) 


(m? 


(11.18) 
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and m nia/lx with n i. i ts oat 
When («a — 8)t < 1, we show that o (/, t) approximates to the solution for the 


purely elastic case. With this restriction on t, 


9) R2 Bt « 
aP(« “Bye > (— 1)9(m? + B?) 21 | o(1)] 
Lx? a= 
_ 2p? (a — B)e* (Lx [sinh(/«B) +IxBeosh(l«B)] 1 lr +o(1)]. (11.14) 
lx? 48° sinh? (1x8) 2p*) 


Also, we find that 


5 (R’ +R) —2U— He —8) 4 
: In? 


n=l 


B*t(a — B) mB(a— B) 6° (a — B) 


sin(mt) + 7 = : > 3 
m 2m(m?-+ B*) 2(m? +f")? 2m(m?-+ p?)? 


B?(a—B) pt(a—B) | . 
- —_— ’ Peotshin Seaeeee 
(m? + B?)* = 2(m? +- B?) j 
Using the periodic properties of the series and introducing the symbol t’ such that 
+ t/l«), we find that this sum reduces to 


+ cos (mt) | 


t'/2lx is the integral part of 441 


y Bit-t’) 
“a aa 8) (( Bt’) sinh(1«B) 4 IxBcosh(l«B)] t 
26sinh*(ix 


for all t < (a B)* except when t (2r —1)lx, r , 2, 8, . . ., where the 


series is discontinuous. 
Collecting these results together we find that 
) 4 ’ »— Bt 
eit “s ( yr Uy (a B) ¢ ; 
lx? \a 2x8 sinh? (1x8) 
x {(e%"” — 1) {sinh (lxB) + lxB cosh (1«B)] Bt’ e* sinh (/«B)} 


+ higher order terms, t << (a — py". (11.17) 


When t < Ix, t' = 0, and oa, (i,t) = 0; this is to be expected since we saw that, 
in the semi-infinite case, the wave front is propagated with a velocity [x (0)}-4, 
that is, for this solid, «'. When t > /«, the second term is 0 (1) compared with 
the first, which itself differs from the purely elastic result only by the factor 8 /a. 

To find an approximate solution for large values of t, we return to the expressions 
for the residues, (11.6), (11.7) and (11.9) above. Since both s,, and R (s,') are 
negative for all n, all residues tend exponentially to zero as t + oo, except R,, 
giving the result 


a, (I, t) > — v9 (aBt + a — B)/(a* lx?) ; t+a (11.18) 


for alla > B>O. 
When t, < t <(« — 8)’, we have, from (11.4) and (11.17) the equation 
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v, (B\},., 
a, (I, t) i (-) (t’— (t —t,)’] 


(x 8) [sinh (lx) + xB cosh (lxB)] e nf eB 
2x8 sinh? (1x8) 


t 


eFt [ et" ty) 


B) e* 
(2 : it'e™ + + higher order terms. 
2x sinh (l«B) 


(11.19) 


)' /2lx is the integral part of $(1 + t,/lx). In the purely elastic 
, this reduces, for all t > t, to 


a, (I, t) (v,/l«?) [t’— (t — t,)’]. (11.20) 


1, 2, 3, ..., the expression (11.20) remains constant at the 


value t,/lx* for all t >t,: otherwise it alternates between the values 


0 


Uy (t, — Ix)’ /lx* and Up (t, + lx)’ /lx?, with a mean value of — v,t,/lx*. In 
the non-elastic case, when ¢ is greater than ¢, and sufficiently large, we have, 


from the relations (11.4) and (11.18), that 


» 2 Pt 
Uy Pt, Xi K x 


for all « B 0, and we see that, for «a B B, a, (l, t) tends to the mean value 


of the elastic case, to a first approximation. 


12 STEADY-STATE SOLUTIONS FOR SPECIAL CASES 


In the steady-state solutions we shal! derive in this section we shal] suppose 
that the function x(t) is composed of a purely elastic term together with the 


function @ (t) of (8.22 In other words, we assume that 


x (t) k |log(T'/r,) + Ei t(/T Ei 


with the Laplace transform 


follows from e 5.8) that 


- g + «\18 
k log | =) 


1/7. «a 8. The real and imaginary parts of u 


to be given by the equations 


»* 
pe le ( 


wv 


jk log (“ 


w 


wia 
k tan” 
2 


‘ 
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By putting T = o, i.e. 8 = 0, we have expressions appropriate to the function 
@ (t) of (8.21). 


(i) Semi-Infinite Rod 


When a displacement u (0,1) = Ae is applied to the end of the semi-infinite 
rod, we find, by substituting from (12.8) into (9.2), that 
A (y+ f i g 


u (a, t) = j ¢ — tw) exp | x a + k log | 


2m J ,- § 


The singularities of the integrand are a simple pole at s iw and branch points 
at s = a, = — Bf, and s = 3,, the zero of a +k log (s + a/e + 8). It is an 


elementary calculation to show that s, B metlk) /( elk . When 
t< va’, the integral round the contour js R bir ‘ tr tends to 


zero as R + o0, so that u(z,t) = 0 if t< 2a*. When t > za? integral tends 


to zero on |s R, (tn 5) < jarg s 7, O sin™! (, ), as > x The 

integrand is single-valued in the plane cut from s, t f » to 8. 

so that in this case we consider the integral of the tion taken round 
' 


the contour shown in Fig. 2, with R allowed ity and the small 


‘ircles to shrink to points 


have seen ol > 1? integ | tlong the u C, and C, tend 
» zero, so also do those round the circle a a .. whi 1 contribution 


the ontours ( I Le % anishes entical f I now hat the sum 


the integrals along ( nd C, 1s less than grit) y I t l the 
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sum of the integrals along C, and C, is less than O (e™). Hence ast + o, u (z,t) 
tends to a limiting value given by A times the residue of the integrand at the 


point s tw It follows from (9.4) that the steady state solution is 
u, (2, t) 


where £(w) and »(w) are given by the expressions 


(u) Rod of Finite Length 
When wu 0 at the end z land u(0,t Ae’, we find from (9.5) that 


A ’ s* e*' 
Go (i. t) 1s 


(8 tw) pu sinh ( ul) 


where u(s) is given by (12.8) The singularities of the integrand are poles 
at iw and at the zeros of sinh jal and) =branch points at ¢§ * and 
s B. The integral round the contours C, and C, of Fig. 3 tends to zero as 
R ~ o@ for all values of ¢, and the integrand is single-valued in the plane cut 
from x to 8, so that the sum contribution from the contours C, and C, 
is zero. The integrals round the contours y, and y, tend to zero as the radii of 


the circles tend to zero, and the sum of the integrals along C, and C, is less than 


:, , . ) 
Ole The zeros of sint jal an be shewn to lie in the half plane if is 0). 


and it follows that the residues at thes 0 *n') where o, are the real 
of the zeros We find then that : f I r(l.t) tends to the 
{1 times the residue of the integrand a } w, and the steady 


solution (9.7) holds. 1. after substituti } &* +. »*)? from (12.4), 


where the phase lag oO 9.7 £ » Hw i given 


by (12.4) 
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mstant hydre« 


triaxial stress 


An experimental! dy on the fracture of metals under hydrostatic 1 


with two equal principal stress compon 

In specimens of various materials 4 second s ol was conduct 
in 1914 to study the fracture of marble, sandston ind zinc subjeetea 
load h yraquany in asing are sul shown 


triaxial sti s 1 n nsile sti . ponent witl 
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Tension test under hydrostatic fig. ension test under hydrostatic 


pressure pressure using differential pressure principle. 


types of test to investigate the plastic behaviour of metals under triaxial stresses. 
(1) Tension with superimposed hydrostatic pressure (by means of a yoke arrangs 

ment, B, as shown in Fig. 2, a compressive load is converted to a tensile load and 
is applied to a specimen A subjected to hydrostatic pressure.) (2) Shear under 


high pressure (the thin specimen A in Fig. 3 is subjected to a shear deformation 


as anvil C is rotated manually while an axial load is applied through stationary 


parts B.) (3) Two-dimensional tension under high pressure. (As shown in Fig. 4, 
an axial load is applied by means of ramrod D to thin-walled tubular specimen C 
which is immersed in the pressure medium.) The stress state in the reduced 
section is interpreted as two-dimensional tension according to the hypothesis he 
derived from studies on “ necking ’”’ of materials. In 1954 Wiseman and MARIN 


studied the plastic behaviour of an aluminium alloy which was subjected to a 
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tensile load with superimposed hydrostatic pressure. They produced a tensile 
load in the specimen by using the principle of pressure differential as shown in 
Fig. 5. The torsion test on metals under hydrostatic pressure was first conducted 
by CrossLanD in 1955. As shown in Fig. 6, a torsional load was applied to a 
solid cirucular specimen immersed in the pressure medium. Im general, the axial 
load was measured by an indirect means in which the frictional force was not well 
determined, and the deformation was measured either by an intermittent load 
method or by an indirect method to 

measure the change in_ overall 

dimensions. Furthermore, in all tests, : 

the stress state was essentially just a . = t 


simple stress with super-imposed 


0 
hydrostatic pressure. In other words, 


in the three principal stress com- Torsion test in the presence of 


ponents, at least two of them were myGrostatic pressure. 
equal to each other. This stress state is 
a special case which is considered theoretically to be equivalent to a simple stress 
test only, if the hydrostatic pressure component causes no plastic deformation 

In this paper, a new type of triaxial stress test is reported. The specimen is 
so designed that the three principal stress components produced are different from 
each other. Due to the nature of the geometrical configuration of the specimens 
the stress state in the specimen can be considered to be well defined. The purpose 
of the investigation is to study the effect of this general triaxial stress state on 
the fracture of metals. 


8. DescrIPTION OF EXPERIMENT 


Material—The material tested in this investigation was an aluminium alloy 
designated as Alcoa 61S-T6. The material was received in solid rod form. The 
nominal chemical composition, 
in addition to aluminium and ——— 
nominal impurities, consisted of 7 


0-25", copper, 0-6", silicon, 8 


10% magnesium, and 0.25% 1/7 
chromium. The typical mech- 
anical properties given by the ae ie ee wee aol 


' 


manufacturer were: ultimate 
strength 45,000 psi, yield at in 

strength = 40,000 psi, and elonga . 34 
tion In 21In. 17%,.° 


Fig. 7. Test specimen 
Specimen—The specimen was 

of thin-walled tubular shape 

with a closed end. The dimensions of the finished specimen are shown in Fig. 7. 

The diameter-wall thickness ratio of the specimen was about 10, so that the stress 

state throughout the wall in the plastic range could be assumed to be essentially 

uniform. The diameter-reduced length ratio was about 0-25, so that the test section 

of the specimen was free from end effects. 


* Alcoa Structural Handbook, Aluminium Company of America, 1950 
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Test Machine—In this investigation, a triaxial stress-testing machine was 
used. A general description of the original design of the testing machine was 
given by Wiseman and Marin. However, some essential modifications were 
made in order to conduct the present investigation. 

Essentially, the triaxial stress-testing machine consists of two major parts : 
the pressure-generating section and the testing section as shown in the block 
diagram (Fig. 8). The pressure generating section is composed of two 10,000 psi 
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HYDRAULIC PUMP 


FIRST SECOND 
INTENSIFIER INTENSIFIER 


DUDGEON UNIVERSAL DUDGEON UNIVERSAL 
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Fig. 8. Block diagram of triaxial stress-testing machine 


Seco Radial Hydraulic Pumps, two pressure intensifiers with two 15,000 psi 
Dudgeon Universal 24 gallon pumps. The testing chamber with specimen assembly 
is shown in Fig. 9. With an inside bore of 1 in., the testing chamber is a 12 inch 
in Jength and 10 inch in diameter steel forging of SAE 6140. The two ends of the 
testing section in the testing 


BYPASS CONTROL 
chamber are connected by a VALVE 


U-shape conduit of 4 in. in dia- Gf Wii Y 
Wi44-4, 


meter. The U-shape conduit is —" 


controlled by a bypass needle valve aeenmana 
aap Asean OWY/// 1171 47 
which is operated manually outside JAY /, SPECIMEN 


the testing chamber. By this 


arrangement, it is possible to thts 


Af 7 
| Yj 
two ends of the testing section. The ,, Yj 
4 Ma wy 7 f 
pressure medium used is XCT White A, 


generate different pressures at the 


oil, supplied by the Esso Company. 
This oil was selected because it will ; 

fee ; Fig. 9. Testing chamber. 
not solidify up to a pressure of 
200,000 psi—the safe operating 
pressure of the present design. Two manganin coils were used to measure the 
pressure magnitudes at both ends of the testing section. The coils were 
calibrated by using a 50,000 psi dead weight tester and the variation of coil 
resistance was found to be linearly proportional to applied pressure. For 


100 . W. Hu 


measuring hydrostatic pressure beyond this range, a linear relationship between 
the resistance change and the pressure magnitude was assumed The validity of 
this assumption was first checked by BripcMan (1949 Che resistance change 
of the manganin coil was determined by using a SR-4 Portable Strain Indicator 
with a dummy coil 

Test Procedure—The specimen assembly i lace e testing section of the 
testing chamber (Fig. 9) with the bypass needle valve in the open position. When 
a pressure p is applied to the interior of the specin fr the right hand side, 
the pressure is transmitted to the left hand side at the time through the 
U-shape conduit. In other words, the specimen is subject to a hydrostati 


} 


pressure p. After a certain pressure p’ is reached, t 


connected by closing the bypass needle valve Then a higher pr ire ipplied 


from the right hand side Due to the pressure increas« he ru rs in the 
specimen assembly becomes effective and the left hand side of 

becomes a closed region. The pressure p the closed region w 
constant until the specimen expands greatly The 
increased gradually until fracture of the specimen o« 

ends of the specimen at fracture are then recorded 

hand side of the testing section is the external pressur 

ut fracture, and the pressure at the right hand sid 


applied. The principal stress components 


can be shown to be 


where o., % and o, are the axial, tangentia 


tively, d; is the inside diameter of the sp 

After the pressure is released, the fractured specimen is removed from 
testing chamber. The outside circumferential lengt! f the cross-section at 
middle of the crack is measured, and a mean value of the final outside diameter 
Do, is obtained by dividing the measured circumferential length S by 22 Ihe 


length of the crack of the fractured specime ) measured 


4. Test Resutts and Discussion 


In this investigation, eighteen tests were conducted : initial and final 
dimensions of the tested specimens and the internal pressure p, and the externa! 
pressure p, at fracture are given in Table | 

Due to the applied pressure, the stress state in the specimen is defined by (1) 
However, if the stress state is expressed 1 reduced stre te with a super 
imposed hydrostatic pressure component, the following « 1 defines the state 


of stress (NaDAI 1950 


An experimental study on the fracture of metals under hydrostatic pressure 10] 


where J is the unit matrix. Therefore, if the hydrostatic pressure component 


+ (p; p,) 1 has no effect on the plastic behaviour of metals (as postulated 


in the mathematical theory of plasticity), the plastic behaviour of the specimens 


under triaxial stresses will be the same as one subjected to a biaxial stress state 


TABLE 1 Test data 


P»5 oO; Do 2 L. 
(in (pst) (pst) (an. /in.) (in.) 


6260 5001 770 2,740 6990 1166 1-312 
6247 4997 29.800 9,2 2,220 6539 0586 616 
6255 499 49.950 39.4 2,310 6695 0676 4185 
6005 4908 55.690 7, 110 ‘6290 0483 390 
995 4906 61,290 53, 290 6317 0549 
5985 4997 76,310 8,260 710 . 0473 
5998 4998 78,270 5 38,620 3275 0485 
5984 4997 00,420 91,{ 2,820 522: 0443 
5092 4998 60 OOK 51,7 ,670 $23 0397 
5998 5005 33,210 7,! 7,360 52 0350 
5996 5002 8,900 800 55 1091 
6003 502: 9,040 4,330 1757 
6003 5015 9,000 5,690 6893 1653 
60090 4998 9,090 880 ‘6795 1579 
5905 4996 15,600 3,690 ,580 6391 0422 
6004 4908 : 8,450 30,490 6363 0793 
6006 1996 45 10,350 960 6370 072: 
6009 4995 5,55 6,720 39,630 6397 ‘O792 


as defined by the reduced stress com- 


~ 


ponents In other words, the 
fracture will occur once the reduced 


ce 


stress state reaches a critical stage which a “a [ne Gee ee eee 


depends only on the difference between 


vw 


= 


the internal and external pressures 


a 


regardless of the absolute values of the 


internal and external pressures. In 


uM 


Table 1, the reduced tangential stresses 


s‘ at fracture are given. The variation 


~ 


of reduced tangential stresses o,' at frac- 


NOMINAL FRACTURE STRENGTH o;'+10” PSI 


ture against internal pressure p, is plotted 


in Fig. 10, and shows a certain amount of 


However, the general features 30000 100 000 
INTERNAL PRESSURE, 8 (PS!) 


2) 


scattering 
of Fig. 10 indicate that the reduced 


<? 
x 


tangential stress o, at fracture is not Variation of reduced tangential 


at fracture with applied pressure. 
affected by the hydrostatic pressure in | Gppase pect 
the range investigated. Since the nominal 


ratio of the reduced tangential stress o, to the reduced axial stress oc,’ is equa] 


a 
to 1-88 for all tests, this conclusion is, therefore, also valid in so far as the reduced 


axial stress o,' is con erned. The plastic tangential strain «,’ at fracture can be 


«> 
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ind once the mean value of the final outside diameter D,. is determined as 


lescribed in the previous Oo That 


In this manner the tangential! n Table 1 are evaluated According 


t » the post ilate that the hvdr 


tion, the same, regardless of the 


pressure ve 


ntial strain «,° at 


fractur gainst the s< attering 


observed. two curves ind a lower limit 


respectively For the pressur ivesti concluded that the 


piasth t Strain « 


applied pressure increases 


OO c Do ‘eeleee [elec e 
NTERNAL PRESS. 2 NTERNAL PRESSURE, 4 (PSD 


Variation f piasti tangentiai ’ i Variation f length f crack at 


fracture with appled pressure fracture with a} plied pressure 
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this paper, on the other hand, the concept of finite gauge length is used, and the 
localized deformation at the vicinity of the crack is not considered important. 

After a careful examination of the fractured specimens, one finds that the 
opening of the crack becomes smaller as the pressure increases. The deformation 
in the reduced section is found to be more uniform at the high-pressure level 
than at the low-pressure level. From the appearance of the crack, one may 
conclude that the specimens broke in a more ductile manner at high-pressure 
level than at low-pressure level. These phenomena may be very helpful in the 
study of fractures under impulsive load. 


5. CONCLUSION 


In this investigation, the fracture of an aluminium alloy designated as Alcoa 
61S-T6 subjected to triaxial stresses with three different principal stress com- 
ponents was studied. For the pressure range tested, it was found that the hydro- 
static pressure component did not affect the magnitude of the reduced stress 
components at fracture. This confirms an important assumption made in the 
theory of plasticity. The ductility of the material tested was found to decrease 
as the applied pressure increased. The length of the crack caused by fracture 


decreased as the magnitude of hydrostatic pressure increased. However, the 


appearance of the crack indicated that the material tested fractured in a more 


ductile manner as the magnitude of applied pressure became higher. 


6 ACKNOWLEDGMENTS 


The investigation presented in this paper ts a part of a project on “ Theoretical 
and Experimental Studies on the Mechanical Properties of Metals Subjected to 
Triaxial Stresses,’ sponsored by the Office of Ordnance Research, U.S. Army. 
The author wishes to express his appreciation to the Office of Ordnance Research 
and to Mr. Dan Snyper who helped in conducting the tests. 


REFERENCES 


Baipoman, P. W Rev. Mod. Phys., 17, 38 
The Physics of High Pressure (Bell and Sons, Ltd.). 
Studies in Large Plastic Flow and Fracture 
(McGraw-Hill Book Co.) 
CRroOsSLAND, B Proc. Inst. Mech. Eng., 168, 935 
KARMAN, TH. VON Z. Ver. deuts. Ing., 55, 1749 
Napalr. A Theory of Flow and Fracture of Solids, 1 (McGraw 
Hill Book Co.) 
Ros, M. and Ercuincer, A Eidgenoss. Mat. pruf. Versuchanstalt Ind. Bawu 
Gewerbe, Zurich, No. 34 
Voor, W Gottinger Nachrichter, 521 
Wiseman, H. A. B. and Marin, J Proc. Amer. Soc. Test. Mat., 54, 1365-1382 


Journal of the Mechanics and Physics of Solids, 1956, Vol. 4, pp. 104 to 190. Pergamon.Prees Lid., London 


THE ELASTIC-PLASTIC THEORY OF 
COMPRESSION MEMBERS 


B 


] Jeparti rent 


MXPRESSIONS are 
rectangular Cross-se 


AXIS I 


the 


lerive 


yportionalit 


’ 
1its 


B AKER é 


glected, plastic 


106 M. R. Horne 


straining being assumed to be reversible, then the predicted collapse loads will 
be conservative. Since a theory which takes account of the irreversibility of 
plastic deformation in compression members soon becomes impossibly complicated, 


it is not here attempted. 


THe E@uaTtions oF BENDING FoR RECTANGULAR MEMBERS 


UNDER AxIAL Loap 


The curve AB in Fig. 2 (a) represents the longitudinal centre line of a member, 
initially straight and free from stress, subjected to terminal loads and bending 
moments. The forces P, and R, and the bending moment M, acting at end A 
are equivalent to some force P acting along some line ST as shown, the loading 
at B being equivalent to an equal and opposite force P’. In deriving the form 
of the curve AB, it is convenient to take the line of action of the forces P and 
P’ as the OX axis, as shown in Fig. 2(b). The position of the origin O along OX 
is arbitrary, OY being perpendicular to OX 


=) 


tes 


Fig. 2. 


It is characteristic of the loading conditions in compression members that 
transverse (shear) forces are small compared with longitudinal forces. Hence, in 
Fig. 2 (a), R, and R, are to be assumed small in comparison with P,and P,. If 
r, y are the co-ordinates of any point in AB, it follows that y’ (= dy/dz) is small 
compared with unity and that the curvature of the centre line in the plane XOY 
is given with sufficient accuracy by the second differential y’’. 

The possible states of plasticity in a member are shown in Fig. 8 (a). Over the 
length EF, the yield point ts nowhere exceeded At F yield occurs in the extreme 
compression fibres, while at G yield in tension occurs on the outside face. Over 
the length FH there is a region of the member which is plastic in compression, 
while over GH the:e is also a region which has become plastic in tension. The 
lengths EF, FG and GH are described as * elastic,’ * primary plastic,’ and ‘ second- 
ary plastic ’ zones respectively. The equations for the centre line of the member 
differ in the three zones, which therefore have to be considered separately. 
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The cross-section of the member is shown in Fig. 3 (b), the axis ({ being per- 
pendicular to the plane XOY in Fig. 2(b). The stress-strain relationship, the 
same in tension and compression, is that shown in Fig. 1(b). ,The ratio of the 


upper yield stress f,, to the lower yield stress f, 3s denoted by 8. 
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Elastic zone 
The curvature y if the longitudinal axis is linearly related to the bending 
moment M about this axis, viz. Ely M where E is the elastic modulus 


ind J ¢hd*) is the moment of inertia about the axis {f. It is convenient to 


express M as aM, where « is a non-dimensional quantity and M, is the full 


plastic moment (bd? fy of the member under zero axial load Hence 
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in the member, 
WV and P in 


iatl mship 


108 HORNY 


C and D in zone 


where CG, the 


axis OX Moreover 


Pri wry Plast 


A typical! 


CTOSS-S€ 


ae } tn 


The elastic-plastic theory 


yf compression members 
The longitudinal strain at the boundary 
fi 


jk of the plastic r 
E, and hence the curvature of the longitudinal axis 
is tu Evyd since a* E Br it 


, +} 
Abi 4 
follows that 


The value of @ may now be derived 
. If (6,, €,) and (@,, &. 
in the same primary plastic Zone 


(6) ana (7 


where 


and @. Is 
, 


a constant for the 


ol (2 (6) 


/ 


The uSs¢ 


and {6 


the integral 


The solution of equation (9) involves ellipti 
namely 


F (k, 


The dista I 


between ; 
expre ssea 


; J k* 
lad A® BC} 


then 


and ¢, is similar 


When f/f, 


? 
4 


oO ?): but involving é 
then 6 l 


2) 


f and B 
JI 


and (9) may be integrated using only elementary 


while (10) be omes 


\ 


At the 


boundary 


whole depth of the section 1s ela ti 


the extreme fibres on the te 


in the primary 


f l n) 


plastu “A 


Equatiot ‘ 
ama 


»¢ yndary | "as 


ne 
, 


between 


nsi 


ri 


tine 


eptt 


tine 


iit 


boundary between the primary and secondary plastic zones, vield first occurs in 


n shows that 


of 


Horne 


0,)*| 
iog 

“ 6.)*) 
elastx 


zone and the 


Hence é l 


primary plastic zone 


$(p At 


the 


and the 


z ri) 


n side, and hence f F since 


i 


AS he nee 


o¢ 3 
(Zé BF 
then & y at this from (5), 


it the boundary 


l n)ip (3 'e} n) 


boundary 


between the primary 


¢ 


ybtained applies only to primary 


bn 


plasti Zones 
y is negative, there has to 


of 


, must be replaced by 


i change sign 
emain alia 


but (z, . 


ast 


yndary 
igh 


p ot the typ shown if 


are piasti mmpression ind t 


rh 


lstance 


ension 
elastic mater 


neutral 


the 


boundaries A from 


The elastic-plastic theory of compression members 111 


The value of @ being obtained from 6? = 2 fy’ dy, using (2), (18), and (14), it is 
found that, for two sections in the same secondary plastic zone, 


where N? 


use of (2), (18) and (15) in the relation 2 | dy @ leads finally to 


2 


Ba? d | (2 a? 6,” (2 a? 0,? 


€.) 6. = 
5 i8 N*? i8 N* 


(16) 


secondary plastic zone extends from the section at which é (1 n) and 
$(1 n) iB + (8 B)n} to that at which full plasticity occurs, namely 
0 and « (1 n® When the value of y is negative, (15) remains valid, 


(zr, r,) has to be replaced by ry r,) mn (16), 


3 APPLICATION TO Pin-Ewnpb) CENTRICALLY LOADED STRUTS 


The eccentrically loaded strut AB i g. 6 is of length L, and has a rectangular 


cross-section of width 6 and depth 2d, 1 dimension 6 being at right-angles to 


Central Deflection 


Fig. 6 Fig. 7. 


the plane of eccentricity If the load P., acting at a constant eccentricity é at 
each end of the member, is increased from zero, the graph of load against central 
deflection is of the form OG in Fig. 7. The point G, where the curve becomes 
horizontal, corresponds to the maximum load which the member can support, 
and at greater deflections, the resistance of the strut decreases, as indicated by 
the curve GH. Let the bending moment at the centre of length (point C in 
Fig. 6) be denoted by a, M,, and that at each end by aM, where M, is the full 
plastic moment of the member under zero axial load. If P = 2bdnf,, then at 
point G on the load-deflection curve, the relation 


{=} 


dao n, L constant 
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tons per sq. in., the slenderness of the strut (length divided by radius of gyration, 
or 4/8L/d), is sixty times the horizontal scale. 

It is interesting to compare the critical loads given by the plastic theory with 
the loads at which the yield stress is just reached in the most highly stressed 
fibres. These latter loads are often taken as an approximation to the critical 
loads, and are shown in the chart in Fig. 11. The yield loads and collapse loads 
are not very different for slender members and low eccentricities, but differ 
appreciably when the members are short and the eccentricities high. At zero 
eccentricity (a = 0) the yield and collapse conditions coincide, the load P then 
being equal to the Euler critical load EJn*/L*, except when this gives a mean 
stress greater than the yield value. In terms of n and a, the Euler critical load 
corresponds to L/2ad = 2/24/n. 


4. APPLICATION TO MEMBERS WITH ENDS FIxED IN GIVEN DIRECTIONS 


The ends A and B of the member ACB in Fig. 12 are restrained in fixed directions, 
making an angle @ with the straight line 4B. The member carries an axial load 
P, which attains a critical value in the same way as does the 
load in an eccentrically loaded strut. If the bending moment 
at mid-height C is again denoted by a, the critical condition 
is given by 


() (18) 


n, L constant 


In some cases, the critical load is found to occur when full 
plasticity has occurred at C, where there arises an angle of 
discontinuity. If @, denotes the slope of the centre line at 
C under such conditions, then the collapse load occurs 


when 


Aye, 
| (19) 
34 


n, L constant 


Consider now the member AC in Fig. 8, and let L be 
calculated for given values of n, @ and a when the tangent 
at C is vertical, and for given values of n, @ and @, when full 
plasticity occurs at C and the tangent is there inclined at wig, 08. 
an angle @, to the vertical. The curves in Fig. 18 have been 
calculated for n = 0-6 and 8 1-0, and give, for specific values of a or a@,, the 
relationship between a@ and L/2ad. The envelope to these curves satisfies (18) 
and (19), and thus shows the lengths of those members which, when restrained 
in direction at either end at given angles, will collapse under a critical load of 
n = 0-6. The envelopes thus obtained for a series of values of n are collected in 
Fig. 14. 

Under zero axial load (P 0, orn 0), a member with ends fixed in direction 
as envisaged above will bend in uniform curvature, with a corresponding uniform 
bending moment. The curvature induced is most conveniently expressed in 
terms of the equivalent extrem fibre bending stress as derived by elastic theory, 
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this stress being less than the upper yield value when the critical member is elastic 
at the given curvature, and greater than the yield stress when the member is 
actually plastic. If this equivalent stress is denoted by m/f,, it is readily shown 
that m = 8a0/(L/2ad). The values of m are indicated in Fig. 14 by the dotted 
lines. It is seen that, except for slender members, very high stresses may be 
induced by the initially imposed curvature and yet leave the member with a high 


carrying. capacity for axial loads. 
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It is thus apparent that the collapse loads of elastically restrained symmetrically 
loaded compression members may be derived by constructing « 


@ charts, and 
noting points of tangency between the curves for the compression members and 
the straight lines representing the elastic restraint. The number of variables 
involved is too great to make any attempt at a summary worthwhile, but a typical 
a — @ chart is shown in Fig. 18. This chart has been calculated for 8 1-0 and 
a fixed value of n (0-6), taking for each contour a different value of the length L. 
The rotations are expressed in terms of a@ and a@,, while the length is given in 
terms of L/2ad. 
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Fig. 18. a — a@ curves for n 0-6, 8 = 1-0. 


The chart may also be used to derive collapse loads when the surrounding mem- 
bers in Fig. 16 are partially plastic, but in this case the lines de and d’e’ in Fig. 
17 (a) become curved, and very much more difficult to calculate. The case when 
the loading on the compression member is unsymmetrical about the mid-section C 


presents considerable difficulties, and has not been attempted 


6 LC ONCLUSIONS 


The elastic-plastic theory of compression members outlined above léads to a 
better understanding of their behaviour than is possible either from a study of 
elastic behaviour only, or from a consideration of the elementary problem of a 
member loaded concentrically into the plastic range The collapse loads of eccen- 
trically loaded, pin-ended struts are shown to lie close to the yield-point loads 
for slender members. but somewhat above these loads for stocky members. There 
is, however, a close resemblance between the charts for the collapse and th 


vield point loads (Figs 10 und 1] The collapse loads for rie mbers with ends 
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purely academic interest, the validity of the theoretical solution would furnis! 


1 simple means for the determination of yield strength of strip materials. Early 
: * e 


xperimental work, (Napali 1921; Sacus 1927; KOrBer and SIeBEL 1928; 


1 
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MesMER 1980) performed after PRaNDTL (1921) first suggested the possible slip- 


line fields for the problem, was mostly devoted to the study of the geometry of 
& \ 


plastic region. Recently Warts and Forp (1952) performed tests on specimens 
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of cold-rolled copper and cold-rolled brass. They reported yielding loads determined 
from the experiments to be within + 1 per cent. of the theoretical predictions. 


This is particularly astounding in view of the anisotropy of the materials used. 
This paper describes the determination of the yielding load in compressing a 


strip between smooth dies. The yielding load is a function of the ratio of plate 


1c -- — 
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GREEN'S SOLUTION e-Sstres 
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THEORETICAL t/b EXPERIMENTAL 
Fig. 1. Variation of p/2k with t/b. (t/b 1) 


THEORETICAL (HILL) 


EXPERIMENTAL 


0.0 


t/b 
Fig. 2. Variation of p/2k with t/b. (t/b 


thickness to die breadth, t/b. The plastic-rigid theory gives the relations shown 
in Figs. 1 and 2 (Hitt. 1950; GreEN 1951). The corresponding slip-line fields 
are presented in Fig. 3 

The present work differs from that of Watts and Forp in the test procedure 
used as well as in the material investigated. It is undertaken to determine a 
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suitable technique to be used on specimens of higher-strength ferrous metals as 
well as to verify the validity of the theoretical analysis when applied to such 
metals. 


| 
L 
Fig. 3. (a) Slip-line field at the yield point for the range 1/2 < t/b < 1 (GREEN). 
(b) Slip-line field at the yield point for t = b (HLL). 
(c) Slip-line field at the yield point for the range 1 < t/b < 8-75 (HILL). 
(d) Slip-line field at the yield point for a semi-infinite block t/b > 8-75 (HILL). 


PROCEDURE 
Material and Specimens 

The material used in this investigation is a 0-1 per cent. carbon, 5 per cent. 
chromium, tool steel known under the trade name of “ Supersamson.” It also 
contains 0-9 per cent molybdenum and 0-25 per cent. vanadium. It has a well- 
defined yield strength but no sharp yield point, and is much less anisotropic than 
cold-rolled materials. 

The specimens were sliced off from a lin. x lin. square hot-rolled bar stock 
and heat-treated at 1,750°F for lh., air-cooled and tempered at 1,200°F for lh. 
to yield a hardness of 21 Re. They were subsequently surface-ground to proper 
dimensions and hand-polished with No. 3/0 emery paper to a smooth surface 
finish. The finished specimens’ measured lin. wide and lin. long, and varied 
in thickness from 0-0220in. to 1-0080in. corresponding to t/b ratios of about 0-20 to 
20*. The thickness dimension of the specimens was along the axis of the original bar. 


*® The 1-0080 in. specimen was indented by one punch only while the other face rested on a rigid surface. Hence, 
the equivalent thickness was twice the actual thickness. 
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Tensile specimens were also obtained from the same bar along and perpendicular 
to the direction of rolling. The results of the tension tests, shown in Fig. 4, indicate 
negligible anisotropy in the material. 


Apparatus 

The apparatus used is shown schematically in Fig. 5. It consists of a precision, 
antifriction, die set modified to take two rectangular carboloy indenters. The 
indenters measured 0-101in. in width, 1 in. in length and #in. in height, and were 
provided with carefully polished flat surfaces. The die set was placed between 
the heads of a universal hydraulic testing machine with the centre line of the 
indenters collinear with the axis of the heads of the machine. 

A dial gauge, graduated to 0-000lin., was used to measure the indentation 
depth. 
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INDENTATION - INCH x 10,000 
Fig. 6. (a) Stress-indentation curve for {/b = 0-265 — series I. 
(b) Stress-indentation curve for {/b = 0-998 -— series I. 


Tests Performed 


In this investigation two different series of tests werc performed. Series I 
covered the range 0-217 <t/b < 19-910, while sertes II covered the range 
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0.497 <t’/b < 1-000. Series II served to check certain results obtained in Series I. 
Except for a slightly higher hardness reading (26 Re) the material used was the 
same as that used in series I (21 Re). 


Determination of Average Yield Pressure 


The procedure followed can be portrayed by a typical load-indentation curve 
shown in Fig. 6. The specimens were indented in stages by a succession of loading 
and unloading cycles. The maximum load in each cycle was maintained for a 
duration of about 10 sec. The purpose of breaking up the loading process was 
two-fold : (i) to reduce friction by repeated applications of a dry lubricant, molyb- 
denum disulphide, to all the contact surfaces after each loading and (ii) to establish 
a consistent elastic modulus for the specimens and the assembly. It was observed 
that the elastic portion of the loading curve had a smaller slope in the first cycle 
than those in the subsequent ones, which had essentially the same elastic modulus 
considered as the true elastic modulus. This change in the slope after the first 
loading cycle may be due to the removal of surface imperfections as well as a slight 
amount of initial warping and misalignment in the specimens. 

As apparent from Fig. 6, the plastic portions of each cycle have a straight-line 
envelope which intersects another straight line drawn through the point of zero 
indentation with a slope equal to the true elastic modulus defined above. The 
average indentation pressure corresponding to this point of intersection was 
taken to be the yield pressure of the specimen tested. Watts and Forp took 
the intercept of the envelope at the ordinate on the stress axis to be the average 
yield pressure. Owing to the relatively large amount of strain hardening in the 


steel used. this definition was considered to be unsatisfactory for the present work. 


Dete rmination of the V ield Strength of the Vaterial 


In order to present the results in a useful non-dimensional form, it was necessary 
to determine the yield strength & of the material in pure shear (plane strain). 
lo avoid the inaccuracy inherent in tension or compression tests of small speci- 
mens, as well as to avoid the choosing of a vielding criterion, it was decided to take 
the value 24 to be the average vield stress of a specimen with t/b l as postulated 
by Hixw’s theory The value thus obtained was 135,000 psi for series I and 


150,000 psi for series II 


Resutts AND Discussion 


The results of the two series of tests performed in this investigation are presented 
dimensionless form in Figs. l-and 2. Fig. 1 shows the results for t/b < 1, while 
Fig. 2 assembles the results for t. 6 1. In both instances the theoretical solutions 


irrived at by Hits. and Green are also presented 


It can be seen that for thicker specimens (1/6 0-6) the experimental results 


wwreed well with the theoretical predictions. For the thinner ones (t/b < 0-6) 
the expe rimental scatter overshadowed the theoretically expected variation which 


was less than 2 per cent. The slightly larger scatter in the thinner specimens could 
the larger effects.of surface irregularities in the indenters and in the 


specimen, of the misalignment and friction ever present, and of the strain hardening 
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mf 


of the material. It is interesting to note, however, that for t/b greater than one 
the experimental values fell consistently below the theoretical curve, while the 
reverse was true for t/b less than one. The experiment also showed that the limiting 


condition of a semi-infinite block was reached at about the theoretical value of 


t/b 8-75, in spite of the elastic deformation of the material outside the plastic 


region. 
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The present paper is concerned in detail with on! 
the macroscopic plastic deformation and str 
specimen which occur in the initial stages before fr 
has not been treated before in detail, but it 
understanding of subsequent fracture behaviour. Th« 
for certain notched bar tests are present: hase issumption of 
rigid matera! These solutions provide 
regions, the mode of overall! yielding tha 
start of a crack, and the ipplied k 
(the yield-point). Theoretica in calculated he maximum tensilk 
stress below the notch root and of the critical n num 1 of notch for which 
initial yielding does not extend to the notched surfac« he theoretical solutions 
are confirmed by experimental! obser 
in slow be nding tests, and of the pl 
in both slow and impact tests Ihe over 
under slow and impact loading conditions inall ler ir us theore 


and experimental work to a better understanding « nh : I issed 


BENDIN 


rhits thickness f 


Let us first consider a wide rectangu 
on one side, and subjected to four-poi oading so tha 1¢ bending tends to oper 
the notch (Fig. 1). The bending moment per unit width over the central length of 
the bar at the yield-point is denoted by M, and the thickness of the minimum 
section of the bar at the notch by a. The notch is assumed to be deep enough 
to prevent the region of plastic deformation from spreading to the notched surface 
of the bar before th« yield-point 


Ee 


/ - - 4 - 
STRAIN STRAIN 
(a) t 


> 


Fig. 1. Loading system for pure Fig. 2. Stress-strain curves for (a) a plastic-rigid 
bending. material ; and (b) a real plastic-elastic material. 


One of the authors (GREEN 1953) has obtained theoretical yield-point solutions 
to this problem, assuming that the material is uniform and _plastic-rigid 
(i.e. Young's modulus is infinitely large), and that the strain is zero across the 
width of the bar paralle! to the length of the notch (plane strain). Two shapes of 
notch were considered, a V notch and a notch whose root is a circular arc. 

Before describing these solutions let us first compare the behaviour of a plastic 
rigid notched bar with that of a similar real plastic-elastic bar, as each is bent by 


pure couples increasing steadily from zero. Only a qualitative comparison is 
possible based on a general understanding of the kind of differences that occur 
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since in neither case do solutions for the complete loading sequence exist.* Uniaxial 
stress-strain curves for the two types of material are shown diagrammatically in 


Figs. 2 (a) and 2 (b). 
Let 1,, be the maximum shear stress at any point and let o be the tensile stress 


perpendicular to the minimum section of the bar. The moment when the bar 


first becomes locally plastic (i.e. the stresses first satisfy the yield criterion in a 
small element but no macroscopic plastic deformation has occurred) is known as 
the elastic limit. Before this, neglecting elastic changes of shape, the distribution 
of elastic stresses is the same in each bar for the same bending moment and could 
be calculated by relaxation methods. There is a stress concentration at the root 
of the notch; 7,, is a maximum on the surface at the root, and r,, and o decrease 
along the minimum section with increasing distance from the root. Hence, the 
bars first become locally plastic at the root. Subsequently the plastic-elastic 
boundary spreads outwards from the root, increasing in width at the notch surface 
and depth into the bar. It is reasonable to suppose that at some stage one or 
more plastic regions start to spread from the opposite flat side of the bar, and 
that all these regions eventually join together. 

For the plastic-rigid bar the yield-point is precisely defined as the moment 
when deformation begins. Between the elastic limit and the yield-point the body 
remains entirely rigid, the plastic regions being constrained from deforming by 
the surrounding non-plastic material. Only when the plastic region has spread 
far enough to contain within itself an overall plastic deformation mode does 
deformation begin. This initial region of deformation, however, is not likely to 
cover the whole of the plastic region, some parts of which will still be constrained. 
These constrained plastic regions roughly correspond to regions in a real body 
where the plastic strain is of an elastic order of magnitude. The subsequent 
loading and deformation history depends on both the rate of hardening and the 
changes of shape of the bar, including of course the development of any cracks. It 
is important to note that at any stage before overall yielding, the stress distribution 
in a plastic-rigid bar can be calculated in the part of that plastic region near the 
notch where the state of stress depends only on the shape of the surface (HLL 
1950, p. 144, and pp. 242-245). 

The definition of the yield-point for a real plastic-elastic body must be somewhat 
arbitrary, and the plastic rigid material is not much use as a theoretical model 
for a material with a well rounded stress-strain curve. If, however, as in mild steel. 
there is a sharp bend in the stress-strain curve, after which the rate of hardening 
is small, there will be a corresponding sharp bend in a small loading interval in 
the bending moment-deflection curve for the notched bar (see Fig. 10). It is then 
convenient to define the yield-point load as that corresponding to the backward 
extrapolation of the curve immediately following the bend to the forward extra- 
polation of the elastic part of the curve ; the initial uniaxial yield stress is defined 
in the same manner from the uniaxial stress-strain curve. The construction is 
illustrated in Fig. 10 and has been used in deriving experimental values in this 
paper. The yield stress for a material such as annealed mild steel which has an 
upper yield-point is taken to be the lower yield stress, and throughout this paper 
the upper yield-point is ignored. 


* There is, however, a detailed approximate analysis of the spread of the plastic region in a notched plastic-elastic 
bar under steadily increasing tension by SourHwe.. and ALLEN, 1950, Phil. Trans. Roy. Soc. A 242, 370 
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The yield-point load for a real body defined as above is found to be reasonably 
reproducible experimentally and to correspond approximately to the theoretical 
yield-point load for a similar plastic-rigid body, the material of which has the 
same uniaxial yield stress. The overall deformation occurring after the elastic 
limit but before the yield-point is of an elastic order of magnitude due to the 
constraint of the non-plastic material. The local plastic deformation is also con- 
strained and will usually be small; there are, however, important exceptions. In 
the region near the root of the notch it is clear that the local strain, when overall 
yielding commences, increases with decreasing r/a, where r is the radius of the 
notch, and it may be quite large when r/a is small, as it is in practice with a 
V notch. If so, the local stresses may be appreciably raised by local hardening 
under the notch, and these stresses are likely 
to be underestimated by methods, such as 
those described below, which neglect this. 
Nevertheless the overall pattern of yielding 
observed experimentally is, as we shall see, 
remarkably similar to that predicted for the 
plastic-rigid material. The sort of differences 
that occur are discussed later, following a 
description of GREEN’s theoretical solutions. 

These solutions take the form of slip-line 
fields* in the plastically deforming regions, 
which satisfy the boundary conditions, and 


consist of two families of orthogonal slip lines 
coinciding at all points with the directions of 
maximum shear stress and strain-rate (see for 
example Fig. 3). In the plastic region the 
state of stress in any element is a hydrostatic 
pressure p, combined with a pure shear. At 
the yield-point the maximum shear stress has 
the same value k& throughout the plastic 
region, but p. varies. The ratio of k to the 


yield stress in uniaxial tension Y, depends on 
the yield criterion e.g. k = Y/+/3 or Y /2 for 
the Mises and Tresca yield criteria respectively. 
Once the slip-line field is known, the values of sR 


p and hence of M, and the mode of deforma- __ Fig. 3. Slip-line fields for pure bending 
with (a) a V notch, and (b) a notch 
with a circular root. 


me S 


tion, are readily calculated in the deforming 
region with the aid of the Hencky and 
Geiringer relations along the slip lines. 

In Fig. 8 are shown the types of slip-line fields proposed for a bar with (a) a 
V notch of total angle 2 8 < 114-6°, and (b) a notch whose root is a circular arc 
of radius r, where a/(a + r)> 0-398. All notch te$ts used in practice have notches 
whose dimensions fall within the limits stated, so we shall not concern ourselves 
here with the different types of solution proposed for less sharp notches. According 
to the solutions shown, there is at the yield-point a central pivot OPQTQPO 


* For a detailed account of the theory of plane plastic strain see R. Hit, The Mathematics! Theory of Plasticity, 
1950, Chapters 6 and 11 (Clarendon Press, Oxford) 
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which remains rigid, around which the rigid parts of the bar or either side rotate 
by shearing over the circular ares PQ, so that, roughly speaking, the material 
near the root in LPOPL is stretched (p — ve) and that near the flat side in SQTQS 
iS compressed (p + ve). Thus there is a constant velocity discontinuity across 
the lines (M)OPQQTR, and along them the instantaneous rate of shear is infinite, 
These discontinuities correspond to what in a real slowly hardening material is a 
narrow band within which the strain-rate is large. 

It is assumed that the yield criterion is nowhere violated in the rigid regions, 
where no stress distribution has been constructed. However, as was remarked 
above, parts of these rigid regions are likely to be incipiently plastic, and this 
must be taken into account in any attempt to estimate the position and value of 
the maximum tensile stress across the minimum section. Jf the plastic region 
extends below POP, the stress distribution is uniquely obtained by extending 
the slip-line field into this rigid region. It must be emphasized that this extension 
is meaningless beyond the plastic-elastic boundary, the position of which is 
unknown. In Fig. 3 the field for each kind of notch has been extended, as indicated 
by the dashed lines, as far as the slip-lines through P meeting at X on the minimum 
section. As far as X the field is determined only by the shape of the notch. Below 
PXP it depends also on the radius of the are PQ. From the geometry of the 
field and the Hencky relations it can be shown (H1LL 1950, p. 248) that near the 
notch whose root is a circular arc the slip-lines are logarithmic spirals and the 
tensile stress o, perpendicular to the minimum section of the bar, is distributed 


in the plastic region according to the formula 
o = 2k[1 + In(1 +2/r)] (1) 


down to the point X, where z is the SUCCESSIVE POSITIONS OF Y 
! / 
distance measured from the _ root. 
: - IN ELASTIC REGION 
Below X, o decreases. Hence, oa N PLASTIC REGION 
increases from the value 2k at the root 
to a maximum value at X, o, say, 


assuming that the plastic region 


extends so far. Thus the elastic stress *S. YIELD 
. POINT 


-oncentration near the root is dispersed es 
conce ) Ss I ~ INTERMEDIATE STAGE 


| 
by plastic yielding, and the gradient of | ~~. ELASTIC 
UMIT 


the distribution of o is reversed. This = 


process starts at the elastic limit. At NOTCH 

ROOT 
Fig. 4. Diagram of the kind of distribution 
. postulated for the longitudinal stress, ¢, across 
point Y, say, somewhere between the the minimum section of the bar. 


root and X, which is the meet of the 


fe 


any subsequent stage up to the yield- 
point, equation (1) is valid down to the 


two most extreme slip lines that can be drawn from the notch surface lying entirely 
within the plastic region. Now it seems most likely that Y lies on the plastic- 
elastic boundary, and that below Y in the non-plastic region o decreases with 
increasing z as it does before the root becomes plastic. Assuming that this is 
so, Y is the point at which o is a maximum and the kind of distributions of o 
which occur near the root, between the elastic limit and the yield-point, are 
shown diagrammatically in Fig. 4. If, then, the extent of the plastic region eould 
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be found theoretically or experimentally at any stage, this maximum value of o 
can be estimated with the aid of (1). However, without a knowledge of the 
position of the plastic-elastic boundary we can only say that before the yield- 
point the maximum value of o lies between 2k and cy, and at the yield-point it 
lies between og and oy, where og is the value of o at the point O. 

The situation is simpler in a bar with a V notch. By extending the slip-line 
field below O, we find that, between O and X, 


o = 2k t + 2/2 — B) = constant (2) 


Vo —— 
| 


Fig. 5. Theoretical calculations for pure bending with (a) a notch with a circular root, and (b) a 
V notch. 


and that below X, o decreases (incidentally X coincides with O if 8 : 
Therefore, neglecting work-hardening, the maximum value of a is given by equation 
(2) between the elastic limit and the yield-point. In practice, of course, a so-called 
V notch has a small but finite curvature at its root, with the result that the maximum 
value of o actually occurs a very short distance below the root, the stress gradient 
being large between this point and the surface ; the stress-distribution and deform- 
ation elsewhere will not be much affected. 
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The theoretical results for circular notches are given in Fig. 5 (a). The constraint 
factor 2M /ka* is plotted against a/(a +1). This factor is the ratio of M to the 
yield-point moment per unit width for an unnotched bar of the same cross-section 
as that of the notched bar at its minimum section. Plotted against a/(a +r) on 
the same figure are o,,/2k, ¢,/2k, z)/a, andz,/a, where z, and 2, are the distances 
measured from the notch root to O and X respectively. Similarly for V-notched 
bars, 2M /ka*, and o,/2k = o,/2k are plotted against 28 in Fig. 5 (b). 

Tests were carried out on V-notched specimens of mild steel to check the accuracy 
of the theoretical predictions of mode of deformation and constraint factor (see 
GREEN 1958 for full details). Fig. 6(a) shows the region of plastic deformation 
obtained when a wide specimen with a 60° notch was bent in the manner shown 
in Fig. 1. This region was revealed by bending the bar past the yield-point, 
ageing it at 250°C for 30 minutes, polishing a section cut from the centre down 


to 2/0 emery paper, and etching this section in a mixture of 45 g cupric chloride, 
180 ml hydrochloric acid, and 100 ml water. All the experimental patterns of 


yielding shown in this paper were produced in this way. The etching darkens 
the regions of plastic deformation and is believed to be sensitive down to plastic 
strains of an elastic order of magnitude. One would therefore expect the pattern 
to cover most if not all of the plastic region, i.e. to extend beyond the region of 
deformation predicted by the theory for a plastic-rigid material. If Fig. 6 (a) is 
compared with Fig. 3 (a) it can be seen that the overall mode of deformation is 
close to that suggested by the theoretical slip-line field; though, as one would 


TABLE 1. 
Comparisons of the theoretical and experimental yield-point load for pure bending of a bar with a 
60° notch. 


Theoretical Bending Measured Bending 
Metal Moment per inch width Moment per inch width 
at Yield at Yield 


(ion. tm.) (fon. in.) 
Cold Worked Copper 0-700 O-715 


Annealed Copper 0-048 0-049 


Annealed Stainless Steel 0-860 O-770 


expect in practice, the single are PQ is replaced by a narrow band. The detailed 
appearance of the experime ntal pattern was found to depe nd on the amount of 
plastic strain to which the specimen was subjected. Fig. 6(b) shows the pattern 
obtained when a similar specimen to that shown in Fig. 6 (a) was bent only very 
slightly past the yield-point ; the overall pattern is roughly the same as in the 
more severely bent specimen and even closer to the theory though not all of the 
theoretical deformation zone has yielded at this stag: his ** banded ’’ mode of 
yielding is typical of yielding in a mild steel with a sharp yield-point such as 


that used in this work (Hunpy 1954) 
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point R on the flat surface where the clamping block ends Apart from the latter 


the form of the field was suggested by and is similar to one half of that for pure 

bending of a similar bar; the deformation is also similar. The dimensions of the 

field which are given in Fig. 7 (b) are governed by the conditions that the longi- 

tudinal load is zero and that the yield-point bending moment M is related to 

the shear load F, by the equation M /} 22mm. From equation (2) the maximum 

es o,, just below the notch root is o, 36k. The value of F'/wa is found to 
0-223 k. where w 1 width of 

ar 

check the theory, standard 


Izod specimens of mild ste¢ 


bent slowly ising an Amsler did 
Ihe DIAL 


iversal testing machine CAUCE 


method of loading 1s shown i Fig S 
The deflections were measured D\ 


means of a dial gauge situated as Experimental set up used for : low 


shown, and load-detlection curves were sad teste. 

plotted for three specimens After 

being bent to various amounts, the specimens were sectioned, polished and etched 
to reveal the plastic regi 1 the centre of the bar and on the outer faces. Small 
compression specimens Vv ( fro unstrained portions of the bars, and 
were tested under good cond lubrication to determine the uniaxial yield 
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on the outer faces of the specimens (Figs. 9 (c), (d), (f)) are similar to those in 
the centre of the bar, though they show certain differences. The main difference 
is that at the outer faces the material yields to a greater extent below the notch. 

A typical load-deflection curve for an Izod specimen is shown in Fig. 10; the 
yield-point is quite sharply defined. In Table 2 the experimental values for 
F/wa are compared with the theoretical value which was calculated using the 
mean value of k = 9-38 tons/in? obtained from the compression tests, assuming 
the Mises yield criterion (Y \/ 3k). 


O & T 


| YIELD POINT 


| / 
|) a a 
© xc a 


DEFLECTION (OOO! ) = 


Fig. 10. A typical load-deflection curve for an Izod specimen. 


The good agreement between theory and experiment for the overall pattern of 
yielding and the yield-point loads justifies the assumptions made in constructing 
the slip-line field, and in particular the basic assumption of plane strain, though 
the magnitude of o will, of course fall off near the outer faces. The reasons why 
conditions approximate so closely to plain strain are thought to be firstly that 
the breadth of the region of deformation is everywhere considerably smaller than 
the width of the bar, and secondly that the tendency for lateral contraction in 
the stretched part of the bar is opposed by the tendency for lateral expansion 


in the compressed part. 


(b) The Charpy Test 


The Charpy notch impact test, which is probably the most widely used of all 


notch tests, differs from the Izod test in two main ways: (i) the specimen is 
loaded as a beam under symmetrical three-point loading instead of as a cantilever ; 
and (ii) the notch is either a V notch or a keyhole type (circular root). There 
are other minor differences such as the speed of testing, but we are not concerned 
with those here. The details of the specimen and manner of testing are shown 
diagrammatically in Figs. 11 (a) and (b). 

The slip-line fields constructed for the quasi-static problem for both shapes of 
notches are shown in Figs. 11 (c) and (d). Half the field for the V-notched bar 
is identical in form to that for the Izod test, though slightly different in dimensions 


since the end loads are applied at 20 mm instead of 22 mm from the minimum 
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section ; the other field is similar except near the notch. In practice the central 
load would have to be supported over a finite length of surface spanning the point 
R and local deformation would fit the load ‘ point’ to this surface. Thus the 
two singularities shown coinciding at R in Fig. 11 (c) and (d) should be separated 
by a small distance; in fact, with them coinciding, the yield criterion is certainly 
violated in the ‘ rigid’ corner QRQ (Hitt 1954). However, the effect of neglecting 
this local disturbance is not likely to lead to much error in the overall pattern or 


loads, or in the stress distribution towards the notch root. 


Keyhole notch V notch 


Fig. 11. The Charpy test. (a) and (b)—Specimen and loading system, 
(c) and (d)—Slip-line Field (all dimensions in mm), 


With the same notation as in Section 2, o, and co, are found from (2) to be 
150k, and 3-62k, for the keyhole notch, and these values occur at distances 
r,, = 0-06a ands x 0-23a below the notch root ; at the yield-point F /wa 0-151k. 
For the V notch, o, 4-36 k, the same as in the Izod test, and F/wa 0-242 k. 

Slow bending Charpy tests were carried out on mild steel specimens of both 
types, using an Amsler testing machine, with a dial gauge below the notch to 
measure deflections. Figs. 12 (a) and 13 (a) show that the modes of deformation 
at the central sections, for specimens bent only just past the yield-point, agree 
closely with the theory (c.f. Figs. 11 (c), (d)). The main difference is that deforma- 
tion extends below the notch into the theoretically rigid region, and this is much 
more noticeable at an early stage in the specimen with a keyhole notch. The 
patterns for severely bent specimens (Fig. 12 (c), 13 (c)) show that, as in the Izod 
test, the region of deformation spreads as bending continues, but that only in 
the V-notched specimen does it eventually extend to the notched surface. The 


patterns on the outer edges of the specimens (Figs. 12 (b), (d), and 18 (b), (d)) 


Angles 
of 
bending 


(d) 
Outer edge 


Deformation patterns for slow Charpy tests (keyhole notch) 


(d) 
Outer edge 


Deformation patterns for slow 3’ Charpy tests (V notch 
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exhibit the same kind of differences from those at the central section as were 
observed in the Izod specimens. 

The yield-point loads F were quite sharply defined on the load-deflection curves, 
and were found to be in reasonably good agreement with theory. The comparison 


is made in Table 2; the theoretical values were calculated using mean values 
of k 8-90 tons/in? (V notch), and k 8-74 tons/in? (keyhole notch), obtained 
from compression tests. 


4. Tue Errect or Impact aNnpD TEMPERATURE 


The experiments described so far show that the slip-line field theory predicts 
with reasonable accuracy the overall modes of deformation and yield-point loads 
for notched mild stee! bars bent slowly at room temperature. Before this theory 
can be applied to notch impact testing, however, it is necessary to enquire whether 
its predictions are still valid under conditions of impact loading and at temperatures 
lower than room temperature. 

A few Charpy V notch specimens were tested under impact conditions, using 
an Avery impact machine, to investigate their modes of deformation. The first 
tests were carried out at room temperature (22°C). The hammer was released 
from heights such that (i) 2ft. lb., and (ii) 6 ft. lb., of energy were absorbed in 
bending the specimens. Since neither specimen broke, the energy was all absorbed 
in plastic and elastic deformation. The deformation patterns revealed by etching 
are shown in Fig. 14. The overall mode of deformation was very similar to that 
which occurred in the slow tests at room temperature (Fig. 13). The main difference 
is that the pattern in the impact specimens is more diffuse, containing a network 
of fine bands with undeformed material in between: these bands, at least on the 
central section, appear to run in the directions of maximum shear stress, 1.e. they 
coincide with the theoretical slip-line directions. 

Two other Charpy V-notch specimens were then broken in impact at 15°C 
and 50°C. The former specimen absorbed about 8 ft. lb. of energy, and its 
deformation region is shown in Fig. 15. Even at this low temperature plastic 
deformation occurred along the circular slip-line before fracture took place across 
the minimum section.. The deformation pattern appears to be identical to that 
in the specimen tested in impact at room temperature (Fig. 14). The specimen 
broken at 50°C absorbed only about 3 ft lb. of energy, examination of it after 
etching showing that the bulk of it had not been deformed plastically before 
fracture, though local deformation had occurred around the root of the notch and 
the part hit by the striker. The fracture appeared to be entirely brittle. A taper 
section revealed that there was also a thin band, about 0-01 in. thick, of yielded 
material running along the fractured surface, which was presumably caused by 
the propagation of the fracture. 

These experimental results are discussed in Section 6. 


CriticAL Notcu Depru 


The results obtained with the slowly bent Izod and Ch irpy V notch specimens 


show that if the bar is bent far enough, yielding will eventually spread to the 
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and that as deformation proceeds and work-hardening takes place, the type of 
deformation mode for a shallow notch would become apparent. Figs. 9 and 13 
show that this is what actually happens. 

Harris, Rinepoit and Rarine (1951) bent some Charpy V-notch bars under 
impact loading at temperatures such that appreciable plastic deformation occurred, 
and found that yielding eventually reached the notched surface in bars with t/a 
ratios up to 1-36; but in bars with t/a ratios of 1-46 or more the deformation 
region never extended to the notched surface, no matter how great the amount 
of plastic bending. 

Bumps (1952) examined a number of Charpy V notch impact specimens in a 
similar way to the present work and obtained similar deformation patterns. He 
carried out ordinary impact tests at various temperatures and found that yielding 
only spread to the notched surface in specimens tested above the transition 
temperature of the steel, because below this temperature only a smal! amount of 
deformation occurred before fracture started. Harris et al. (1951) observed the 
same feature and claimed that the lowest temperature at which yield markings 
could be seen on the notched face of the specimen was roughly the lower or 
ductility transition temperature for the steel. If this is so, it provides an alter 
native method of finding this transition temperature of steel in Izod and Charpy 
V notch testing, in place of the usual method of measuring energy absorbed. 


6. Discussion 


The basic problem of the general conditions which determine the ductile and 
brittle fracture of metals is still largely unsolved. The various theories proposed 
conflict with each other and consequently all current theories of notch bend and 
impact tests are somewhat uncertain. Nevertheless, reasonable qualitative 
explanations have been advanced, and the work described in the present paper 
serves both to confirm and amplify these explanations. 

It is now clearly recognized that there are two kinds of transition which can 
be observed in steel as the temperature of testing is decreased, other conditions 
of the test remaining constant (OsBorn et al. 1949; Stour and McGreapy 1949; 
VANDERBECK and GENSAMER 1950): the fracture transition involving a change 
from fibrous (ductile) to cleavage (brittle) type fracture and corresponding to a 
modification of the mode of propagation of the fracture; and the ductility tran- 
sition corresponding to a modification of the mode of initiation of the fracture, 
the appearance of the fracture surface changing only over a small zone at the 
base of the notch. The former transition is outside the scope of the present work, 
involving as it does deformation well beyond the yield-point, associated with the 
propagation of a crack, and hence for the most part not determined by the original 
shape of the specimen. We therefore confine our attention to the ductility tran- 
sition which, it has been suggested by some French workers (BorIONE 1955), 
could more appropriately be called the ‘ initiation’ transition. It is of interest 
to note that brittle fracture in structures such as ships frequently involves little 
plastic deformation. In the opinion of VANDERBECK and GENSAMER (1950) the 
behaviour of steel in a ship is best evaluated by consideration of the low levels 


of energy absorption corresponding to the ductility transition. This is confirmed 
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by the extensive investigations of Wi_ttams and ELLINGER (1953) on steel plates 
taken from ships that failed in service 

‘he following account of the ductility transition closely follows that given 
by Bortone (1955) lhe transition corresponds to the coexistence at the same 
temperature of two modes of initiation of fracture, one brittle, the other ductile. 
\fter initiation both types of crack propagate in a brittle manner. The initiation 


of ductile fracture requires considerable local plastic deformation whereas brittle 


fracture does not I'he local strain necessarv to initiate ductile fracture was 


, 


t al. (1951) to be independent of temperature at all testing 

the tility transition in their Charpy V notch impact tests. 
mode of initiatio n, therefore, be differentiated by any observation which 
ets Whether or m ippI lable plasti deformation occurs. The most commonly 
sured paran the total energy absorbed in complete fracture, most of which, 
ed either before an initially ductile fracture changes 
ver to propagate ll yritt manner (high energy level), or before brittle fracture 
s initiated (low energy | ther quantities measured are the small lateral 


contraction at tl ) or the bend ng ingle at complete failure. All of 


these parameters are found to be grouped about two levels in the transition range 
of temperature Che greater the value of ra the greater is the separation between 
these two levels since the local deformation at the notch root occupies a greater 
volume (c.f. Figs. 12 (a) and 13 (a)) and greater overal! deformation is required 


to produce “a lox il strau sull 


licient to cause ductile fracture. Thus the transition 
readily observed with a kevhole notch but not witha V notch unless an especially 
que Is used Harris et al. (1951) have shown that the 
idily observed with a V notch if the specimen is broken 

Impacts instead of by one high- nergy blow. 
ductility transition, is that either a crack originates 
a brittle manner with little or no prior macroscopic plastic deformation and 
therefore little energy absorption, or the development of large plastic strains at 
the notch root, with correspondingly higher energy absorption, leads to an initially 
ductile fracture, which thereafter propagates in a brittle manner According to 
BorIoN} 1955 britt| cture originates inside the specimen at some point 
below the notch. whereas a ductile fracture starts at the surface due to tearing 
f the notch root. This agrees well with the theoretical analysis presented in this 
paper which shows that after plastic deformation has commenced at the notch 
root the maximum tensile stress across the minimum section occurs a small distance 
below the notch root, whereas the maximum plastic strain develops at the surface. 
However. although the macroscopi state of stress in the bar undoubtedly 
influences the initiation of a cleavage fracture, it seems unlikely that the initiation 
is determined solely by a stress criterion such as the commonly assumed maximum 
tensile stress criterion According to explanations of brittle fracture based on 
dislocation theory (e.g. see ZENER 1947; Srroun 1955) brittle fracture cannot 
occur without some plastic deformation, though this deformation may be so small 
that it is confined to individual crystals and may even not amount to a local 
macroscopic plastic strain of the polycrystalline aggregate, which is only recognized 
when it occurs over a region containing many crystals (Bisuop and Hiti 1951). 


Nevertheless. the effect of the notch in creating a triaxial state of stress which 
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enables a high tensile stress o to be reached below it at the start of yielding is 
clearly of great importance. Without postulating a fracture stress criterion, the 
increase in ductility transition temperature observed experimentally due to 
increasing notch sharpness (i.e. decreasing 8 and/or r/a), or increasing yield 
stress due to pre-strain of the material (VANDERBECK and GENSAMEK 1950), may 
reasonably be explained by the theoretical observation that all these factors 
increase the maximum value of co. The neglect of the upper yield-point, which 
would be difficult to take account of in the theoretical analysis, should not invalidate 
this qualitative explanation, though the actual maximum values of ¢ are likely to 
be greater because of it, and to occur just outside the plastic-elastic boundary. 

In specimens whose fracture is initiated in a ductile manner, overall yielding is 
likely to commence (i.e. the yield-point is reached) before the local strain at the 
notch root is sufficient to initiate the fracture, except possibly if the notch is 


unusually sharp. Brittl specimens, however. almost certainly break be fore the 


yield point (c.f. the specimen broken at 50°C referred to in Section 4, and a 


similar etched specimen reported by Bumps). This, combined with the theoretical 
calculation showing that the critical notch depth at which initial overall yielding 
extends to the surface is very close to that used in standard Izod and Charpy 
specimens, explains the correlation observed by Harris et al. (1951) between the 
ductility transition and the occurrence of surface markings. If a slightly shallower 
notch were used the correlation might be cven closer. 

A ductility transition is observed in both slow and impact bending tests, but 
the transition temperature range is lower for the former than the latter, and the 
absorbed energy jump is less (Bortonr 1955). From the present experiments 
it appears that the mode of deformation and hence the type of stress distribution 
(but not necessarily the magnitudes of the stresses) is not affected by the speed 
of testing, within the limits used in practice. The rise in transition temperature 
might be explained by an effective increase in plastic yield stress due to the increase 
in. speed of testing. But here again it seems that the role of the macroscopic 
stress will be clearly understood only on the basis of a more fundamental theory 
of fracture (see for example Stron’s (1955) dislocation model for the effect of 
speed and temperature of testing on the nature of the fracture.) 

In conclusion, this study of initial plastic behaviour contributes to the under- 
standing of the ductility transition. The analysis of plastic stresses and deformation 
clarifies the effects of notch shape and system of loading, and explains the observa- 
tions of Harris et al. on the spread of yielding to the surface. It also agrees 
with the observations reported by Bortone of the position in the bar at which 
the two different types of fracture originate. A more exact and quantitative 
analysis of the tests depends mainly on a clearer understanding of the laws of 
fracture, and it is hoped that, given this, it will be possible to apply the present 


work more effectively to the problem than is possible at present. 
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DEFORMATIONS OF AN ELASTIC-PLASTIC CYLINDRICAL 
SHELL WITH LINEAR STRAIN HARDENING* 


By P. G. Hopce Jr.’ and F. Romano! 
(Received 11th January, 1956) 


SUMMARY 


A THIN-WALLED circular cylindrical sh@ll of finite length is subjected to a slowly increasing uniform 
radial pressure. The tensile stress-strain diagram of the material of the shell consists of two 
straight-line segments, the first representing elastic behaviour and the second plastic. A certain 
simplified piecewise-linear yield function between the stress resultants in the shell is assumed, 
and the strain-hardening is taken to be isotropic. The stress-strain law is a flow-type law 
determined by the plastic potential 

The complete solution to this problem is obtained directly from the governing equations. 
Various limiting cases are considered, including elastic perfectly plastic and rigid strain hardening. 
The results are applied to an example, and salient features are shown graphically. 


1. INTRODUCTION 


Witnin the past few years, the behaviour of circular cylindrical shells which 
are symmetrically loaded beyond the elastic limit has received considerable 
attention. Rigid perfectly plastic shells with and without end loads have been 
considered by Drucker (1958), Onat (1955), and Hopce (1954), and Hopcr 
(1956a) has also considered elastic perfectly plastic shells. In addition, several 
papers by Hopce (1955a, 1955b, 1956b) have been written on the response of 
rigid perfectly plastic shells to blast-type loads in excess of the static yield load. 

The present paper is an extension of the static solutions just mentioned to 
account for linear strain hardening. In principle the methods used can be genera- 
lized to apply to any piecewise-linear stress-strain curve, and hence to any desired 


approximation to a given stress-strain curve. In practice, however, it does not 


appear feasible to consider more than one such plastic segment. 

The problem at hand is conveniently expressed in terms of the stress resultants 
of the shell. Within the limits of small deformations and in the absence of end 
load, the only resultants which need to be considered are the circumferential 
direct stress and axial bending moment (Hopce 1954). If these are treated as 
generalized stress variables, the corresponding strain variables must be the 
circumferential extension and axial curvature of the middle surface (PRAGER 1952). 

For uniaxial! states of stress and strain, the mechanical behaviour is completely 
characterized by the stress-strain curve. For multiaxial states, however, it is 


® The results presented in this paper were obtained in the course of research sponsored by the Office of Naval 


Research. 
+ A iate Prof of Applied Mechanics, Polytechnic Institute of Brooklyn. 
t Research Group Leader, Polytechnic Institute of Brooklyn, currently on leave to Zurich, Switeerland. 
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been proposed by Daucker (1958 and Hopa! 
1. Points inside this curve 


interaction curve will be assumed, as shown in Fig 
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represent elastic behaviour, so that the initial condition for elasticity is 


tat & * l1_<m 


If the stress point reaches the interaction 
curve and continues to move outwards, then 
plastic behaviour must ensue It will be 
assumed that the strain hardening is isotropic 
so that at any time the current yield curve is 
similar in shape to the initial curve and differs 
only in size. Thus, if at a point in the material 
n say had reached the value k while m was 
less than & in magnitude, the current condition 
for elasticity would be 
kaon k k m 
interaction curv lor initial 
‘or the problems to be discussed in the vield 
following it will be assumed and _ verified 


posteriori that 


Therefore-the face AB of the interaction curve 


It follows that the initial elasticity condition (2 


The gem ralized 
such that the specific power 


Thus, since the power per unit volume is 


D 


the correct generalized strain ra 


Here e, and K, are the circumferential extension and axial curvature of the middk 
surface, and dots indicate differentiation with respect to time, 
When the material is straining plastically, the total strain rate may be divided 


into an elastic and plastic part 


r i ”? 10) 


‘ 


The elastic parts are given by Hooke’s law. Since the circumferential curvature 


- 


is neglected and the axial direct stress vanishes, the clastic components of generalized 
strain art 


N, 2Eh Yu k 
2 Eh 3 | y*) Ym 2Eh 
rherefore, differentiation with respect to time and substitution of 


Sn /E, bn th 
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The plastic parts are given by the plastic potential law which states that the 


strain rate vector with components (¢, «) is normal to the yield curve. Together 
with the isotropy of the yield condition this is expressed by 


t, F (in, m) (df dn) f, 


, 


a F in, m) (df/dm) f. (2.18) 


Here F is a function which respresents the rate of hardening and J is the yield 
function. In the present problem the hardening is linear so that F is a constant. 
The yield function f is such that f < 0 corresponds to initial elasticity and f = 0 
to initial yield. Thus, in view of (2.7), 


f (m +- 1). 


_ herefore, equations (2.18) become 


Fn x 0 


P Pp 
The constant F may be related to the observed 


Slope of a tensile stress-strain test Let this latter 


be as given in Fig. 2. Then, on the plastic portion 


of the curve, 


hen c 


i 
J 


If dimensionless variables are introduced 


Ve 


-_ 
¢ 


R ‘ ° ‘ 
equation (2.16) becomes Tensile stress-strain 


curve 


defined by 


analogous to n in the first equation (2.15), it follows that 


] 2.20) 
Addition of (2.12) and (2.15), together with the above value for F, furnishes 
total strain rates 


(2.21) 
lently the above equations are linear in time and may be trivally integrated 
onstants of integration are determined by the 


condition that at the instant 
1 particle first becomes plastic, n 1 and the strains must be continuous 
with the elastic strains. In view of (2.11) and (2.9), this leads finally t 


Y*/E)m (2.22) 


Equations (2.22) are valid so long as n is less than 1 and always decreasing, 
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while the magnitude of m is less than that of n. It must be verified a posteriori 
that these conditions are always fulfilled after the onset of yielding at each point. 


Previous to the onset of yielding the elastic equations 
)(l v®) (Y?/E)m (2.28) 


will be valid 


DEFINING EQUATIONS 


The stresses occurring in (2.22) and (2.23) must be in equilibrium with the 


° 
external loads, and the strains must be derivable from a displacement field. In 


terms of the dimensionless stress variables (2.3), the equilibrium equations may 


be written 


where 
( L \ ah P pa 2YA 1 r L 


and primes indicate differentiation with respect to y. Here L is the half-length, 
a the radius, and A the half-thickness of the shell. 
The only displacement of interest is the radial displacement w, taken positive 


inwards. If a dimensionless displacement is defined by 
a (EY) (w/a), (3.2b) 


then it follows from (2.9) 
(Y?/E) W, 
K Yh, 2 (Yh/2) (d* w/dx*) (Y?/E) (W” /2c?), (3.3) 
If (3.3) are substituted into the elastic stress-strain law (2.28) the resulting 


equations are easily solved for the stresses, which in turn can be substituted into 


the equation (3.1). The results are the well-known expressions 
n W, m 2W”’ /[8e? (1 — v*)], (3.42, b) 
+68* W 48* P, (3.4c) 


where 
n> 5 (3.4d, e) 


In similar fashion the plastic equations are determined from (3.8), (2.22), 
and (8.1): 

1)/p, (3.5a) 

v?)], (3.5b) 

(48% p) W = 48*(P — (p — 1)/p], : (3.5c, d) 


where 8 is still defined by (3.4d). 

Equations (3.4) and or (3.5) must be solved subject to boundary conditions. 
Since according to either the elastic or plastic stress strain law (equations 3-4b, 
3-5b) the bending moment .is proportional to the second derivative, it follows 


that in a homogeneous boundary condition m may be replaced by W”’. Similarly, 
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vanishing of the shear implies vanishing of W Therefore, the commonly 
encountered end conditions are as follows* 


No support (3.6a) 


ntre of symmetry (3.6b) 
upport (3.60) 
(3.6d) 


conditions are obtained for the 
equation, 
tic and part pl then certain continuity conditions 
satisfied at the interface separating the solutions. Physically, W, W’, n, m, 


an a shown to | ontinuous il the form of m is the same on both 


the u ‘Tace, t las Wo mation ire equivalent to continuity of W 


since nn and re both nuous, it follows from the equations 


ind (i ‘ that at the interface 


(i iW 


ft 


These two equations imply that the continuous value of Wat the interface is W 


hus, if the shell is elastic for y u and plastic for y u. then at y u, 


(3.82) 


HW’, all continuous (3.8b) 


the four additional constants of integration and 


u. In practice it is usually more convenient 


uUSSUTIM ‘ i evar th 


ve associated pressure P as an unknown 
yuantity 


IEXAMPLI 


Che preceding analysis will now be applied to an unsupported shell of total length 2L which is 
p over its entire length and to outwardly directed ring loads 
Lp per unit length of circumference applied at either end. If the end of the shell is taken as 


is suflicient to discuss only the half shell 


subjected to a uniform pressure 


0. then y 1 will be a centre of symmetry, and it 


/ | I wriate boundary condition 


(4. 1a) 


(4.1b) 


If P is sul ly st e shell will be everywhere elastic Application of the boundary 


mnditions leads to the elastic solution 


osh m Boosh 811 y)cos 6(1 y) 


sinh 8 sin 8 sinh 8 (1 y) sin y)] (sinh 228 sin 28)} (4.2) 


lhe stresses are now easily determined from (3.4a, b). It is convenient to plot the resulting 
stress profile in the m, m plane Fig. 3 shows this for the particular case a 0-1, B 2 
vidently the general character of the curve will be the same for all 0 B m7 and all sufficiently 


oned that for some bo ywubinations the inequality (2.6) will not be satisfied and the 
! accordingly 
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small a. Further, for « and £ fixed, the curve will grow proportionally out from the origin as 
P increases. Therefore, the elastic analysis will first become invalid when n (1) 1. An 


elementary computation shows the limiting elastic load to be 


P, [1 48x cosh B cog 8/(sinh 28 + sin 28)] - 


Lil I 
14 AS =1T =H AO OF OF -07 -06-O5 -04 -03 -O7 -O1 


Fig. 3. Stress profiles for selected values of P and p. 
- - - Elastic-strain hardening. 
Rigid-strain hardening. 


For P > P,, that part of the shell near y 1 will be plastic and that part near y = 0 will 
still be elastic. Therefore, (3.4) apply for 0 < y < u, and (3.5) foru <y <1. At y = 0, the 
boundary conditions (4.la) apply, at y 1 (4.1b) apply, and at y = u (3.8) must be satisfied. 


The resulting solution may be written 


nu: W P — (P — 1) (cosh By/cosh Bu) cos B (u — y) + Beosh By sin B(u — y) 


es ~ 
5 [( P 1) (sin Bu/cosh Bu) 28a P + Beos pul] sinh 8 (u — y) (cos By/cosh Bu) (4.4a) 
<1: W,, =p[A —(P —1)] cosh B, (1 — y) cos 8, (1 —y) + p(P —1) +1 
p [A coth A cot A +- (P 1) (esch A ese A coth A cot Aj}: 


sinh 8B, (1 — y) sin B, (1 y) (4.4b) 


B, = Bp *!*, B, (1 — wu). (4.4e) 


Equations (4.4) are readily shown to satisfy the appropriate differential equations and the 
boundary conditions (4.1a), (4.1b) and (3.8a). It remains to determine the constants A and B 
and the pressure P so as to satisfy the continuity conditions (3.8b) for a given u. The values 
of the first three derivatives of W are easily computed at either side of y = u with the following 


results : 
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(P 1) (tanh Bu + sin Bu cos Bu cosh* Bu) 
(28 4P) (cos Bu/cosh Bu) B (cosh Bu + cos* Bu/cosh Bu)}, 
1) (sin® 8u/cosh* Bu) (282P) (sin Bu/cosh Bu) 
sinh Bu sin Bu cos Bu/cosh Bu)}, 
1(P 1) (tanh Bu sin Bu cos Bu /cosh* Bu) 
(28xP) (cos Bu/cosh Bu) + Bi cosh Bu + cos* Bu /cosh Bu)}; 
8 *[A (cosh A/sin A + cos A/sinh A) 
esch )] 
1 (coth A cosh A/sin A sin A/sinh A) 
1) (coth A cot A coth A cosh A/sin A sinA/sinh A)] 
i (cosh A/sin A cos A/sinh A) 
1) (cosh A cos A) (ese A esch A) | (4.6) 


The constants A, B and P are easily found by equating the corresponding derivatives in (4.5) 
and (4.6). These values could be exhibited as determinants by use of Cramer's rule, but the 
expressions are so lengthy that it appears more practicable to assign values to u and evaluate 
1, Band P numerically. This has been done for a particular example in Section 7. 

The preceding solution is valid for all values of u between zero and one. However, as the 
load is increased it will eventually reach a value P, which corresponds to u 0. If P is increased 
still further above Pp», the entire shell will be plastic. In this case, (3.5) are valid over the entire 


Together with the four boundary conditions (4.1) they determine the solution 


sive 
o(P 1) $8xp"!* P [cosh 8, cos B, cosh 6, (1 


sinh 8, sin 8, sinh £, (1 y) sin 6, (1 y)| [sinh 2° sin 28, | (4.7) 


The value P, which separates the domains of validity of (4.4) and (4.7) is more easily determined 
from the latter equations. The smallest value of P for which (4.7) is valid is the value for which 
n (0) W (0) 1. Therefore 


P, il 2 Bap"! * (cosh 28, cos 28,)/(sinh 28 


“1 


‘ 


5. Exastic PerrectLy PLastic SHELL 


An elastic perfectly plastic material is characterized by no strain hardening. Therefore, it 
muy be considered as the limiting case of strain hardening material where E’ +0, i.e., 
p E/E’ > x. 

Before discussing this limiting process it will prove instructive to find the solution directly 
The elastic equations are unaffected by the change so that (4.2), (4.4a) and (4.5) all hold. In the 
plastic region y < 1, m cannot decrease below 1 but remains fixed at that value With 

1, the equilibrium equation (5 is easily solved for m. Thus 


where one constant was determined from the condition m’‘ (1) 0. The first equation (2.21) 
(the strain hardening stress-strain law) is now meaningless, since n O and , © in the plastic 
region. However, the second equation (2.21) is independent of p and hence is still valid. Since 
it is also valid in the elastic region, the integrated form may be used, as given by (3.5b). With 
m known from (5.1), the stress-strain law may be integrated twice with respect to y and solved 


for W. The resulting complete solution i 


B* {{(P 1)/6] [a 
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Equations (4.4a) and (5.2) satisfy all required equations, the boundary conditions at y 0 
and y = 1, and the conditions W (u*) = 1. It remains to determine B, D and P so that (3.8b) 


will be satisfied. From (5.2) the results 
DQ u))|, (5.3a) 
(5.3b) 
(5.3e) 


are easily obtained. The equating of corresponding members of (4.5) and (5.3) then furnishes 
the integration constants B and D and the pressure P as functions of u 

The solution will remain valid so long as u is between zero and one. For u = 0, the shell is 
everywhere plastic and (5.1) applies throughout. The four boundary-conditions (4.1) determine 


a unique value of P, but leave W indeterminate. The complete solution is 


m c*#(P 1) (2y y*) 


Obviously, for P > P, there does not exist any equilibrium configuration 
Next, it is desired to show that the same results can be obtained by letting p > o in the 
solution of Section 4. To this end, it is first observed that (5.3) may be combined to give two 


relations independent of D. Thus 
W'(u) +1 u) W' (u) 3) Bu® (P 
Hh (u) 


where the notation 
>. fu 


has been introduced. Since (5.5) hold at y u’ the same combinations of derivatives in (4.5) 
must hold. Thus there are two equations available to determine P and B, independent of the 
value of D 

It will now be shown that as p—» © equations (4.6) satisfy (5.5) and hence the same two 


equations determine P and B independently of the value of A. To this end, let 
(5.6b) 


A pul 


where the second equation follows from (4.4c). While » remains fixed a > 0 as p > «©. Equations 


(4.6) may thus be expanded in powers of z : 


W’ (u) = (28/ua*) {[A + (P — 1)] + [184 — 2(P — 1)] (u* 24/90) 


WwW’ (u) (287 p? a) {{ 1+(P 1)] [Gl 14(P 1)] (u* 2* 00) 


Ww’ (u) = (48% w/3) [24 
As z + 0, W’(u) must remain finite. This implies that 4 may be written in the form 
| (P 1) + A®* u*2*/90 (5.8) 
were A® is bounded as xz 0. Substitution of (5.8) into (5.7) and evaluation of the limits as 


x» 0 leads to 


3 2 1) | i* 15 (P 1)] (5.9a) 
(5.9b) 


(i) (5.9¢) 

Obviously the functions of u defined by (5.9) satisfy (5.5). Therefore, the values of P and B 
for any given u will be the same in the limit as for the perfectly plastic ease computed directly 
It follows that the elastic solutions will be identical in the two cases. This being the case, the 
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values W’ (u) on the left-hand sides of (5.3a) and (5.9a) must be the same. This can only 
if the constants A* and D are related by 


i* D p? yu? (P 1) u* 6 (5.10) 


Finally, if (5.6), (5.8) and (5.10) are substituted into (4.4b), and the limit taken as x tends to 
zero, the expression (5.2) for W is again obtained. Therefore, as p > o the strain-hardening 
solution (4.3b) approaches the perfectly plastic solution (5.2) in the plastic region as well as in 
the elastic. 

If p > @ in the fully plastic solution (4.7) the limiting value of W is infinite, corresponding 
to the fact that there does not exist any equilibrium configuration for P > P, in the absence 
of strain hardening. However, if p > © in (4.8), then the value of (5.4d) for P, is obtained in 
the limit 


6. Rieip Strain HarDENING SHELI 


4 rigid strain hardening material remains rigid at stresses less than the elastic limit and there- 
after undergoes plastic strains only. The appropriate flow law is obtained from (2.15) if ¢, and 


x, are replaced by the total strain rates. Therefore, using the value of F given by (2.20) 


(Y? E) (p 1) mn, 0. (6.1) 


Equations (6.1) are not yet in a usable form, since for a rigid material, Young's modulus E 
tends to infinity. Therefore, since p E/E’ (equation (2.19), (6.1) must be written 


(Y*/E’) n, 0 


Finally, since the material undergoes no straining until n 1, the correct integrated form 
of (6.2) is 
(¥?/E’) (n 1) 0 


As E tends to infinity, the dimensionless displacement W defined by (3.2b) becomes infinite 
for any nonzero actual displacement. Therefore, in dealing with a rigid strain-hardening material 


it is necessary to use a new dimensionless displacement defined by 
W* (E’/Y) (w/a) W/o 


In terms of these displacements the stress-strain law becomes, see (3.3) 


(6.5b) 
Integration of (6.5b) together with the boundary condition W*' (1) 0 (4.1) furnishes 
We G const (6.0) 


throughout the plastic region. Continuity of W* then shows immediately that this constant is 


zero unless the entire shell is plastic. Therefore, the shell remains rigid until load the P, is reached 


at which time it becomes everywhere plastic and deforms according to (6.6) 


Next. substitution of (6.6) and (6.5a) into the equilibrium equation (3.1) leads to the solution 
m c*(G +1 P) (y* 2y) (6.7) 


where the two homogeneous boundary conditions on m (4.1) have been accounted for. Finally, 


the condition m’ (0) 2-2 4P determines the constant G and leads to the complete solution 
*Paly wk (8a) 

Pa (th. Shy) 

ne Pil x) (G.8¢) 


Equations (6.8) ure valid only if the prediced value of n is less than hence the critical loud 


is given by 
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Py, = 1/(1 — a) (6.9) 
in agreement with (5.4d). 

As in the previous section, the above solution can also be obtained as the limiting case of the 
elastic strain-hardening solution as EK + «. For P < Po, (4.2) or (4.4) simply yield the result 
W* = 0, as would be expected. However, if u is set equal to zero in (4.4), then the continuity 
conditions can be shown to predict the value of Py» given by (6.9). The same result is also obtained 
by letting E -> @ (i.e., p > ©) in (4.8). Finally, if E — © in (4.7), the last equation (6.8) is 
obtained. 

As a final example, the limiting conditions of the present and preceding sections may be 
combined to yield a rigid perfectly plastic material. Since E’ + 0 and E - o the proper dimen- 
sionless displacement is 

Wee w/a. (6.10) 


For P < Pp», W** is identically zero since the material is rigid below the yield limit, while if 
P > Po», W** is infinite since there is no strain hardening. Thus, the only interesting case is 
P = Py», and the corresponding complete solution is 


9 


m = c*(P — 1) (2y — y?), 
we Wo**, P P, 1/i — a) (6.11) 


This may be obtained directly, as a limiting case of equations (5.4) as E — ©, or as a limiting 
case of equations (6.8) as E’ > 0. 


7. NUMERICAL EXAMPLE 


As mentioned in Section 4, the particular shell under consideration is subjected 
to a uniform pressure, p over its entire length, and to outwardly directed ring 
loads aLp per unit length of circumference applied at both ends. Also, for the 
numerical examples considered, the values « = 0-1, 8 = 2-0 are assumed. If 
Poisson’s ratio is vy = 0-3, then it follows from (8.4d) that the geometric parameter 


c=L/4 ‘ah has a value of 2-200. Therefore, the specific applications are to “ short ” 
shell theory since a thickness-of-shell to radius ratio of 1/100 < 2h/a < 1/25 
leads to a length-radius ratio of 0-311 < 2L/a < 0-622. 

In order to investigate the effect of strain hardening on the load-carrying capacity 


of the shell as well as on the deflections and stress distributions, the ratio p = E/E’ 
was assigned two different values of 400 and 16. The equation for linear strain 
hardening in the case of a uniaxial stress-strain curve, Fig. 2, may be written as 


a/@g = 1 + (e/€g — 1)/p 1) 


where o, 
p the ratio of the modulii of the elastic and plastic ranges. Hence, for the values 
of p selected, (7.1) indicates that for any given strain past the elastic limit, the 
stress increase in one case is 25 times as large as in the other. Moreover, when 
p = 400, the stress increase at a value of the strain equal to, say, five times the 
clastic limit is 1%, a characteristic similar to that exhibited by mild steel. For 
an appreciable amount of strain hardening, the value of p chosen was 16, thus 
leading to a stress increase, at the same value of the strain of 25%. Certain alloys 
of aluminium and cast iron approximate this physical characteristic. 

Sections 4, 5, and 6 were devoted to the development of theory applicable to 
four types of materials, i.e., elastic strain hardening, elastic plastic, rigid strain 
hardening and rigid plastic. For an elastic strain hardening material, the theory 
indicates that in order to obtain the deflection configuration and stress distribution 


and «, represent the elastic stress and strain limits respectively, and 
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over the entire shell, three separate solutions are required depending on the value 
of the applied load, P. The two limiting loads P P, and P P., defined by 
(4.8) and (4.8) respectively, help to characterize the condition of the shell. For 
the present examples, the maximum elastic load was found to be P, = 0-9555 
independently, of course, of the value of p. The load P, at which the shell becomes 


fully plastic depends upon the strain hardening and is found to be P, 1-114 


10- 


o¢e 
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Fig. 4. Relation between pressure and elastic-plastic interface for shell under uniform pressure 
and ring loads 


Elastic-strain hardening 
Elastic-perfectly plastic. 


for p = 400, and P, 1-173 for p 16. For the perfectly plastic material, corres- 
ponding to an infinite value of p, P, = 1-111. 

With the magnitude of the applied load such that the shell becomes partly 
elastic and partly plastic, P, < P < P,, selected values of u, the interface para- 
meter, are chosen, and the load P as well as the constants of integration are then 
determined from a set of simultaneous equations as described in Sections 4 and 5. 
The solid curves in Fig. 4 show the relation between P and u for an elastic strain 
hardening material for the two values of p, while the dashed curve does the same 


for the elastic perfectly plastic material. 
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The complete solution is now known for selected values of P between P, and 
P,, while for P less than P, or greater than P, all quantities can be directly’ 
expressed as functions of the load. Salient features are shown in Figs. 8, 5 and 6, 
in which the stress profiles, the maximum deflection W (1) = (E/y) (w/a), and the 
maximum hoop stress, n (1), are plotted respectively against the applied load P. 

For a rigid strain hardening material (Section 6) the shell remains rigid at 
stresses less than the elastic limit, the deflections being zero until the hoop stress 
everywhere in the shell achieves a value equal to n 1. The value of the 


load corresponding to this stress distribution is P, 1-111. As the 


130 


T T 70 


*s) 100 °o 


Maximum displacement as a function of load for various materials. 
Elastic-strain hardening. 
Rigid-strain hardening. 
Rigid-perfectly plastic. 
Elastic-perfectly plastic. 


the load increases beyond P,, the stress n becomes less than 1 at all points 
in the shell. The corresponding bending moment distribution m is given by 
(6-8a), while the deflection which is a constant and is given by (6-8c). 

The stress profiles plotted in Fig. 3 are superimposed on those for the elastic 
strain hardening case. Figs. 5 and 6 also show the deflection and hoop stress 
distribution at the centre of the shell as a function of the load. It is to be noted 
that, although the deflection as defined by (6.8c) is given as W = (E’/y) (w/a), 
the variation of the quantity pW* = W with the load is meaningful if p is considered 
here as a pure number with no physical connotation. This allows a direct compari- 
son of the deflections to be made. 

Finally, for the rigid perfectly plastic material, as in the rigid strain hardening 
case, the displacement for loads less than P, = 1/(1 a) = 1-111 is everywhere 
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zero. At P = P,, however, the deflection becomes indeterminate as was the case 
for the elastic perfectly plastic material. For P > P, the deflections become 
infinite. The light solid curve in Fig. 5 shows the resulting deflection as a function 
of the load. 
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Fig. 6. Maximum hoop stress as a function of load for various materials. 
— ——— - — Elastic-strain hardening 
— --— — Rigid-strain hardening (independent of p). 
---- Elastic-perfectly plastic. 


8. Discussion oF THE RESULTS 


Fig. 3 shows the variation of stress profiles corresponding to several choices of 
loads for an elastic strain-hardening material as well as for a rigid strain-hardening 
material. In the former case, for values of the load resulting in a purely elastic 
shell, P < P,, the hoop stress n increases monotonically in magnitude from some 
finite value at the free end of the shell to a maximum value at the centre. The 
bending stress m which is always zero at the free end reaches its maximum value 
at some intermediate point in the shell, as 1s shown for P = 0.50. As the load is 
increased further, i.e.: P, < P < P,, the shell becomes partly clastic and partly 
plastic and the hoop stress, slightly greater than the elastic limit in magnitude, is 
practically constant throughout the entire plastic region. Thus, for P 1-101 
the shell is elastic for 0 < u < 0-10 and plastic for 0-10 < u < 1 when p = 400. 
For p = 16, the elastic range is increased to 0 < u < 0-20 for the same value of 
the loads. In the elastic portion of the shell, the hoop stress and the bending 
moment increase monotonically in magnitude until the plastic region is reached. 
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At the elastic-plastic interface and throughout the entire plastic region, the hoop 
stress varies from n 1 to n = — 1-0004 for p = 400, and from n 1 
to n = 1.043 for p = 16. This condition persists despite the fact that, because 
of the presence of strain hardening, the elastic limit stress could be substantially 
exceeded. The conclusion is therefore that, as the load increases, (causing the 
plastic region of the shell to spread out), the hoop stress in the entire plastic region 
remains at practically the same value as the elastic limit stress. Moreover, once the 
entire shell has become plastic, for P > P,, the hoop stress is almost uniformly 
distributed over the entire shell. 

It is of interest to note that stresses of the same order of magnitude, for loads 
resulting in completely plastic shells, can be derived by making the assumption 
that the hoop stresses are uniformly distributed. Considering the equilibrium 
of one-half of a uniformly loaded shell obtained by passing a plane through the 
axis of the cylinder, the well-known hoop formula is obtained as 


pa 


8.1 
oh (8.1) 


where 2h is the thickness and «Lp are the additionally applied outwardly directed 
ring loads per unit length of circumference. In terms of the dimensionless variables 
used, this may be written 


n=0,/Y P (1 — a) where P = pa/2hyY. (8.2) 


The bending moment distribution, obtained by considering equilibrium of a longi- 
tudinal clement of the shell, when properly nondimensionalized becomes 


m = M,/Yh? = 2c* Pay — c*?y(P +n), (8.8) 


or, in view of (8.2), 
m = 2c* Pa(y — y?/2). (8.4) 


Equations (8.2) and (8.8) for the stresses are exactly those obtained for the rigid 
strain hardening material. Fig. 3 indicates how slightly the stress profiles vary 
for P > Pe 

Also, for both the elastic perfectly plastic and rigid perfectly plastic materials, 
the maximum hoop stress possible is n 1. Hence, from (8.2) 


P 1/(1 — a). (8.5) 


0 


These results are in agreement with (5.4a, b, d), (6.84, b) and (6.11). 

Fig. 4 shows a plot of the position of the elastic-plastic interface defined by u 
us a function of the load P for an elastic perfectly plastic material as well as for 
the two types of elastic strain hardening material denoted by p $00 and p = 16. 
It is noted that, for a given value of the load, the plastic region is smallest for the 
clastic strain hardening material possessing the greatest amount of strain hardening, 
i.c., for p = 16. The reason for this can be explained by noting that, in a strain- 
hardening material, the hoop stress n in the plastic portion of the shell is not 
restricted to the elastic limit stress value of 1 as is true of the zero strain- 
hardening case. Thus, for a strain-hardening material, part of the applied load is 
in equilibrium with that part of the hoop stress in the plastic region which is in 
excess of the elastic limit. Hence, if two geometrically similar shells are considered, 
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one of which is made of elastic perfectly plastic material and the other of elastic 
strain-hardening material, an increment to the elastic-limit load P, would in the 
first case create a plastic region whose stress distribution is precisely equal to — 1 
everywhere. In the latter case, a stress distribution slightly less than — 1 m the 
plastic region would be created, necessitating a smaller plastic region in order for 
the slightly larger stresses to be in equilibrium with the applied loads. 

Fig. 5 shows how the deflection W varies with the load P for both the elastic 
and rigid strain-hardening materials as well as for the elastic and rigid perfectly 
plastic materials. It is immediately evident that, while the elastic deflections 
contribute to the overall picture for large enough loads, a suitable approximation 
would have been to assume the materials as initially rigid. Of course, if the applied 
loads are small enough, the elastic deflections are of significance. 

It is of particular interest to note the appreciable increase in load-carrying 
capacity of the shell with strain hardening. For a typical deflection, say of W (1) 
— 40, the ratio of the loads necessary to cause this deflection in the two cases of 
strain hardening is approximately 3: 1. 

The quantity W is defined by (3.2b) as 


W (E/Y) (w/a) E/Y) (2h a) (w/2h), 
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Fig. 7. Deflected shape of elastic strain hardening shell. 
p = 400. 
16. 


and it appears at first glance that the theory is invalid in this region of load- 
displacement because, for typical values of E = 30 x 10% ‘in?, Y = 80 x 10*/in? 
and 2h/a 1/100, 

2h 
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This means that the deflection at the centre of the shell is four times the thickness 
of the shell. However, it must be remembered that the ends of the shell are un- 
supported and as a matter of fact also deflect considerably. This isshown in Fig. 7. 
For the case considered above, W (1) = 40 and W (0) = 388-4 for an elastic strain- 
hardening material characterized by p 400. Since the displacements vary 
monotonically, the maximum relative displacement is AW = 1-6 or Aw/2h = 0-16, 
Because the slopes are therefore small, the neglect of the effect of the induced axial 
stress in the equations of equilibrium is justified. Of course, this is true only 
because the problem under consideration is one of axial symmetry. If the problem 
were not a symmetric one, it would no longer be correct, despite small slopes, 
to say that large deflections can be tolerated in this type of theory. 

Fig. 6 shows the maximum hoop stress, occurring at the centre of the shell, 
as a function of the applied load. For the elastic strain-hardening material, 
p == 400, the hoop stress increases linearly in magnitude with the load until the 
elastic limit for the stress is reached, n lat P = P, = 0-955. Then, despite 
an increase in load, causing the plastic region to spread, the hoop stress remains 
practically constant. It is only after the entire shell is plastic for P > P, = 1-114 
that the magnitude of the hoop stress increases again with the load. Even with a 
substantial increase in strain hardening, p = 16, the hoop stress for the completely 
plastic shell, P > P, 
to slight strain hardening. 

Also of interest is the stress load curve for the rigid strain-hardening material 
which is independent of the amount of strain hardening existing. An explanation 
for this lies in the fact that the whole shell remains perfectly rigid until the load 
P,, is reached, after which the entire shell deforms uniformly in a plastic state. 


0 
The hoop stress distribution must then be a constant throughout the entire shell 


1-173, does not differ significantly from those stresses duc 


and hence, regardless of the amount of strain hardening, the applied load can be 
in equilibrium with only one possible stress distribution which is uniform. Of 
course, the deflections for a material whose strain hardening is small will be larger 
than those of a material possessing appreciable strain hardening as is indicated 
in Fig. 5. 

In conclusion, it appears that, as long as any part of the shell is elastic, the 
neglect of even a substantial amount of strain hardening will yield a reasonably 
accurate solution. On the other hand, for values of P such that the shell is fully 


plastic, the elastic strains do not contribute significantly and rigid strain-hardening 


theory can be used. Thus, depending upon the magnitude of the applied load, 
one or another of the approximate theories discussed in Sections 5 and 6 can 


be used to advantage in place of the exact theory of Section 4. 


REFERENCES 


DratcKker, D.C. 19338 Proc. 1st Midw. Conf. on Solid Mech., 158 
Honer, P. G., Jr. 1954 J. Appl. Mech. 21, 336. 
1955a J. Mech. Phys. Solids 3, 176. 
1955b Proc. 2nd Midw. Conf. on Solid Mech. (to be published) 
1056a J. Appl. Mech, 23, 73. 
1956b J. Appl. Mech. (to be published). 
Onart, E. T. 1955 Qu. Appl. Math. 13, 63. 
Pracer, W. 1952 Proc. 8th Internat. Congr. Appl. Mech. (to be published). 


Journal of the Mechanics and Physics of Solids, 1956, Vol. 4, pp. 162 to 166. Pergamon Press Lid., London 


A RECONCILIATION OF CERTAIN RECOVERY 
PROPERTIES IN METALS 


By A. J. KENNEDY 


The British Iron and Steel Research Association 
(Received 8th December, 1955) 


SUMMARY 


A variety of time and temperature functions have been proposed to express the mechanical 
and electrical properties of metals. It is demonstrated that these can be reconciled with the 
behaviour of a particular kind of physical model built up from relaxation-type elements. 


INTRODUCTION 


In recent years, the search for a suitable physical model to provide a basis for 
the time-dependent processes observed in solids has proceeded broadly along two 
lines. The first of these has sought for ¢ xplanations in terms of the elements of 
the microstructure (such as dislocations, subgrains or grain boundaries), and has 
attempted to established th dependence f these clemental processes on such 
quantities as stress and temperature. The second line of enquiry starts by viewing 
the behaviour of solids in a much more general way. In this case, the observed 
behaviour. as expre ssed by empirical iaWws, pro\ ides tha basis for speculation 
and mathematical development, the object being the construction of a framework 
within which the behaviour of a variety of systems may be defined, and, indeed, 
predicted. Generally speaking this is the vic wpoint adopted by rheology. The 
difference between these two attitudes resides, then. in what each takes as funda- 
mental. In one case, reasonabk physical elements are nect ssary for the logical 
development of the subject, and close agreement with observed behaviour, over 
wide ranges of the experimental parameters, is not accepted as an important 
objective. In the other case empiri il behaviour is taken as both important and 
fundamental, and the break-down of the observed laws into simple individual 
processes is not accepted as a necessary end. Indeed, although at times some 
such analyses are made, the simplifications usually involved are accepted with 
mistrust. The philosophy here is that the complexities of the subject demand 
special mathematical forms which become false and meaningless when the aggregate 
behaviour is viewed from the classical physical standpoint. 


It is not the purpose of the present note to offer evidence for or against either 


of these two interpretations ; indeed, both have their valuc The object rather 


is to show how one kind of physical element already widely used in mechanical and 
electrical theory, namely the condenser or KeLvin element, may be more generally 
applic able than is at present believed. A reconcilation between complex rheological 
iws and elementary physical mechanisms may therefore become a much more 


reasonable possibility 
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2. RECONCILIATION OF CERTAIN EmpiricAL FoRMULAE FoR RECOVERY-TYPE 
PROCESSES 


Some of the time and temperature functions proposed for the mechanical and 
electrical properties of metals can be reconciled with the behaviour of models 
treated according to rate-process or dislocation theory, although it is true that no 
wholly unified theory has yet been achieved. Some recent experimental results, 
on various recovery processes, may be expressed by similar functions, and it is 
possible to correlate these results by adopting a particular type of physical approach. 

One form of recovery of some practical importance is that by which a metal 
recovers from the work-hardening brought about previous creep. The transient 
creep period, during which this hardening occurs, satisfies an empirical relation 
of the form. 


« = fi, (1) 


« being the strain at a time ¢ after loading, with 8 and p constants. The case 
D 4 (ANDRADE 1910, 1914) is of wide occurrence in both metallic and non- 
metallic materials (KENNEDY 1953 ; Wyatt 1953; Fe_tHam 1954). Morr (1953) 
has provided a theory for this so-called cubic creep, one consequence of which is 
that temperature T is introduced into the equations according to a function of 
the form 


« = B’ [texp( — H/RT)} (2) 


where H is the activation energy for transient creep, and R the Gas Constant. 
This approach is supported by Fe.ruam (1954). An extensive experimental 
investigation has led Dorn (1954) to the same results, the quantity texp (— H/RT) 
being termed by him ‘ temperature-compensated time.’ 

In measuring the recovery of this transient creep (that is, the re-softening 
during a period of zero stress) KENNEDY (1952) deduced certain empirical time 
functions relating a quantity n with +r the period of previous creep, and with p the 
period of off-load. The relation was of the form 


n/(1 n) = A(p/r)? (3) 


where A is a constant. The quantity n, a fraction, was a measure of the magnitude 
of the new transient exhibited on re-loading ; this was of the form n 8 #?, starting, 
obviously, from the time tf (r + p). 

An equation such as (3) predicts complete recovery ( 1) at p ©: As 
complete recovery does not necessarily occur, even over very prolonged times 
(unless the temperature is raised sufficiently) equation (3) must be modified for 
long p-periods to 

n/(x n) A’ (p/r)P? (4) 


where « is a limiting fraction. 
It will be evident that the model behaves as if the metal were composed of 


fully-recovered regions, occupying a fraction n of the whole, with the remaining 


fraction (1 n) behaving as if no recovery at all had occurred. This is useful 
as a practical device, but is difficult to accept fundamentally. 
In subsequent work on materials which showed recrystallization as well as 


recovery (KENNEDY 1955a) it became necessary to introduce temperature into 
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equations such as (3) or (4). The tests in question were made under identical 
conditions of stress and of time (+r and p values), but the temperature 7 during 
the recovery period was varied. From the subsequent behaviour on reloading, 


a value of n was deduced, and it was found that empirically 
n/(l —n) = K exp(— E/RT) (5) 


where K and E are constants. 
In order to introduce the time of recovery p into equation (5) we use equation 
(4), and obtain 


n/(a n) B p? exp (— E/RT) (6) 


where B is a constant embodying the +r? factor. Clearly we can now rewrite 


(6) in a form similar to (2), and obtain, for the case of cubic creep, 
n) = Bl[pexp(— Q@/RT)}! 


where, @ the activation energy for the recovery process, equals 3E 

Thus the use of the quantity “ temperature-compensated time’ appears in 
the recovery equation (6) just as it does in the creep equation (2), and with the 
same fractional power (4). Because of this, the observed experimental invariance 
of n with stress and temperature (for fixed +r and p) leads to the conclusion that 
H =~ Q(Kennepy 1955b). All such deductions are based on the empirical validity 
of equations (2) and (6) and on the Morr theory which supports equation (2) 

Some recent results by Linpe (1954) on the recovery of electrical resistivity 
m cold-worked alloys have been expressed by functions of an identical form. 
Thus Linpe finds that, after cold-working certain alloys by about 5% strain, 


the resistivity recovered with time according to 


Ar/r, = C [texp(— P/RT)} (8) 


where Ar is the resistivity change in the time ¢, r, the cold-worked resistivity 
(1.e., at f 0), P the activation energy of the recovery process and C and m 
constants. As LINDE points out, equation (8) cannot apply over long times because 
it predicts a continuous increase in Ar towards infinity. Clearly some modified 
function Ar is to be preferred that approximates to Ar r, when ¢ is small (i.e., 
when Ar is small), and which can also provide a limit to Ar. This can be achieved 
by the use of functions similar to the left-hand side of equation (6). 


Thus we write (8) as 


fo—f? Ar Ar 
r—fr r’ y Ar 


»- 


C’ [texp(— P/RT))" (9) 


where r is the resistivity at time ¢, r, the cold-worked and r’ the fully-recovered 
resistivity, with y (r, r'). We thus obtain an equation of a similar form to 
(7) with Ar replacing n. Clearly, when Ar is small, Ar/(, Ar) varies as Ar 
and thus equation (9) then conforms with Linpe’s equation (8 LINDE notes 


that complete recovery does not necessarily occur, Le... 4 (7 ? even over 


very prolonged periods, which is just what is observed in the mechanical case 


(a <1). The values of m were found to range from 0-12 to 0-48, a value of 0-22 


being the most common. This is also the range of p-values, equation (1) encountered 
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in creep ; usually p is near to 0-33 (ANDRADE or cubic creep) but values as extreme 
as 0-1 and 0-5 have been reported. 

The next question is how the converse processes of mechanical and electri 
hardening compare. The most direct reconcilation of resistivity and creep hardening 
is that of ANDRADE and CuaLmers (1932). Their results revealed a striking linearity 


for hexagonal metals, between the value of Ar and the transient creep extension 


[e in equation (1)]. Thus, during transient creep, Ar varies with time according 


to the same time function as the strain, and we may write Ar 8’ 1P. No A 


change was detected by them in cubic metals. In general, for rapid cold-working 


(as distinct from creep) the rate of increase in Ar falls off as the amount of cold 


work increases (Broom 1952). This is similar to the effect on the mechanical! 
properties of previous cold-work (KENNI DY 1949). The same experiments 
show that greater effects are produced, for some given degree of cold-work 


working temperature is reduced. 


35 


Fig. 1. Demonstrating the similarity in recovery behaviour of various properties. The numerical 
scale of the abscissa is correct for the results of Drovarp et al., but is otherwise irrelevant. 


The common features of electrical and mechanical hardening and recovery 
support the view that they are aspects of the same process, very possibly a disloca- 
tion mechanism of the kind proposed by Broom (1952) in which faults are pro- 
duced by the dissociation of two half dislocations. Morr (1951) favours vacancies 
as the agents for the electrical properties, as these are mobile even at very low 
temperatures, and can thus explain low-temperature recovery. 

The general application of a function of the form n (« n) to a variety of 
recovery results is shown in Fig. 1 plottec against the quantity In [t exp Q/RT)}. 


166 A reconciliation of certain recovery properties in metals: A. J. Kennepy 


\ similar empirical relationship (see Fig. 1) is displayed by an electrical network 
model (KENNEDY 1955c) of the transmission line type, the exact analysis of which 
we know to be extremely complex. Such a model also exhibits analogue creep 
curves of a similar form to that shown by solids. These results underline the 
approximate nature of some of the empirical formulations : the development of 
physical theories specially to satisfy such simplified laws may be seriously mislead- 
ing. The model in question may not be a valid physical analogue of the processes 
occurring in solids, but it does at least demonstrate how simple exponential type 
elements can exhibit, in the aggregate, time-functions closely similar to thos« 


encountered in creep and recovery in solids. 


4. CONCLUSION 


The general conclusion is that a variety of hardening and recovery processes 


exhibit similar time and temperature functions, and that such results can be 


interpreted in terms of the behaviour of an aggregate composed of simple relaxa 


tion type elements. 
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ON CONJUGATE STATES OF PLANE STRAIN 


By W. PRracer 


Brown University 
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SUMMARY 


Tne dual correspondence between states of plane strain in incompressible elastic solids, which 
was recently described by Hm (1955), is shown to be a special case of a general dual corres- 
pondence between states of plane strain in pairs of incompressible solids such that the relation 
between the stresses and the strains in one solid has the same mathematical structure as the 
relation between the strains and the stresses in the other. 


1. INTRODUCTION 


Hii (1955) recently described an interesting dual correspondence between states 
of plane strain in an incompressible elastic solid. Roughly speaking, the forces 
and stresses of one state correspond to the displacements and strains of the other. 
In establishing this duality, H1LL used a complex notation that incorporates the 
elastic stress-strain law and thereby restricted the discussion to elastic solids. In 
the present note, this restriction is shown to be unnecessary : the duality principle 
applies quite generally to pairs of incompressible solids such that the relation 
between the stresses and the strains in one solid has the same mathematical 
structure as the relation between the strains and the stresses in the other. If, 
for example, one is a Maxwell solid, the other is a Voigt solid. While this particular 
example involves linear stress-strain relations, as does HILL’s example of elastic 
solids, the duality principle does not require the stress-strain law to be linear. 

The uses of the duality principle are obvious. From any known solution of a 
problem of plane strain in an incompressible solid, the solution of another such 
problem may be immediately derived. Also, a boundary value problem on plane 
strain in an incompressible solid may be converted into another problem of this 
kind that may suggest a method of solution more readily than the original problem. 


2. NoTATIONS and FUNDAMENTAL EQUATIONS 


Using rectangular Cartesian co-ordinates x, y, denote the components of the 


displacement by u, v, the stress components by a,, o,, 7, the components of the 


strain tensor by 
(1) 


and the mean rotation by 


W. Pracer 


dv ou 
i (< “a ). 
Or oy 


The incompressibility of the solid requires that 


so that we may set 


and hence 


Similarly, 


Denoting the mean normal stress 4 o,+o by o, we write oa 0 s. 
© d I 
s. where s and s are the normal ec mponents of the stress deviation 


and y directions. The equations of equilibrium then take the form 


The four fundamenta equations 1)(9) contain six unknown function if 


position : « s, t, and oa; they must therefore be supplemented by two 
further equation ire furnished by the stress-strain law of the considered 
incompressibl olid thev relate the components s, r of the stress deviation to the 
omponents « of tl train. To avoid premature specialization of the discussion, 
ho spe if tr in lations will be considered at this stage. 

We now “oceed to derive equations that will be useful in formulating boundary 


onditions. Let dx, dy be the components of the line element leading from a 


generic point P to a neighbouring point Q. With the aid of (5), the 2 component 


du of the lative displacement of @ with respect to P can then be written in the 


Similarly, omponent of this relative displacement is given by 
edly. 


Consider now the nfinit aa orcs transmitted from 


side of the oriented li nt d ly. The components 
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Tue Duariry PRINCIPLE 


Consider two problems of plane strain in incompressible solids, using the 
notations and numbers of the preceding section for the variables and equations 
of the first problem, and indicating the variables and equation numbers of the 
second problem by primes. A review of equations (6)-(13) then shows that the 


substitutions 


dY + du 


transform the fundamental equations of the first problem in the following manner 


into the equations of the second problem : 
(6) (9°), (7) 
(8) > (7’), (9) 
(10) 3°), (11) 
(12) ), (13) -» (10°). 


If. in addition, the substitutions (14) transform the stress-strain relations and 


boundary conditions of the first into those of the second problem there exists 


a complete dual correspondence between the two problems* 

One example of corresponding stress-strain laws has already been mentioned 
in the Introduction. The substitutions (14) transforms the stress-strain law of 
the Maxwell solid, 


yd PP $s - “8. 20y 7 T 7 (16) 
into the stress-strain law of the Voigt solid, 
2G (5 ry ), 20" +- 9 ‘ (17) 


where G 1G), the dot indicates the time derivative, and x is a relaxation 

Cini 
The correspondence between the boundary conditions of the two problems 
indicated in Fig. 1. To the line element PQ of the boundary of the first problem 
corresponds the line element P’ Q of the boundary of the second problem ; P’ 
is obtained from PQ by symmetry with respect to the bisector of the first and third 
quadrants [he same symmetry transforms the infinitesimal force (dX, dY) 
transmitted from the right to the left side of the oriented element PQ into the 
infinitesimal relative displacement (du’, dv’) of Q with respect to P’. Stress 
houndary conditions are therefore m d into displacement boundary con 
trawn the authes’s attention to the following modified version a correapondenct 


> (12 


riginal pay 
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ditions and vice versa. In particular, to a stress-free boundary corresponds a 
boundary that undergoes a rigid-body translation, to a boundary that is subjected 
to a uniformly distributed normal pressure corresponds a boundary that undergoes 
a rigid-body rotation, and to a straight boundary that is subjected to a uniformly 
distributed shearing stress corresponds a straight boundary that is being uniformly 


extended or compressed. The stress-strain laws may imply the dependence of 


the instantaneous stress or strain on the history of surface deformation or loading. 
The duality then requires that the complete history of surface loading of the 
original corresponds to the complete history of surface deformation of the dual. 
This remark applies in particular to the stress-strain laws (16) and (17). 


ys 


x 


Fig. 2 shows two sets of boundary conditions in plane strain that correspond 
to each other in this manner. In Fig. 2a two opposite faces of a long rectangular 
prism are cemented to rigid dies, the other two faces being free. The dies are 
then given the small displacements u indicated in the figure. The dual problem 


is indicated in Fig. 2(b): the faces that were previously free are now cemented 
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to rigid dies and the other faces are left free. Compressive forces of the intensity 


} 2u are then applied to the dies. This example of corresponding boundary 
conditions is taken from H1Lu’s paper. Whereas there both solids were supposed 
to be perfectly elastic, with shear moduli G and G’ related by G 1 (4G), this 
restriction has now been shown to be unnecessary. If, for instance, one of the 


solids obeys Maxwell's stress-strain law, (16), the other must obey Voigt’s law, (17). 
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THE TEARING OF ALUMINIUM FOILS 
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SUMMARY 


hard aluminiu foils (thickness 0-O188 cm) were pro- 
mart of the foil between these two cuts was torn out while 
flat surface. The base angle of the triangular part that is torn 


tearing-force rhe angle under which the tearing takes place 


iriable and f great importance 
t of the foil is the essential quantity (and not the tearing 
the energy for bending the foil and the energy 


energy for ts yr mit length j 
his energy ‘ » of tw parts 
istic defor borders of the tear. The first quantity was determined separately ; 
so calculate ' i agreement with the measurements ; it proved to be the greater 


tal tearing energy necessary for forming the fresh surfaces is thought 


of the t 


venerally supposed that micro 
these cracks open and propagate 
aleulated the stress for crack 


terial the fracture mechanism 


eighbourhood of the etme k 
experimentatiy ¢ i macroscopic si ale the 
niateria (pur cxpermments were ¢ cuted 


HMstances Were nosen hn such a WwW that 
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the essential parameters of the tearing mechanism couk 


i 
ducible way 


i bx iri isured in i repro 


wd 


2 Tne TEARING OF 
(i) Method 


To get reproducible tearing, foils are provided wit! 
cuts 


tw parallel 
A lip is set free which can be torn out of the foil (Fig. 1 i 


or this purpos¢ 


The tearing force Fry (gwt) as a function of the angle under which the lip is torn out 
of the foil 


the foil is forced against a flat wooden surface with the help of two metal strip 


parallel to the above-mentioned cuts. Fig 


t shows the 
more detail. 


mounting of the foil in 
The distance between the metal strips and the parallel cuts is of 
secondary importance, and was of the order of magnitude of 0-05 em. Fig. 2 out 
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lines the situation seen from the side. The force F,. necessary to tear the lip out 


1 
of the material is obtained by the use of weights. The angle y, under which the 
lip is torn out of the material, can be varied by varying the elevation angle « of 
the foil. Fig. 3 reproduces a (flattened) torn out lip, the torn out piece of metal 


being always triangular 


as 
d,cm 


Fig. 6. The tearing force F'7 (ywt) as a function of the distance d (cm.) between the parallel cuts. 


(ii) Results. Fig. 5 shows that the force F', necessary to tear the lip out of the 
material deperids largely on the angle y under which the lip is torn out. The 
distance d between the two parallel cuts was held constant (0-92cm). As the 
experiment approaches the tensile test (y = 0), F', rises fast. For y > 130°, F, 
increases again. 

Fig. 6 shows the dependence of F', on the distance d between the two parallel 
cuts. Here y was constant (108°). The smallest distance d was 0-07 cm. 

The base angle « of the torn out triangle (Fig. 8) was alsc determined and 
appeared to depend on the angle y. As the angle y changed from 60° to 180°, 
e increased from 70° to 80°. It proved, however, that the base angle e.was indepen- 
dent of the distance d between the parallel cuts (d > 0-07 cm.). 

Thus Fig. 6 demonstrates the decrease of the force F, during a single test. 
As a matter of fact the used quantity F', is the maximum load which occurs when 
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a lip is torn out. As we start loading, small but already visible cracks appear at 
both sides of the lip. The situation however rests in stable equilibrium until 
the load F,,. is reached. Then the lip is torn out all at once 

The material used was fine-grained hard aluminium foil with a thickness of 
0-0188 cm. Coarse-grained soft aluminium of the same thickness showed a lack 
of reproducibility. There the torn out pieces of metal had fanciful forms. The 
rents were no longer straight lines but broken lines which altered their direction 
each time they crossed a crystal border. However, sometimes they also changed 


their direction in the middle of a ervsta! 


3. THe Benpoinc Errect 


In our case the energy necessary to tear the lip out of the foil is used partly to 
bend the lip to a certain radius of curvature and straighten it again. We will now 
describe the determination of this bending effect both bv calculation and by 


experiment, 


+y } SILTPLEEEEEBBEEE 
> - — 


SV 


Fig. 7. Fig. 8. 


(i) Calculation. When the deformation of a foil is known, the deformation 


- 


of a single laver can be determined (e.g. the hatched layer in Fig. 7). The forces 
necessary to elongate this layer can be calculated from the stress-strain curve of 
the material. So the deformation energy of the single layers can be calculated. 
And the energy necessary to deform the whole foil is found by simple addition. 

The determined stress-strain curve of the material could easily be schematized 


to the one represented in Fig. 8 with an ultimate stress o 11-9 kg mm? and a 


U 
Young’s modulus E = 5500 kg/mm*. The simplification will introduce an error 
to the extent of a few per cent. 

In describing the mainly plastic behaviour of the single layers, we assumed 
that the neutral zone would remain in the middle of the foil. This limits the 
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exactness of the calculation only to about 1% in our case (WoLTER 1952). Now 
if the foil is bent in such a way that the neutral zone has a radius of curvature 


of r, the strain in a layer at a distance y of the neutral zone is given by « = y r. 


We can determine the energy used to get this result with the help of the surfaces 


Sp + Sp = boy € + 9, [€(y) — €,] (Fig. 9). When the foil is straightened again 


0 


Fig. 9. 


our layer is pressed back to its original length. This needs an energy represe: 
by - Se + Sp Sp: Sp: Sp 2S -. So the energy W (y) per unit of ve 
necessary to elongate our layer and push it back is _ represented 


W (y) = 2S_p Se or 


W (y) 20, [€ (y) €| 


where : g, represents the ultimate stress of the material, 
« (y) the strain of a laver at a distance y from the neutral zone 
«, the elastic strain ; here o, E by definition. 
Hence the total energy W, per unit length of the foil necessary to bend the 
foil till the neutral zone has a radius of curvature of r and straighten it again is 


/2 


Wa sah W (y) dy : a ‘e) (1 ste) 


2. 
where : b represents the width of the foil, 
i the thickness of the foil, 
y, (= €,7) the distance from the neutral zone of the layer with a 
strain €>, 
E Young’s modulus. 


The layers with a distance y to the neutral zone given by y, y 2 y,. in which 


Yo) = € 7. are not taken into account, as their total contribution here is less than 


0.2%. The layers with a distance ly Yo do not contribute at all to the energy 


( 


Ws. as their deformation is purely elastic. 


178 J. HENNEPHOF 


It may be remarked that with E = o our expression changes into 


2 


Ww 


B a first approximation of the problem. 

Some data are given for a foil 2.00 cm wide, 0-0188 cm thick. Data with 
E = 7400 kg/mm, the Young’s modulus for aluminium, are also listed. As the 
material was not 100% hard, these data give certainly too high values for W’,. 
It is remembered that E = 5500 has been introduced by schematizing the stress- 


strain curve. 


W p, gm. cm/em foil 


7400 E = 5500 
0-108 3850 8670 3600 
0-134 3130 2060 2890 
0-159 2640 2470 2410 
0-209 2010 1850 17530 


Fe 
Fig. 10. 


(ul) Experiment. The energy per unit of length of the foil necessary to bend 
the foil and straighten it again is determined by forcing a foil to roll overa (revolving) 
axis. Fig. 10 outlines the situation seen from the side. To realize this situation 
two forces are needed : N to keep the foil in its place and F, to draw it over the 
axis. At 1 (Fig. 10) the foil is bent, at 2 straightened again. When the foil is 
pressed against the axis the radius of curvature is known to be half the sum of 
the diameter of the axis and the thickness of the foil. And, as F, is the only 
force that supplies energy, the numerical value of F’, must be equal to that of W,, 
the energy necessary to bend the unit of length of our foil to the above-mentioned 


radius of curvature and straighten it again. So 


\F'p| =| Wg). 
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The experiment can be carried out as designed in Fig. 11. The force A 


(= 4-L cos 6, which is always about 600 gm) is obtained by a variable load L 
which is supported by two axles revolving in ball-bearings. The top axle is th 
axle mentioned before (Fig. 10). The load L is held in equilibrium by a tare-weight 
T = Lsin 6. In principle there is no force acting on the foil in a direction perpen- 


dicular to N. A correction has to be made for the friction of the ball-bearings 


The force I’, is obtained by weights attached to one end of the foil. In measuring 
F’,,. a starting-effect is observed which can be suppressed by bending the foil 


round the axle at the commencement of the experiment. The angle 8 can be 


changed. In principle F’, is independent of w (w = 90 5) and thus of 8. 


pulley 


Fig. 11. 


(iii) Results. Measurements were carried out on foils with a breadth of 2-00 em 
and a thickness of 0-0188 cm. The results are plotted in Fig. 12. The radius of 
curvature r acts as a parameter. For each value of r two calculated values of Wy, 


are given. the lowest one calculated with FE = 5500 kg mm?, and the highest 


E 7400 kg mm*. These calculated values are independent of 5. The 
The vertical lines drawn through these crosses give 


one with 
small crosses are mean values. 


the highest and lowest measurements. The discrepancy for 8 15° may be due 


to the fact that in this case the foil does not follow the axle surface Indeed for 


negative angles 6 such an effect was remarked. 
On the whole a reasonable agreement between calculated and measured values 


is obtained. Thus, for our purpose, a fair approximation of the energy necessary 


to bend and straighten a foil can be given now by calculation. 


4. Tue Errvecr oF BENDING ON TEARING 


We return to our starting-point : the tearing of lips out of foils. Such lips do 


not describe an are of a circle being torn out but this is unimportant, for if a 
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The energy Wy, necessary to bend and straighten a unit length of the foil as a function 


of the angle 4 (Fig. 11) 
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minimum radius of curvature does exist this radius determines the bending energy. 
When this radius is known we can calculate the energy necessary to bend and 
straighten the lip and compare it with the energy necessary to tear the lip out of 
the foil. 

To determine the minimum radius of curvature r, the load F’, is taken away 
as soon as tearing takes place. This, however, causes the lip to spring back 
elastically somewhat, with the effect that the radius of curvature increases by a few 
per cent. For this effect a correction has to be made. The radii of curvature were 


measured with the aid of a set of bars with decreasing diameters. 


The energy W,, necessary to bend and straighten the unit length of a lip can 
B. B I 


now be calculated with the aid of the formula : 


0 a.” 
Wy =o [5 (%0-£—%8)(1 — 4%)| 


where E = 5500 kg/mm?, o% 11-9 kg/mm, t 0-0188 cm, and b d = 0-94 cm. 


Fig. 13. 


The energy W, 
caleulated with the help of the elevation angle a of the foil and the tearing force 
k The work the force F, performs when a length Al of the foil is torn out amounts 
to F,- Al-(1 sina) as Fig. 13 illustrates. So WwW, F 
unit of length of the lip 


necessary to tear out a lip, per unit length of that lip, can be 


1 (1 sin x) per 
Measurements were executed on foils with a thickness f 0-0188 em and a 
distance between the parallel cuts d 0-94 em. 
It appeared that the radius of curvature decreased with increasing angle 
der which the lip was torn out of the material. The lower curve of Fig. 14 


vives the energy VW ver unit length of the lip necessary to bend and straighten 


p | 
this lip while being torn out The upper-curve in Fig. 14 represents the tearing 
energy W,. per unit lip length as a function of y. By comparing this curve with 
that of Fig. 5 the influence of the factor (1 sin a) on W, can be noticed. Low 
ulues for the tearing force F, correspond here with high values for the tearing 
cnergy NW, and vice versa. It is obvious that the increase of the tearing energy 
HW). with mereasing ingle y is caused by the increase in energy necessary to bend 
ul straighten the lip 

Concerning the difference W, W, between the two curves little can be said. 
There is, however, no evidence to show that in first approximation this difference 


1. lie~wwrnor 


a 


= 


ig. 14. The tearing energy Wy and the bending energy W',, per unit length of the lip, as a 
function of the angle y under which the lip is torn out of the foil 
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should not be constant. In our range of measurements the base angle « of the 


torn out triangle (Fig. 3) changes only from 70° to 80° with increasing angle y. 
So here the length of the rents, per unit torn-out length of the lip, can be regarded 


as being nearly constant (2-19 cm/cm lip) compared to the error of some 10% in 
the difference WwW, - W,. This very low accuracy of W,,. W, is chiefly caused 
by the error (10%) in the determination of the radii of curvature of the lip. As 
the energy necessary to enlarge the edge surfaces of the newly formed rents is 
negligible compared to the energy W, — 1, (some 800 gm cm/cm lip), this latter 
energy may be regarded as the deformation energy per unit torn-out lip length 
along the newly formed rents. 

So we may conclude with the following remarks. 

(1) The tearing force, and consequently the tearing energy, depends largely 
on the angle y under which the lip is torn out. 

(2) In our case the tearing force is less essential than the tearing energy. 

(3) The tearing energy consists of two parts: one part for bending the foil 
and straightening it again, and the other (here almost constant) part for deforming 
the material at the borders of the tears. The latter is the smallest part. 

These conclusions are only valid in our circumstances. 
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SUMMARY 


EXPERIMENTALLY determined velocity vectors obtained from the extrusion of tubes of commer- 
cially pure lead from solid billets under axial symmetry and plane strain are compared with an 
unsymmetric slip-line solution. It was found that qualitative agreement existed and that the 
slip-line solution is good to a first approximation. A new mechanical slip-line integrator is 


discussed. 


1. INTRODUCTION 


Tue detailed study of the behaviour of a metal during certain steady state forming 
processes has been made possible through an experimental technique developed 
during recent years in the laboratories of the University of California at Berkeley. 
This technique, called visioplasticity, consists of obtaining instantaneous velocity 


vectors of metal particles as represented by motion of intersections of grid lines 


placed on a central plane during incremental deformation steps. From these 


velocity vectors, strain rates, strains and pressure and stress distribution have 
been calculated, when the flow properties of the metal were also known. This 
method has been used to analyse axially-symmetric indirect-extrusion processes 
with lead by Tuomsex, Yano and Brerpower (1954) and with commercially 
pure aluminium by THomsen and Friscn (1955). These metals were extruded 
at atmospheric temperature and with essentially zero external friction. There is 
evidence to substantiate the belief that the method can be used for other steady 
state forming processes, with or without external friction, and for metals affected 
by either strain-rate or strain 

It should be understood that the \ isioplasticity me thod is not intended to replace, 
but rather to augment, a purely analy tre al appro h : it offers a check of the apphi- 
cability of certain assumptions required for specific solutions for which experimental! 
data are not now available. Such a comparison of plane strain and axially symmetric 
approximate solutions with data obtained by the visioplasticity method on cold 
extruding commercially pure aluminium was recently made by Tuomsen (1955) 
It was found that the ideal plastic solid subjected to plane strain appeared to be a 
suitable model for describing approximately the behaviour of the aluminium 
for the particular extrusion ratio investigated, The transition zone fron the elastic 
to the fully plastic state, however, extended beyond the boundaries of the plasti: 
sector of the ideal plasty solid 
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2. EXPERIMENT 


It is the purpose of the present paper to extend the comparison of slip line 
solutions with experimental data to the specific problem of extruding a tube from 
a solid billet of commercially pure lead under conditions of both axial symmetry and 
of plane strain. The problem is of particular interest because of the fact that the 
dimensions of tube and billet, as shown in Fig. 1, may be so chosen that the geo- 
metric centre of the extruded tube 

CENTRE LINE 
wall does not coincide with a line OF BILLET 
in the billet along which the radial 


| ] | f 
velocity 1S zero. Hence the 
hebehddditAtiditt 
| 


present problem involves un- 


GEOMETRIC CENTRE 
OF TUBE WALL 


symmetrical plastic flow of the kind 


| 
20.76" | 


discussed by GREEN (1955). 
—— fs | 075" 
grid lines during steady-state | 


Fig. 2 shows typically deformed 


extrusion of the commercially pure 
lead billets used in the present re2i5 


WAV 


investigation. The dimensions of 
billet and tube for axial symmetry Fig. 1. Configuration of billet and extruded tube 
and plane strain were identical with on central plane. 

those given in Fig. 1, except that 

the billet for the plane strain extrusion experiments was square instead of round. 
The particle velocity vectors were determined from incremental displacements of 


grid line intersections placed on the central planes of the split billets. 


Suip-LINE SOLUTIONS 


The slip-lines obtained for the tube extrusion in plane strain are shown in Fig. 3. 
These slip-lines are directions of maximum shear and are shown as solid lines. For 
comparison, maximum shear directions obtained experimentally by THomsen 
(1955) for an axially symmetric extrusion are shown as crosses on the same Figure. 
Examination of these results reveals that the maximum shear directions are in 
close agreement with the theory in the plastic zone, but that the extent of deforma- 
tion is greater in the actual case. The apparent good agreement with experiment 
within the plastic zone, however, should increase confidence in the application 
of slip-line solutions to practice. 

The solution given in Fig. 3 was carried out in the same manner as GREEN’s 
(1955) solution for unsymmetric solid strip extrusions, i.e., by combining two 
symmetric centred fan solutions into one. This can be done because the centre 
line of the tube may be regarded as a frictionless or smooth container wall and 
slip lines must cross it at angles of 45°. Hence the tube extrusion in plane strain 
reduces to an unsymmetrical strip extrusion. 

Several methods of obtaining centred fan solutions were used, and the final 
solution given in Fig. 3 agrees well with H111.’s (1950) tabular values for centred 
fan solutions with a deviation of less than 2%. The solution was obtained by 
several methods, i.c. graphical and numerical, all of which agreed closely with 
each other. One of the graphical methods employed was with the use of a new 
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mechanical integrator. This device reduces appreciably the time required for 
obtaining an equiangular network of slip lines. Consequently its operational features 
are briefly described in the following. 


Fig. 3. Slip-line field for tubular extrusion in plane strain (crosses are experimental maximum 
shear direction for axial symmetry). 


4. Surp-Line INTEGRATOR 


Fig. 4a shows a photograph of the mechanical integrator in action. It is operated 
on a steel table and its centres, as well as the arm lengths, are clamped by electro- 
magnets which are operated by remote push-button control. An exploded view 
of the integrator is shown in Fig. 4b. 


Fig. 5. Principle used in mechanical slip-line integrator. 


The principle of the mechanical integrator is illustrated in Fig. 5. If point A 
is a known intersection of an a- and f-slip-line, and points P, and P, are instan- 


taneous centres with radii R, and S,, then point B can be determined by drawing 


(b) 


Fig. 2. Photographs of distorted grid lines of commercially pure lead extruded at atmospheric 


temperatures and with negligible external friction for the plane and axially symmetric case. 
(a) Plane strain area ratio 6-83. 


(b) Axial symmetry area ratio = 7-95. 


, @, 
ALLIS 
Bow. 


(b) 


Fig. 4 Photographs of mechanical slip-line integrator 
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a circle with radius R, about P,. If centre P, is kept fixed and radius R, is 
permitted to change to S,, then S, ~ S, + R, Ad. If after drawing the are 
AB the new radius S, is kept fixed in the instrument and P, is allowed to move 
along the involute to point Q,, letting point B be the centre, until angle P, BP, 
again is 90°, then the instrument is in position to draw another arc such as BC, 
and so on. Hence, this device will draw alternate segments of «- and £-lines 
by keeping the angle between slip lines fixed between each step. 

In order to draw an are manually, as, for example, AB in Fig. 5, the inter- 
locked magnets P, and P, are energized and hence clamped to the table. Also 
the magnet fixing the arm length R, is energized at the same time. After the 
penpoint has reached point B, which is determined by the limited angle of rotation 
fixed in the instrument, magnet B as well as the magnet in arm S, is energized, 
while centre P, is released from the table. This permits moving centre P, to 
position Q, where it is again energized and clamped to the table. Segment BC 
and other consecutive arcs are drawn in a similar manner. 


EXTRUDED TUBE 
/ ' 
0,80, 


Fig. 6. Hodograph of slip-line field of Fig. 3. 


5. Comparison or Vewociry Vectors 


Fig. 6 shows the hodograph which satisfies continuity and the slip line field 
of Fig. 3. This diagram permits obtaining of velocity vectors throughout the plastic 
zone. These vectors are given in terms of direction and magnitude in Figs. 7 and 


8 respectively, and are compared with experimental velocities. 
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It is at once evident that only qualitative agreement exists. The directions of 
the velocity vectors of Fig. 7 show that no abrupt change in direction in the 
actual metal flow occurs along the limiting slip lines C, DC, of Fig. 3. Further- 
more, the actual extrusions leave the chamber parallel with the centre line of the 
container instead of ‘at an angle as predicted by the theory. This latter 
disagreement between theory and experiment was also observed by Green (1955) 
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Fig. 7. Direction field of velocity vectors 
(a) approximate solution, ideal plastic solid, plane strain. 
(b) experimental, lead, plane strain 


(c) experimental, lead, axial symmetry 


in bis plasticine extrusion experiments. It is of further interest to note that 
some flow across a geometric centre line of the tube wall occurs in the axially 
symmetric extrusion of Fig. 7 (c), while in the experimental plane strain case 
of Fig. 7 (b) such cross flow appears to be essentially absent. 

The magnitudes of the velocity vectors are given in Fig. 8. These magnitudes 


are constant along the solid curves. A magnitude of unity bas been assigned to 
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the metal flowing toward the orifice in the undeformed 


state. The magnitude 
of the velocity in the orifice, because of continuity, is given by the ratio of the 


area of billet to area of the extruded product. It follows from this that the exit 


° 
A el 
Vv Vv 


Magnitude of velocity vectors 


Fig. 8 
(4) approximate solution, ideal plastic solid, plane strain 
(bb) 


experimental, lead, plane strain 
(ce) experimental lead, axial symmetry 


velocities in the orifices for th 


plane strain and axially symmetric extrusions 
cannot be the same since the area of the central plan was kept constant. These 


velocities differ by only about 15°, however, so that a qualitative comparison is 
; ; A } 
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still possible. Hence, examining the velocity patterns of Fig. 8 under these condi- 
tions reveals the following likenesses and differences : 
(a) A magnitude of 2 occurs in approximately the same billet location upstream 
from the orifice in all three cases 


Stagnation points for the lead extrusion occur at the intersections of dic 
with cylinder wall and billet centre line, while for the ideal plastic solid 
it is an area above the 0-7 limiting velocity line 

The velocity in Fig. 8 (c) goes through a maximum on the billet centre 
line, while no such maximum exists for the velocity of Fig. 8 (b). 
Limiting shear lines in the theoretical case, as mentioned earlier, occur 
in the actual extrusions as transition regions extending over a considerable 


area, being largest for the axially symmetric case. 


6. CONCLUSIONS 


The slip line solution of an ideal plastic solid, although failing to account fully 
for all observed experimental facts, permits prediction at least to a first approxi- 
mation of maximum shear directions and magnitude and direction of velocity 

ectors. There can be no doubt that most of the disagreement lies in the fact 
that the theory assumes an artificial solid, whose elastic strains are neglected 
so that a rigid material transforms to a plastic material over an infinitesimal 
region. However, if such elastic strains as occur in the real metal are taken into 
account, the advantage of a simple theory is undoubtedly lost. Under this con- 
dition it is unlikely that simple graphical techniques will be available to solve 


forming problems. 
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EXTRUSION THROUGH SQUARE DIES OF 
LARGE REDUCTION 


By W. JOHNSON 


Department of Mechanical Engineering, University of Sheftield 
(Received 1 February 1956) 


SUMMARY 


Suip-LineE fields for square dies of large reduction are proposed, and results and expressions for 
calculating the extrusion pressure for extreme values of friction are given. 


| INTRODUCTION 


WuHen metal is extruded through square dics, dead metal zones are seen to form 
at the junction of the die and the container wall; Figs. 1, 3 and 4 illustrate this. 
Hix. (1948), using the theory of slip-line fields, calculated the plane-strain extrusion 


pressure, p for reductions, r, between about 0-12 and 0-88, assuming dead metal 


CENTRE LINE 


Fig. 1. Dead metal zone extending across all of the die face. 


zones to cover the whole of the die face and no friction between the metal and 
the container wall. In this case of frictionless extrusion, the slip-lines meet the 
container wall at 45°. Calculations of the extrusion pressure have also been made 
(JoHNson 1955) for the case when there is friction between metal and container 
wall. The kind of slip-line field used was the same as that of Hin, the slip-lines, 
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however, meeting the container wall at angles other than 45°; the greatest reduc- 
tion attained was about 0-925. The upper limit in both these cases was attained 
when the radius AR (Fig. 1) coincided with the die face. This paper presents the 
results of calculations of extrusion pressure when the dead metal zones are lodged 
in the top-most corner between die and container wall, a situation which often 
occurs in practice, when the reductions are very large. It will be obvious that 
these fields and the expressions obtained below could easily be adapted to wedge- 


shaped dies of semi-angle between 45° and 90°. 


2. Smoorn Dre 


The slip-line field shown in Fig. 2 is the application to a square die of the field 
given by Hixi (1950) in connexion with sheet drawing through dies of small 
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Fig. 2. Slip-line field when the die face and container wall are both smooth (case i). 


angle. ABC is a circular are with angle CAB equal to 90°, AB being inclined at 
45° to the centre-line of the extruding sheet, and OC at 45° to the die face. This 
simple pattern is easily extended outwards from ACB, the slip-lines continuing 
to meet the centre-line between B and D, and the die face from O to N, at 45°. 
The initial pattern applies for a reduction of 0-667 and the extended fields to 
reductions larger than this. The slip-lines having been chosen to meet the die 
face at 45°, and hence the container wall also, means that the assumption of no 
friction between metal and both the die face and the container wall has been 


made; this is case (i). 
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Suppose now that a slip-line such as NK (see Fig. 3) is continued until it meets 
the container wall tangentially at M. Then, assuming NKM to be a dead-meta! 
zone, this field satisfies the conditions in which there is no friction between metal! 
and die face but an amount of friction at the container wall sufficient to cause 


shearing along it; this is case (ii). 


a 45 
CENTRE LINE 01234™ 


Fig. 3. Slip-line field when the die face is smooth and the container wall rough (case ii). 
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If the coefficient of friction between the die face and the metal is greater than 
0-176, shearing of the metal occurs along the lower edge of the die face. This 
case may be regarded as the other extreme from that of a perfectly smooth die 
face. In Fig. 4, OO is a circular are and the slip-line field is extended outwards 
from it as shown. The slip-lines meet the die face either normally or tangentially 
from O to N. Lines such as NM and mM are chosen to meet the container wall 
at 45° and the region NPM is taken to be a region of dead metal. In this instance, 
there is no friction between metal and container wall; this is case (iii). 

If, next, NM is extended until it meets the container tangentially, there is 
shearing friction at the container wall; this is case (iv). 

We have thus defined the fields for four extreme cases for extrusion through 
square dies of large reduction; each field, incidentally, is acceptable from the 


point of view of velocity conditions. 


W. JoHNSON 
4. Metuop or CALCULATION 


For each of the four cases described above, slip-line fields of 5° equiangular mesh 
have been drawn, and by use of the Hencky equations the following expressions 
were deduced. Measurements from the drawn slip-line fields were inserted in 
these expressions and provide values of the extrusion pressure for particular values 


of the reduction. 


im =——‘<‘éz OCS 


Fig. 4. Slip-line field when the die face is rough and the container wall smooth (case iif). 


(i) Smooth Die Face and Smooth Container Wall ( Fig. 2) 
Qy/'2k = 1+ $n + 2(N —1)- Ad. 


9x is the hydrostatic pressure at N ; A¢ is 0-0878 radian for a 5° net. 
Yn: p/ 2k = (AO) (1 + bx) 4 4 (O1) (q,/2k + g,/2k) 4 
... +34(N—1-N) (Qy—, 2k 4- Gy/2k). (2) 


(N —1-N) means the distance between point (N — 1) and N on the die face, 


and p is the extrusion pressure. 
(ii) Smooth Die Face and Rough Container Wall ( Fig. 8; 
Ying P/2k = (p/2k)g Uy + bye + (Yae — Yn) (Pw /2k) + 1 
where (p/2k), is equal to the right-hand side of (2), and 
I = E(y — 3m) sing As 
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the summation being taken along NM. 
The coefficient of friction at the container wall is 


mM 1/(1 + 3m + 4m A¢@)- 


(iii) Rough Die Face and Smooth Container Wall ( Fig. 4) 
Yyy (p/2k) = 4 [y' (1 + 3x) + @ + 2A¢g {(01) + 3(12) 4 
2(N —1)(N —1-N) + 2Ny} + 27] (5) 


(N — 1-N) is the distance measured along the die face between points (N — 1) 
and N, and 


I= 22y-sing- As 


the summation being taken along NM. 


(iv) Rough Die Face and Rough Container Wall 


The expression for the extrusion pressure in this case is similar to (5) and the 
coefficient of friction at the container wall is 


4m Ad) (6) 
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Fig. 7. The variation of » with r for cases (ii) and (iv). 


5. TuroretricaL Resunrs 


The results of the calculations are given in Fig. 5, the values of p/2k for reductions 
greater than 0-87 being shown to a larger scale in Fig. 6. Curves (iii) and (iv) are 
continuations of the curves referred to as AB and CD in a previous paper (Joun- 
SON 1955a). In Fig. 7, the variation of » with r for cases (ii) and (iv) is given. 
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It is interesting to know certain of the proportions of the slip-line fields and 
these are presented in Table 1. d is the ratio between the length of the dead 


metal zone at the container wall and the total thickness of the sheet before ex- 
f is the ratio between the greatest width of the field measured from the 


trusion 


lie face and the total thickness of the sheet before extrusion. 


TABLE 1 


Case (i Case (ii) Cdse (iti) Case (iv) 
0-236 0-667 0-496 0-793 0-348 0-879 0-653 0-925 
0-156 0-968 0-457 0-047 0-323 0-967 0-652 0-969 
(667 0-496 0-793 0-173 0-879 0-653 0-925 


0-968 0-457 0-047 0-168 0-967 0-652 0-969 


Over the range of reductions given in this paper, the results may be expressed 


empirically as follows, to an accuracy of better than 2 per cent 


pss 0-63 + 0-95 In }1/(1 
0-83 In} 
1-24 In 
1-28 In} 
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ASSOCIATED PROBLEMS IN 
TWO-DIMENSIONAL ELASTICITY 


By J. E. ApKINs 


British Rubber Producers’ Research Association, Welwyn Garden City 
( Received 2nd March, 1956) 


SUMMARY 
A METHOD is outlined for the simultaneous solution of two or more problems, with analytically 


similar boundary conditions, in two-dimensional elasticity. The procedure is illustrated by 


examples. 
INTRODUCTION 


Ix THE treatment of two-dimensional problems in elasticity it is customary to 
consider separately the first boundary-value problem, in which values of the stresses 
are given over the boundaries of the elastic body, and the second boundary-value 
problem, in which values of the displacements are so prescribed. When the 
equations for plane strain or generalized plane stress are formulated in complex 
variable notation, however, the expressions for the displacement at a point, and 
the force resultant on a curve, assume analytically similar forms. Hii (1955) 
las observed a similar feature for problems in plane strain, and by making use of 
this result it is possible, not only to solve corresponding problems of different types 
simultaneously, but in the subsequent analysis to derive the stresses and dis- 
placements from a single function. 

The procedure is illustrated by the examples of a circular annulus with prescribed 


systems of stress and displacement along its boundaries, and of an infinite body 


containing a single internal circular boundary. In the latter case, a relation noted 
by Hix. for incompressible plane strain is readily obtained. Other applications 


ure briefly discussed. 


SIMULTANEOUS SOLUTION OF ASSOCIATED PROBLEMS 


We consider an elastic body in plane strain or generalized plane stress, and, in 
a rectangular Cartesian co-ordinate system denote by u, v, the components of 
displacement, and by ¥, Y, the components of the resultant force on a curve, 
measured from a fixed point to the point x, y. In terms of complex potential 
functions 22(z), w (z) (see, for example, GREEN and ZeERNA 1954, § 8.1) we then 
have, in the absence of body forces 
wD c 22’(z) -w (2) + 2, y r + iy), 
(1) 
iY +- 282’ (z) + w ‘(z)}, 
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where x = 8 tv for plane strain and « = (3 — v)/(1 +. v) for generalized plane 
stress, » and v being the modulus of rigidity and Potsson’s ratio respectively. 
If we introduce the function 


these results can be written 


uD ® , X+iV =24, 


This suggests that if there is a single boundary C, two associated problems may 
be solved simultaneously by making use of the function @,. Thus, we solve the 
problem for which ®, takes given values 


a B (sav) 
along C, giving the complex potentials as functions of z and the parameter «. 
From these potentials {2 (z, a), w(z,«) we form the two-parameter function 


0) B$2 (2 z $2 yw (2, a). (4) 


solutions for two associated problems. on IS we vw boundaryv-stress con- 


and the other boundary displacem nt condition 


B along C,. 
ire then respectively 
uD ; , r=2@,, 
aD * , iY 2) Q, 


The procedure may evidently be generalized to deal with problems involving 


several boundaries by assigning a separate function 


> $2 (z) w (2 } , (6) 


to each boundary ¢ . for which se parate conditions are preseribed, We then have 


to satisfy the boundary conditions 


B. on Cc ( > a le 


r 


where x, 1 or x, ~ according as a stress or displacement condition is 


given on c. This leads to complex potentials 


$2 $2 (z, a.) . w wiz, 2}. 


y 


from which we form the (2 + 1) parameter function 


p BS2 (z, a) + = 2’ (z, + w’ (2 (7) 
5. ar r ’ 7 
where a now denotes, for brevity, th From this function 
we obtain 


aD ® 
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whilst the stresses Cyr Oxy Ton follow from the formulae 


y” 
ry de, ., 


oz 


_ 


(9) 


In this case the method yields, in general, 2" distinct solutions obtained by giving 
each of the constants «, the values 1 and K. 

For a simply connected body in equilibrium with no body forces, XY, Y, wand v, 
and hence also ®, and ®, ,, must be single-valued functions of position. For a 
multiply connected body, the complex potentials may be multi-valued, and ®, i 
may then change in value during a complete circuit of a given boundary C,. For 
Hy 1 this implies a resultant force on C,.; for 7 - x it indicates a translational 
dislocation of the Weingarten type (see, for example, Love, 1952, § 1564). The 


two cases are not mutually exclusive. 
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The procedure of § 2 may be illustrated by considering the deformation of an elastic body 
bounded by concentric circles of radii a and b (6 Aa > a) surrounding the origin. Since problems 
of this type have been considered in some detail by Timpr (1905), MuskHELISHVILI (1953), 
Simpson (1955) and others, only a brief treatment will be given for the case where there is neither 
a dislocation nor a resultant force on either boundary. We therefore suppose the boundary 


conditions to be given in the form 


a, 2(z) 4 


My $2(z) + 2 $2’ (z) + w’ (2) 


where A, and B,, are constants which may be real or complex. It is easily seen, by writing 
z =re'®’, that these expressions represent Fourier series expansions for the distributions of 
stress or displacement around the circles r = a, r = b. 

The problem may be solved in the usual manner by assuming series expansions of the type 


n—l 


© g\*r o jz 
Q (2) Za, ( , w’ (2) Lb, | (11) 
—~@ a - 4 


for the complex potential functions. When these are introduced into the second of equations (10) 
we obtain at z = b*/z 


1 1 


oo a\" fee) a\"~! co z\ 
a, 24, Z(n + 1) A*" a, ( ) + 2 ren~? bal ) » 2B, 
z z -. ae 


@ 


or alternatively 


o- a\" 1 
i {a, a nt (n + ] ) 2" uy, + ya" s by, B nj | -) 0. 
i 2 


Since the coeflicient of each power of z must vanish separately we have 


G a_, +(n 4 1) A® a, + A*"- 25, B_, = 0, 


whilst the complex conjugate of the equation obtained by replacing n by 


(n 1)A 2n 4 ty Mp A (2n Dp ” (13) 


n 


The corresponding relations for the first boundary condition may be obtained from (12) and 
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(18), by putting A = 1 and replacing a, and B,, by a, and A, respectively. We thus have four 


linear algebraic relations for a_,,, 4,, 6, and b, which may be solved to yield 


a {(a, — A~ "- 2) a.) (A, — A *? B,) 
na M)(A_, ,— (e-3) By} 
G,, (%), X), 
A? {(m + 1) (ag — A*™ a) (A~™ A, 


(n* — 1) (1 A*) (A 


(A «4, \2 tg) (ag A 


b,, (2), %), 
provided that 


A a,? A? (A2" + A 2”) a) a. 2” (n* ene 7)? + 0 (15) 


The stresses and displacements may be derived by combining the three-parameter function 
@ 


iv ~? 
Pe a, 14 2 {Ba,, (a, ay) 2” 
@ 


: (mn + 1) a, (a), % + bn ao (%, 


with (8) and,(9). By putting «, My 1 we then have the solution for prescribed systems of 
stress on the outer and inner boundaries. Similarly if a, ay 
ditions are known on these two surfaces, whilst the choice a, 1, o 


x the displacement con- 


. x implies that the 


stress distribution is given on the surface r = a and the displacements are prescribed on the 
outer boundary r = b. Allowing for differences in notation, it may be shown that the results 
thus obtained agree with those derived separately for the three cases by Simpson (1955) 
Solutions for problems with a uniform distribution of stress on the two boundaries follow by 
taking Ay and Bg to be real in (10) and allowing the remaining coefficients A 


n and BR, forn + 0 
to become zero. Equations (12) and (13) are then identical and yield 


(%& + 1) dq + ; By 
the corresponding relation derived from the first boundary condition being 
(a, + 1) ay 
Solving for ag and by we have 


ag = (Ag M® Bo)/ Ao 


Ay %) 
and the three-parameter function for the associated problems becomes 


7 Bo) zz +4 
Psa, 22 —— a 
71 7 1 


When the boundaries are subject to all-round tensions T, and T,, we put 4 


2) te 1, and obtain from (16) 
t {(x I(T, 


\* T..) 22 (T, T..) A® abi 


jy 


Again, if the outer boundary r b is under all-round tension T and the inner boundary is 


cemented to the rigid dise r a, we put ly 0, By suT’, x, x, fey 1 viving 
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Other cases may be considered similarly. 


4. INeinire Bopy CONTAINING A CrRCULAR BOUNDARY 


Consider an infinite elastic body bounded internally by the circle |z| = a and 
subjected to a uniform distribution of stress at infinity. For large |z| the complex 
potentials take the forms 


w’ (z) Bz, 


where A and B are, in general, complex constants. If ®, = 0 on the internal 
boundary, we may obtain by the method of the preceding section 


(2 B (B“ z). (17 


az? rd 


For « = 1, the internal boundary is a stress-free circular hole; for « — « it is 
a fixed boundary. Expressions for the stresses and displacements in these two 
cases now follow directly from equations (8) and (9). 
If 7’, and T, are the principal stresses at infinity and are oriented so that 7’, 
makes a positive angle y with the x axis, A and B are given by 
4(A .. & (T, — T,) e-™, (18) 


the imaginary part of 4 merely contributing a rigid-body rotation of magnitude 


by 


oz 2ip 


—({4 A). (19) 


For plane strain of incompressible materials, where « = 1, Hitt (1955) has 
shown that there exists a pair of related states for which, in the present notation 


X +iY = 2p(u* +iv*) and 2y(u + iv — (X* + iY*) 
or, in terms of the function @, ,, 


®, | Pr nh ns @_1) (or, D 


corresponding quantities for the two states being denoted by unstarred and starred 
quantities respectively. From (17), there now follow immediately the relations 


A*=iA , B*=iB (20) 
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between the corresponding coefficients for the two states. The particular cass 
quoted by Hii. for which the stress distribution at infinity m the unstarred state 
s a uniform tension in the y-direction of magnitude 7, is derived by taking 
r,=0, 7, T’ and 0 in (18), giving 24 B T,4. The starred state 
then becomes, at infinity, a combined shear and rigid body rotation Similarly, 
if the stress distribution at infinity is a uniform all-round tension 7, we have 
T, T, T,. 4A T. B 0 so that, from (19) and (20) the starred state ther 


reduces to a rigid body rotation 


Oruer APPLICATIONS 


The fore going procedure ma evidently he applied toa variety ol other problenis, 


Thus Green and Zerna (1954 8.19) have considered the effect of 


stress-trec 


ilar hole upon more general! distributions of stress in an infinite bod, Po ck 


make ] of the LLilb rt problem namanner which dey nas Upon tiv 


extension of the definition of the complex potentials 22 to the region 


a not containing elastic material. This definition is normally based on the 


expression for the derivative of the Airv stress function obtained by putting x ] 


ncquation (2 and it ws then necessary for proble ms involving stress ind displ ace 


ment boundary conditions considered separate! This duplication of effort can 
be avoided, however, by making use of the function 1 ind extending the definition 


of the complex potentials by writing 


$2 (a* being obt uned from {2 { by re plac ing < by gq”, 2 mi len’ ing any compk x 


constants in this function unchanged. The subsequent analysis follows the lines 
indicated by Green and Zerna. Similar modifications can be made for problems 


n which the internal boundary curve C 1s not circular in shape but can be mapped 


1 circle by means of a conforma! transformation 
Problems involving groups of holes have been considered by HowLanp (1935), 


\y eN (1940), Scuunz (1941) and others Corresponding solutions based on the 


; 


would enable any one of the internal boundaries to be made 


stress-free hole or fixed boundary at will 
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BOOK REVIEWS 


W. Pracra Probleme der Plastizit&tstheorie. Birkhauser | eriag, Basel und Stutigart, 


1955 pp Le 


Tus little book ix based on a course of lectures given by the author on a visit to the Technical 
High-School in Zurich. The topics treated were chosen primarily because of the author's particular 
research interests, but also to avoid overlapping those fields that Swiss workers have especially 
tudied (c.g. plastic instability) The Chapter headings are (freely translated) : Mechanical 
l’roperties of Plastic Bodies Behaviour of Structures in the Plastic Range Limit Analysis ; 
Finite Plastic Straining. There is no index, but the content of each Chapter is summarized (in 
bonglish he printing and quality of paper are excellent 
Professor Pracen has a reputation of long standing as a particularly lucid and methodical 
expositor, both when writing and lecturing. This book also is a model of clarity (with, however, 
exception to be mentioned). and it is a pleasure to read. Although no prior acquaintance 
with the subject is assumed, the treatment is taken to the limit of present knowledge ; the 
references, not complete but representative, are remarkably up-to-date (end of 1954). Of course 
w attempt has been made to do more than touch on a small fraction of the subject of plasti 
to For example, no experimental work is mentioned in the first Chapter, and the theory 
itself is presented only in outline and indirectly, the author preferring to indulge his taste for 
mechanical models. (These make amusing light reading for the specialist, but their didacti 
ulue may .be doubted : too often the difficulties of understanding how a model works, and in 
what respect it is or is not a proper analogy, are merely superimposed on the intrinsic difficulties 
of the subject 
The important part of the book is the Chapter on Limit Anilysis, which recapitulates the 
notable contributions to plastic plate and shell theory by the author and his colleagues, and also 
liscusses the practical significance of limit analysis in general. It is here that the author's customary 
clarity is lacking, particularly where he speaks of two definitions of load-capacity (p. 40). Th 
first (attributed to this reviewer) is the yield point of a hypothetical rigid-plastic solid. Actually 
I did not define carrying capacity of an actual structure in this way, but pointed out that the 
numerical value furnished by limit analysis is in fact the yield-point load of a geometrically 
similar rigid-plastic structure Moreover, theoretical and experimental investigations have 
indicated in what circumstances this latter quantity can be taken as a close approximation to 
the load that produces intolerable deformation of an actual elastic-plastic solid. It is this load, 
which in general is necessarily incapable of precise definition, that Professor PraGer presumably 
has in mind in his second definition. Yet this is given only (p. 28) in the highly special case of an 
elastic-plastic structure of simple tension members, in each of which the load remains constant 
once the strain at the elastic limit is exceeded. In the general case, where the plastic zone spreads 
progressively from a nucleus, the load never settles down to a steady value. I could find no explicit 
statement of this essential restriction on the practical significance of limit analysis. Towards 
the end of the Chapter (p. 67) it is possibly hinted at in the discussion of some unpublished American 
experimental work on plastic bending of a supported plate by a point load. Incidentally, this 
seems to be the only reference to experimental data in the book and it actually shows limit analysis 
of plates in a most unfavourable light ! Professor PraGer could have referred with profit to the 
published English work on combined bending and torsion of bars and tubes, which strikingly 
demonstrates the significance of rigid-plastic theory (i.e. limit analysis) in more favourable 
circumstances 
rhe final Chapter is concerned with the well-known theory of plane plastic strain, together 
with some representative examples (extrusion, wedge-indentation, and extension of a notched 
bar). Professor Pracer departs from the standard presentation of the essential properties of 
the slip-line field and introduces an auxiliary geometric representation involving the concept 
of the pole of a Mohr’s circle. This seems disadvantageous : a simple result (Hencky’s equations) 
is derived by a comparatively lengthy procedure in which it is always easy to make mistakes 
about signs and about senses of rotation. The time taken to master this representation, together 
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with the further ‘ cycloid property,” does not appear to be justified by any advantages as a 
research tool ; at least, the author does not mention any new problems solved in this way. In the 
subsequent account of the calculations of the velocity field, Professor Pracer lays emphasis 
on the use of the hodograph plane. In this case the auxiliary construction is well justified in certain 
problems, as A. P. Green in particular has shown by some remarkable new solutions. 


R. Hira 


X-Ray Diffraction by Polycrystalline Materials: H. S. Peiser, H. P. Rooksby and 
4. S. C. Wilson (Technical Editors). The Institute of Physics, 1955, pp. 725 with 263 figures, 


tits. net 


In this book the three editors, with the help of some 28 other authors, aim to cover the whole 
field of the application of X-ray diffraction methods to the study of polycrystalline materials. 
The book, although giving over 1,000 references to original papers, is intended to be self-contained, 
and to describe sufficient practical and theoretical details to enable a reader to apply the various 
techniques without recourse to other publications. The complete fulfilment of this counsel of 
perfection is almost certainly not possible, but those concerned in writing the book are to be 
congratulated on the high standards they attain 

In the first Chapter many details of basic crystallography are tersely summarized, and this 
Chapter fulfils the declared aim of serving “* as a reminder or as a reference to the elements 
and formulae of the subiect liowever, as the Editors anticipate, those readers with no prior 
knowledge of crystallography will find this Chapter too compressed. Rather surprisingly, there 
is no similar summary of the theory of X-ray emission, nor of some important features of X-ray 
absorption 

The remaining eleven Chapters of Part | are concerned with the techniques of recording X-ray 
diffraction effects, both in the usual types of camera and in special circumstances. This part 
of the book will be of immense value to those who, although well versed in routine matters, 
have to develop a special technique for a particular application. The details given will obviate 
much tedious searching of published work and, because the various authors are experts in their 
fields, there is often a clear indication given of the best technique. 

Chapters 13-22 constitute Part II, and are concerned with the interpretation of X-ray diffraction 
data. This material here more closely corresponds to that usually covered in the normal text- 
books, but bere the treatment is more extensive and often fills gaps left by the more usual 
treatments. 

Part II1, embracing Chapters 23-32, takes the form of a series of essays on the application of 
X-ray diffraction methods to the study of particular phenomena. Some of these essays will be 
of interest to a large number of readers, but others are more specialized. The difficult task of 
selecting the features which should be included, and avoiding overlapping with other portions 
of the book, has been successfully accomplished. A correct balance has also been maintained by 
restricting this portion to roughly one fifth of the whole book 

A very useful series of Tables of X-ray wavelengths, trigonometrical functions for lattice 


parameter correction, ete is appended. The subject index also appears to be extensive and 


complete. 

It is rather invidious to select portions of such a far-ranging book as this, for particular praise 
or condemnation since appreciation depends on the rather capricious knowledge of the reviewer. 
Sufficient to say that this reviewer was surprised to find no mention of balanced filters under 
monochromators, nor sufficient discussion of extraction techniques for, say, carbides from alloys 
steels. One wonders too whether there is suflicient on stereographic projection in Chapters 1 
and 12 to enable the uninitiated to construct a pole figure, and whether there was a need for 
Chapter 31 on the powder method in atomic energy research. A particularly praiseworthy 
feature is that the mathematics is usually expressed in simple terms. Many readers will find 
that, although this may lead to long and cumbersome equations, they are more readily assimilated 
than the same equations expressed more elegantly and briefly using an advanced mathematical 


notation. 
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Most of the criticisms that can be made are of a minor nature, and this book can, without 
hesitation, be strongly recommended as an essential reference book for any person whose work 
involves the use of X-ray diffraction techniques. The book is well printed and illustrated and its 
price attractive, for which the Institute of Physics deserve thanks. 

G. B. Greenoucu 


M. Rerer (Editor): Building Materials, Their Elasticity and Inelasticity. North- 
Holland Publishing Co., Amsterdam, 1954. pp. 560. 


I'wo books have appeared recently under the title of “ Materials of Construction,” and the 
appearance of another on a similar subject is at first a little disconcerting. But this book is 
quite different as it illustrates the many materials that exhibit rheological properties and the 
way in which rheological knowledge has to be applied to a variety of problems. The present 
trend of engineering industry requires the engineer to be increasingly scientific, and engineering 
students will welcome a book in which the deformation phenomena of materials, so diverse as 
steel, concrete, clay, and paint, are presented on some kind of common theoretical basis. Rheology 
is a branch of physical science which deals with the flow and deformation of all materials used 
in structural engineering and engineering processes. Materials can vary widely in their physico- 
chemical structure ; and any reader, after having studied this book, cannot help being impressed 
by the fact that the knowledge and experience obtained on only one class of materials are also 
very relevant to most of the other building materials. 

The book is divided into five parts, A, B, C, D and E. Part A deals with theoretical rheology 
physical and chemical aspects, structural engineering ; Part B with metals and wood; Part ¢ 
with plaster, mortar, plain and reinforced concrete, road asphalt ; Part D with soils, clay pro 
ducts ; Part E with paints, mastics, putties, building board. The book is the combined effort 
of sixteen contributors ; and such a large number, though essential in this case, inevitably 
results in some inconsistencies in the definitions, and in differences of opinion on some of the 
ideas expressed on a particular topic in a few of the chapters. On p. 6, for instance, concerning 
the deflection of a reinforced concrete slab, no attempt is made to explain the difference between 
instantaneous and immediate strains, or how the velocity of the propagation of stress enters into 


any attempt to record instantaneous strain. An erroneous impression is also given, in different 


chapters, that very little creep occurs during the actual loading of «a specimen. On p. 115 the 


present standard method in this country of determining structural safety is condemned on the 
ground that not all of the irrecoverable deformation produces any structural damage. There is 
no evidence whatever to justify this statement. On p. 146 it is stated that no real metal is clastic 
and at the same time use is made of the term elastic limit. Inelasticity and clastic limit are 
incompatible terms when used together. The value of Chapter 4 on metals would have been 
enhanced if more attention had been devoted to the application of the given data to the design 
of structures. On p. 220 it is suggested that concrete exhibits no lateral creep ; whereas more 
recent experiments than those quoted show that concrete, like all other building materials, does 
creep transversely in both tension and compression. On p. 350 concrete is stated to be so weak 
in tension that the results of tests to observe creep effects are not reliable. There is overwhelming 
experimental evidence to show that such a statement is incorrect 
The most interesting and useful chapters are those dealing with structural engineering, metals. 
wood, concrete and soils, and all these well merit serious study. The chapter on theoretical 
rheology is over-worked and rather confusing. The most important feature of the book is that 
it gives a comprehensive survey of the whole field of the fundamentals and knowledge contained 
in rheology. This unifying characteristic of the book will be greatly welcomed by all students 
and practising engineers. It can be confidently recommended to all those who wish to acquire 
a basic knowledge of the rhevlogical behaviour of the materials which are common in engincering 
practice. 
R. li, Evans 
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SUMMARY 


Usine Tresea’s yield criterion and its associated flow rule, solutions are obtained for the stresses, 
the elastic and plastic strains and the displacements when a thick-walled tube of work-hardening 
material is subject to internal and external pressures and its surfaces are maintained at different 
temperatures. In general a numerical integration is ‘necessary, but the solutions can be expressed 
explicitly when the work-hardening law is linear. On removal of the pressures and the tempera- 
ture difference plastic flow may or may not occur, In both cases the residual stresses can be 


calculated. Specific examples are given. 


1. INTRODUCTION 


Ko1rEer (1953) discusses the many solutions to the problem of stress distribution 
in an elasto-plastic thick walled tube which have been put forward ; e.g. by Hii 
(1950), Hopcre and Wuire (1950), ALLEN and Sopwirn (1951), and by SrTee.: 
(1952). These solutions differ in the yield criterion and the plastic stress-strain 
relations which they assume. 

Korrer himself adopts the Tresca yield criterion and its associated flow rule, 
i.e. the stress plastic strain-increment relation which follows from making the plastic 
potential and the yield criterion coincide. On the assumption that the axial 
stress o,, is the intermediate principal stress —it is shown later in this paper 
that this is true under a wide range of conditions — the axial plastic strain increment 


de_” is zero. It follows that the axial strain «__ is purely elastic and that a,, 


can be expressed in terms of «, and of the radial and circumferential stresses 


o,,and o,, by means of Hooke’s law. In other solutions of this problem, the calcula- 


tion of o,, was a real difficulty ; (see Hitt (1950) p. 111). 
and o._ for a tube of non-work-harden- 


Korrer determines the stresses o,,, a5, 
ing material in both the elastic and plastic regions. Hg then proceeds to determine 
the radial displacement u in both regions by making use of the fact that the 
dilatation is purely elastic. He shows that his solutions agree well with the few 
available rigorous solutions based on the Mises yield criterion and the associated 
Reuss flow rule except for the axial stress and strain. However, as the axial stress 
and strain are small compared to the radial and tangential stress and strain, 


the differences are of minor practical importance. 
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The author of the present paper calculates the components of the total strain 
from the dilatation and the elastic parts of these components from the stress. The 
differences are the plastic parts of the components of strain. From these last 
components, the equivalent plastic strain, on which depends the yield stress 
for a work-hardening material, can be found. This provides the additional equation 
which is necessary to solve the expanding tube problem for a work-hardening 
material. 

Temperature effects can be included in the classical theory of elasticity by the 
addition of a term to the generalised Hooke’s law. The specifically plastic 
equations of the elasto-plastic mate rial, namely the yield criterion and the plastic 
stress-strain increment relations are unaffected by variations of temperature 
provided that the variations are not large enough to appreciably affect the value 
of the yield stress. This is assumed to be the case in this paper. It is also assumed 
that the values of all the other physical constants which occur are effectively 
independent of temperature. Temperature effects are therefore included in this 
theory of elastoplastic tubes only by their inclusion in the generalized Hooke’s 
law which connects the stress with the elastic part of the strain. 

It is assumed that the tube is sufficiently long for the stress and strain not 
to vary along the tube. In these circumstances plane sections normal to the axis 
remain plane and the axial strain «,, is the same throughout the tube at any 
one time. As the problem is also axisymmetric, it follows that if cylindrical polar 
co-ordinates r, 8, z are employed the principal directions of stress and strain are 
radial, circumferential and axial. No confusion will arise if single suffixes are 
used to denote the principal conponents, 1.e. o, instead of C_» €, instead of « , ete, 
1 the 


whole tube becomes plastic. At this point the displacement at the bore, where it 


The analysis of this paper will not be taken beyond the point at whicl 


is a maximum, is about 3°% of the internal radius for an external-internal radius 
ratio of 4:1. For smaller radius ratios it is less. No great error will therefore 
be introduced if, on calculating the stresses and displacements, the boundary 


conditions are referred to the original shape of the tube. 


2. ANALYSIS 
The equation of stress equilibrium in the radial direction 


da 
r r 


dr 
and the strain displacement relations (u is the radial displacement) 


du 


(3) 


are satisfied in both the elastic and plastic parts of the tube. The strain-stress 
temperature relations in the elastic part are (Love, 1927. p. 108), 
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and 


where E is Young’s modulus, v Poisson’s ratio and « the linear coefficient of 
expansion. The superfix e is employed as the same equations are satisfied by the 
elastic part of the strain in the plastic region. In the elastic region the whole 
strain is elastic and the superfix can be dropped. 

Subject to o, > o, ><«,, Tresca’s criterion states that yielding occurs when 


(7) 
k is the yield stress. For a work-hardening material it will depend, for any material 


element, on the total plastic deformation of the element. 


The associated flow rule states that, subject to o, >, 


de ,? de? >O and de? =0, 


de? is an increment of plastic strain. It is defined by 


de? = de. de,* 


where de, and de,‘ are increments of total and elastic strain respectively ; see 
Hitz (1950, p. 25). Since de? = 0, 


and therefore 
(10) 


«, satisfies (6) in both the elastic and plastic regions. ¢, has already been shown 
to be constant. Its value is now found. 
The total axial force on any section is 
“> 
P=27 ro, dr. 


7“ @ 


Substitute for o, from (6) and then for o, from (1), whence 


b 
P = 2m (a? p — b* q) + wE (b? — a?) €, —2n Ex | rT dr (12) 


a 


where p and g are the internal and external pressures respectively, i.e. p (c,)=4s 
q = —(e,),-,- There are three cases of importance. Firstly plane strain, «, = 0. 
Secondly a tube with open ends, P = 0. And thirdly a tube with closed ends, 
P = ra*p. In the latter two cases substitution into (12) determines «,. 

Since «, is now known, (6) and (1) can be used to express o, in terms of o,. 
Whence 


dc 
—! — EaT. (13) 


Ee, + 2vo, + vr 
. dr 


The inequalities o, > o, > o, demand in the plastic region that 


(1 — 2v)o, + (1 —v)k — Ee, + ExT > 0 


z 
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°,, y 
(1 2v) a, Ee, 


and 


The radial displacement u and the equivalent 


in terms of o,. Since the dilatation is purely 


du 


Substituting from (1) and (13) 


2v) (1 


E 


du (1 


dr 


r 
On integration, 


(1 


2v) (1 v) , 
2 7. 


, 
E . 


where C is a constant. The strain component, €». 


2v) (1 


E 


u (1 


r 
The strain component, «,, 


du 
dr 


is define 


and (13) f 


The plastic strain component, «,?, 
from (17) for «, and from (5), (1 


Similarly 


r 


E dr 


used «,” 4 «! 


Alternatively we could have 


The equivalent plastid strain 1950 


is the ratio 


sign of de,” is tl 


It has been assumed that the 


and that it is positive This will be the case 


BLAND 


EaT > 0. (135) 
plastic strain €? will be determined 


elastic, 
BaT. 
v) aT’. 


2(1 


2ve. 


*r 
2(1 + v)a Tr dr 


Is 


1 f? 
2(1 + yv)2 | Tr dr 
,2 
d 


d a ae Substituting 


or 


0 to derive (20) 


30) 


is 


} ) 


c sare throughout the deforn 


when the internal pressure | 
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major external force and it is increasing. When de,” is always negative, a negative 
sign appears on the right-hand side of the above equation. Substituting from 
(19) for «,”, 
2 (C 
Vy 3 |r 


rT dr — T)). (21) 


The constant C is determined by the condition that €? 0 in the elastic region. 
When no elastic region exists, another condition will be needed — such as the value 
of u at either r aor? b. But in this case it is doubtful whether the analysis 
of this paper would be sufficiently accurat Changes in the geometry of the 
tube would need to be considered when applying the boundary conditions. 


In the plastic region, by (1) and (7), 


da 
r r 


lr 


Therefore, in the plastic region, 
R . : x | aiz “Tr dt T i}. (235) 
\ 3 |,2 E \ 2 : | 
The yield stress curve gives k as a function of €?. Taken with equation (23), this 
curve enables k and e? to be found for each point (co-ordinate r) in the plastic 
region. 

When the temperature 7 is not varying with respect to time, it satisfies 
Laplace's equation. For dependence on the evlindrical polar co-ordinate r only, 
the equation ts 

d* T 1daT 
dr?" + dr 
with the solution 


T M4+Ninr 


where the constants M and N are determined by the conditions on the inner 
and outer surfaces of the tube. If the inner and outer radii are a and b respectively 


and the corresponding temperatures a and 7, then 


T ind’ T, Ina 
a , 


In b In a 


M 


T, T a 
‘ e.. (27) 
In b Ina 

It is assumed that equation (24) remains valid when the tube is under stress in 
both the elastic and plastic states, i.e. that the coefficient of heat conductivity 
is independent of whether the material is under stress or not. The heat conducted 
across the tube per unit length 22raN where o is the coefficient of heat con- 

ductivity. 

We now proceed to determine ¢,, first in the elastic and then in the plastic region. 
In the elastic region substitute for «, from (2) into (4) and for «, from (3) into (5). 
Eliminate u from the resulting two equations and substitute for o, and o, from 
(1) and (13). This gives the following differential equation for cg, : 


Substitute for 


( 
1 


“ he re 


w he re 


Ke 


If is the radim 


, 


4 IncTeases 


exist in the 
of the tub 


tubs 


, 


Ko 


where 


From (31) 
elastic 


red 


region 


o 
z 


ko 
Substitute for o, 
determines C as 


Tr 


ind ¢ : 


BLAND 
Ex 
l 


1dT 
dr 


vr 


from (2 and integrate 


EaN 
(] 


In? 
° 


vi 


ire constants Yielding occurs, from { 7). when 


) and { 


initial yield stress substitution from (29) 


into (380). 


at the 


5 


plastic-elastic interface 


EaN 


(31 


y 


Therefo 


will be 


as decrease s. re 


if both elastic and plastic 
the 


g This determines ( 


regions 


the elastic re gion outer ome On the outer surface 


Substituting for ( , and ( 


bh 
8 in 
" 


(82) 


EaN 
0 —_ 
2(1 v) ko 


Substitute for ¢, in (1) and (13 


to obtain CO, and o, in the 


l 
6 In 
> 


0 (84) 


+ 28 In’ — 26lnr — W (85) 


and 7 into (21). The condition ¢” = 0 in the elastic region 


EaN 


aii —wv)k 
2(1— v) 


2_ Ul 0/1 4 2 
)p (1 + 8) (86) 
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where the lower limit of the integral has been taken as zero. Substitut- 


ing for o,, T and C in (17), 
Eu 1+y p* | q | 
= (1+ 6)% +(1 —2)(1 4 (1 i 
kor 2 r2 ")\i ko} 
EaM 
=? + (1 +») —— 4 *) 9 (2Inr — 1). 


v) 


ko ko 


In the plastic region, from (1) and (7), 


On integration 
K, K constant. 
at r p, equate values 


Since ¢, is continuous at the plastic-elastic interface, i.e. 


of o, from the above equation and from equation (32) at r p to determine K. 


Whence 


2 b 
+(1 + 6) (1 3)  @ln 
} 


) 1 [°k 2 b 
F 1. | + 4 + @) _ 6 In 
ko ko ko J6é b? p 
When the internal pressure is given, (39) determines p. 


Substitute for 7 and C from (25) and (36) into (238): 


ro ° 2 ) P 
E € - ( l b ) I 1 @ ’ f k 
ko Js | Pe ke 


g\. 


The yield stress curve expresses k as a function of @?, 


k = k(€?). (41) 


Equations (40) and (41) determine €? andk for each r once p is known. To determine 


p we proceed as below. 
In the integral k dr/r which occurs in equations (38) and (39), we change the variable of 

Jf 

integration from rto «?. MANNING (1945) adopted this procedure in the case of a tube of plastic- 

rigid work-hardening material under internal pressure only. We first differentiate (40) with 


respect to «” to give 
p*1 dr 1 dk)\ 


. + 8) 3 : - — 
V3E rrdeP kode} 


. P . 
Eliminate from the above equation using (40) 
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Whence 
V B3E 
rep, = 2 (1 
0 27/3 EP 
2(1 — v*) 


Sek dr 
| = K (e?), 


, T 


+ 


where K (¢”) is defined as the integral on the right-hand side of (43). Note that K («”) is a function 
of «” which depends only on the properties of the material of the tube and on N. Equations 
(38) and (39) can be written 


$(1 + a) (1 


and ‘(1 @) 1 
ko 
where K, (¢”) denotes the value of K (e”) at r = a. 
The function K («”) must in general be determined by numerical integration making use of the 
yield stress curve, k = k(e”). Once this has been done, the remaining computations are simple. 
Guess a value of «” and r a. Find k, and K,. Using (40) at r a, determine p from 


a® (3 E(),24 . ky 
t+O@\2(1—-wv)ky ky 


a 


+ @}- (47) 


Substitute p and K,, into (45) to give a value of p. Repeat for a number of guesses of €” at r = a. 
Plot p against («”),_, and determine the value of («”),_, for which p is the given internal 
pressure. Find the value of p corresponding to this value of («”),_,. The numerical integration 
of K («”) will need to be taken as far as the highest guessed value of («”), o 

Once p has been found, the values of a,, a9, o, and u in the elastic region can be found from 
(32), (34), (35) and (37). To determine these quantities for a particular value of r in the plastic 
region, (40) and (41) are solved for «” and k — the intersection of the straight line, equation (40) 
in the «”?, k plane with the yield stress curve. o, is evaluated from (45), then o, from (7) and o, 
from (6). Substituting for T and C into (17), 


Eu a, vE«, (1 + v) EaM , 
(1 — 2v)(1 + v) - 4 + (1 — *)@(2Inr — 1). (48) 
Kot ko ko ko 


This completes the solution apart froin verifying that og > o, > a, in the plastic region, that no 
difference between two principal stresses exceeds or equals k inside the elastic region, and that 
the inequality (31) is satisfied. 


The internal pressure p, at which plasticity commences at the bore is found 
from equation (39) by putting p =a. It is 


P._ F b 
‘ +4(1+8@)]1 @ In -. 49 
ko ko ‘ b . a \ 


The internal pressure p, at which the whole tube becomes plastic is found from 
equation (45) by putting p = b. It is 


’k dr 


Tr 


(50) 


Pp = 9 +(K,(€?)), 25 or Pp=q 4 | 


It is seen from (50) that p, is independent of N for a non-work-hardening material 
and from (43) that it is dependent on N for a work-hardening material. 


Elastoplastic thick-walled tubes of work-hardening material 217 


The dimensionless quantity @ can be expressed in terms of the heat conducted 
through unit length of tube, H = 270 N, as 


P EaH 5 
47 (1 v)o ky (51) 


@ is a measure of the effect of the temperature differences on the stress system. 


8. A LiInEAR WOoORK-HARDENING MATERIAL 


Since the equivalent plastic strain rarely exceeds 5°, the yield stress curve can 
often be replaced with sufficient accuracy by a straight line, 


i.e. k k, (1 r 7) €?), (52) 
Using this equation, explicit expressions will now be found for the stresses and 
displacements. 

Equations (40) and (52) are solved for k and €?. This gives 


and 


where 


It follows that 


; k 2 
np) in? + *o nB ep 
oS r 2 a: 


. 


and, by substitution into (45), that in the plastic region 


2 b 
= \ _- | 7 Pp 
$(1 +) (1—F) + oln et ie eno 


Since o, —o k in the plastic region, 


r 


2 2 
ve (1 +6) —S (1 id + Ola? — 
ko b? 2 b? p 


Substituting for o, and o, in (6), and using (10), 


8 3 b 2v 
p p 2vq p 
j é(1 + 29 In - — 2v (1 — nf)! 
* | B) A a eee 
} Tod 
~~ _ =e 2(1 —v)@lnr 
ko ko 


: — ' : Eu : :, 

Substitution from (56) into (48) gives . An alternative expression to (53) for 
or 

«” is obtained by substituting for 8 from (55), 
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Ee? : 
ke 


2 
(1 +0 nB) (5 1). 
\r 


p is determined by substituting r = a, o, = — p into (56), i.e. 


p p? 6 q p 7B (p 
- $(1 + 8) (1 3) + @In - yin ? — (6 1). (60) 
ko ’ b? p ke \ 1B a 2 \a* ( 
Examination of equations (56) to (60) shows that the effects of linear work-hardening 
is expressed in the equations for stress and strain through the parameter 78 or 


4. Tae INEQUALITIES FOR NON-WoRK-HARDENING MATERIAL, CLOSED ENDs 
AND g 0. 


When the yield stress does not increase with plastic working, k = kg. The stresses are obtained 
from equations (56) to (58) by putting » = 0. When the ends are closed, the total axial force 
P 7 a* p. Substitute for P, put q = 0 and T M + Ninr in (12). This gives 

a” b* In b a* Ina 


(i 2v) 7 + EaM + 2(1 v) ky @ 


E . 
. b? a* b- 


z 


Substituting into (58) and putting » = 0 and q = 0, 


p* b p 
v0 (2 , + 2v@ In 2v In + (1 _ . 
b? p r a* ko 


2(1 v)@ 


by a* 


6b? In b — a* Ina 
; Int ) 


The stress distribution must satisfy og > o, > o, in the plastic region and no difference between 
two stresses must exceed ky in the elastic region. 

Suppose the tube is subject in the first place to a temperature gradient only. The internal 
pressure is increased until plasticity commences at the bore and then increased further until 
the whole tube finally becomes plastic. The condition for the inequalities to be satisfied through- 
out this process will now be found 

In the elastic region the stresses produced by the temperature difference and by the internal 
pressure are additive. Plasticity commences when oc, o, reaches the value ky at the bore and 
the effect of increasing internal pressure is to increase og — o,. Therefore the tube will not be 
plastic at any radius for any p < p,, where p, is given by (49), unless p, is negative. If p, is 
negative, the tube will have yielded due to the stresses produced by the temperature difference 


alone. The condition that p, > 0 is, from (49), 


$(1 4 a) (1 


This is satisfied for all @ <0. For @> 0 it is 


RinR 
R l 


R 
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The inequalities once the tube has become plastic at the bore are now considered. In the plastic 
region the inequalities to be satisfied are (14) and (15). If the left hand side of (14) is differentiated 
with respect to r, it can be shown that 


d (L.H.S. of (14)) ; — 
if (1 2v) Ko EaN 
dr 
when a, is given by (56) with » 0, T .by (5) and e«, by (61). It follows that if (14) is satisfied 
at r a, it is satisfied for all r, a r p 
At r = a, the inequality (14) becomes 


(1 2vy)p+ i v) ko ve, + Ex’ > 0. (65) 


The Left-hand side of (65) is differentiated with respect to p. Only the first term depends on p. 
Since dp/dp 0, d(L.H.S. of (65))/dp 0. Therefore if the inequality is satisfied at p b, 
it will be satisfied for all p, a p b. 
This gives the condition 
Rink 
R—) 


(66) 


When (1 2v) ko + EaN <0, if (14) is satisfied at 7 o, it is satisfied for all r 
At r = p, the inequality (14) becomes 


(1 2v) (o,), o 7 (1 v) ko Ee, t ExT, 0. 


It can be shown that if this inequality is satisfied at p b, it is satisfied for all p, 
and that, at p b, (67) is satisfied for all values of the ratio b/a. 

The inequality (15) is treated in a similar manner. It is first found at what values of r, a r p, 
the left-hand side of (15) is a minimum. Then for these values of r, it is found for what value 
of p the L.H.S. is a minimum. The following inequalities are derived 


In R 
R—1 


, RinR ' 
anc R , . 0 or } . < ; (69) 


When (66) is satisfied, so clearly is (63). It can also be shown that, when (66) is satisfied, so 
is (68) and so is (69) when @ > (1 2v)/(3 2v). For (1 2v)/(3 2v) >8> a 
when (69) is satisfied so is (66). The inequalities (63), (66), (68) and (69) can therefore be replaced 
by 

Rink 


Sat (70) 


P RinR - 
an R 4 ’ _—> ] (71) 


In the part of the tube which remains ela;tic once plasticity commences at the bore, the 
inequalities to be satisfied are jog — o,| <kg, |og — o,| <ko and |o, — a,| <kp, where the 
equality can exist only at the plastic-elastic interface. These relations must be satisfied at the 
interface because otherwise inequalities in the plastic region would be violated. 

In the elastic region, from (32) and (34), 


%@ 


ko 


Co 
. (1 + 0) 
; r 
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@, — o, decreases as r increases from p to b. It is therefore sufficient that 


ky atr b. 


The left-hand side of this inequality increases as p increases from a to b. It is sufficient that it 


is satisfied for p = a, i.e 


It can be shown that (72) is satisfied whenever (70) is satisfied 

The analysis of the other two inequalities proceeds in the same manner although there turn 
out to be a large number of special cases to consider. The difference, o, . say, is first differen 
tiated with respect to r Its maxima and minima in the range p <1 b are determined 
At the maxima eo, o, must be ky, at the minima > ky. The left-hand side of these 
new inequalities is then differentiated with respect to p, bearing in mind that the position of the 
extremum itself may depend on p. If the left-hand side is to be ky, then the inequality must 
be satisfied at the minima of the left-hand side, with respect to p in the range a p b, to be 
satisfied throughout the range and, conversely, if the left-hand side is to be <k, then the 
inequality must be satisfied at the maxima. It can be shown that the inequalities so derived 
are satisfied when the inequalities (70) and (71) : satistied 

The maximum values of the radius ratio b/a for (¢ 1 have been calculated from equations 


(70) and (71). The results are given in Table 


TABLE 1 Marimum radius ratio b/a for 


fe 


max b/a 


(? 


max b a 


EXAMPLES 


In the first three examples a tube of non-work-hardening material with radius ratio 2 is chosen 


Three values of the temperature stress factor @ are chosen 0 0, } and 4. The state of 


Tape 2. Stresses in a closed-end tube 


O-08S5 
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stress is evaluated for p,a 4/3 in each case 


*b 
a’) ! Tr dr is taken 


\s uniform thermal expansion is not of interest 


the mean temperature 2 (b? 


as zero in the calculation of 
~*~ a 
taken as 0-3. The results are given in Tables 2, 3 and 4 


TaBLeE 3. Stresses in a closed-end tube, b/a 


0-671 0-625 


0-089 


TABLE 4. Stresses in a closed-end tube. 


683 501 


0-317 0-499 


316 O79 


I'he stresses o, and co, are roughly the same in all three cases. They become identical when , b 
varies most for @ 4. The real differences however are in the displacements and in the 
<f 


equivalent plastic strains Thev increase with @. in fact is proportional to 1 0 


In the last two examples a tube of radius ratio 4 not subject to temperature gradients is chosen 


The two examples differ in that the one is non-work hardening and the other is work-hardening 
with »8 1/30 In both cases the 


again taken as 0:3 


tube has just become completely plastic, i.e. p b. »v is 
The results are given in Tables 5 and 6 
The effect of work-hardening is mainly evident in the values of c, and a, at the 


bore. The vield 
outside to the bore The 


stress increases 50°, from the internal pressure p increases 15°. 

The inequalities satisfied by the stresses break down for a non-work-hardening material when 
a Oforb/a 5-43. They break down because o, becomes greater than o, at the bore. Examina 
oO, y, at the bore is larger for the work-hardening 
therefore, that the inequalities will be 
of b/a for a work-hardening material than 


tion of Tables 5 and 6 shows that the difference 
material. It appears likely 


sutisfied for larger values 
are given in Table 1 
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Stresses in a closed-end tube, b/a 


Tassie 6 


oov 


6 Exvastic UNLOADIN« 


The effect of removing the temperature differences and the internal and external 
pressures is now investigated 

If the deformation on loading has been purely elastic, on unloading the tubs 
will return to its initial state, i.e. unstressed and no deformation. (By “ loading’ 
is meant the application not only of internal and external pressures but also of 
the temperature differences, and by unloading the removal of the pressures 


and of the temperature differences). The final state can be considered as the super 


position on the initial elastic stress system of the elastic stress system obtained 


on changing the signs of the originally imposed pressures and temperatures. This 


second system, denoted by a prime, is given for closed ends q 0 and 


*b 
Tr dr 0) by 
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] I 
»/k, + Olnb/a 6 In b/r, 


l l 
(p k, tL @lnb a) | - - 4 @ in b/r + @, 
a* ij 
(p/ky + 26 In b - 2 20 In b/r + @, 
v) @ In b/r (1 + v)(p k, 


~ In b/a, 
2 


and 


Residual stresses — elastic unloading of tube of Table 2 


050 


0-219 0-350 0-325 0-300 


0-043 0-090 0-090 0-090 


Tasie 8. Residual stresses — elastic unloading of tube of Table 3. 


where p and @ refer to the loading not to the unloading process. The residual 
stress system, which will be denoted by two primes, is the sum of the system 
produced by loading and that produced by unloading, Le. 


ete. (78) 


When the loading was purely elastic, o,”’ = 
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Now suppose the loading has been such that a small region of the tube 
around the bore has become plastic. On unloading, the stresses will not return 
to zero, but it will not be expected that they will be sufficiently large to violate 
the yield criterion at any point. In this case the unloading will be elastic and will 
be given by equations (73) to (77). The residual stress system is given by (78). 

In Tables 7, 8 and 9 the residual stresses are given, on the basis of elastic unloading, for the 


first three examples of the last section 


TABLE 9. Residual stresses — elastic unloading of tube of Table 4. 


1-6 ‘ 1-85 


037 ‘024 ‘013 


0-111 0-176 0-163 0-151 


0-021 0-046 0-045 0-044 


Examination of Tables 7, 8 and 9 shows that the residual stress distributions do not violate 
the yield criterion, maximum principal stress difference less than k), except that at r a in 
Table 8 o, og 1:196k,. Tables 7 and 9 therefore give the correct residual stress distribu- 
tions ; Table 8 is incorrect as the tube again becomes plastic at the bore. This requires further 


analysis. 


UNLOADING WITH FurRTHER PLastic FLow 


A work-hardening tube is considered, which when loaded is plastic fora <r < p 
and elastic for p <r <6. On unloading yielding again occurs for a <r < p’, 
but no further yielding occurs for p’ <r < b. Since yielding on unloading occurs 
only after yielding on loading but need not necessarily occur in this circumstance, 
it is reasonable to suppose that p’ < p. 

Let a double prime denote a component in the residual state, and a single prime 
the addition during unloading to the loaded value of the component, which in its 
turn is unprined. For a <r.<p’, 


. Ty a (79) 


assuming that co," >@,'’ > o,''. The position of o, and o, are interchanged com- 


pared with loading. The equation of equilibrium, (1), must be satisfied. Eliminat- 


ing a,’ from (1) and (79) 
(80) 


k’’ in general is a function of ¢'’?. 


e'P = gP? + =, 
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where €” is the equivalent plastic strain during loading and ¢’? that during 
unloading. 

In deriving (21) for €” it was assumed that de,” has the same sign throughout 
the deformation and that it was positive. In unloading de,’? has the same sign 
throughout and it is negative. Therefore 


2 , 
— V3 e,”. (82) 
The equations developed in earlier sections for loading are valid for unloading, 
except equations involving the yield stress or the equivalent plastic strain. The 
reason is that the former equations are based solely on the theory of elasticity. 
Equation (19) is still valid, and so 


2 2/ 1 


- «,'? _= C'| 
/3 * 1/8 | E 


rp} 


qe?= 


9 fr 
"(5 | T’ rdr —T')\4 


The temperature differences are removed on unloading, i.e. 7” T 
Substituting for «’? and for 7” = M — NInr into (81) 


Ee"? Ee? 
ko 
From (7) and (79), 


Tp) 


in the plastic region. At the plastic elastic interface, r ', ke } f, and 


1 do,’ 


2k.atr - (84) 
r dr ‘ 


Using (84) and o,’ = q at r = b as boundary conditions for the differential equation 
(28) in the elastic region, 


"oy k 0 p* p’? b q " 
7 (if +5) (5 =) rm. +e san 


ko r 0 


e’’? = ©” for r > pp’. Substituting for o,’ from (85) into (838), C’ is determined. 
Whence 


vy?) |r do,’ 


\ky dr 


=~ 


(87) 
ky V 3 0 ‘o 


Ee? 2(1 7 e 
k 


Equations (80) and (87) taken with k = k(e€”) suffice to determine o,” in the 


r 


plastic region. The boundary condition on (80) is that a,’ 


r 


is continuous at r = p’. 


Substitute r = a, a," = 0 into the equation for o,”’ to find p’. The solution for a 
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general yield stress curve proceeds as formerly in the development of equation 


(43). In the following the linear work-hardening law 
A (1 + ne?) (52) 


0 


will be used. 
Substitute fork’’ from (52), for k and k,, from (54) and for €” from (59) into (87). 


mB (CE 1} (88) 


0 


r? 


y*) (1 + nB) (2 
V 8 ] 
Substituting for €'’? from (88) into (52), 
k’’ »? 4 
L wf (© 1] L nB 
k r’ 


0 


Substitute for k’’ and k from (90) and (54) into (86) and integrate. 
2+ 6 278 
278 + nB ; Inr 


T 7 Bp? 


where A is a constant determined by making oc,’ continuous at r p’. Equation 


; — A wf 
(91) is valid for a <r <p’. Substitute — + nB | — 1) into (85) to give 


( 2 2 r,] 2 - h 
- nB ud ‘ , nB + (— 8 In j . < < b. (92) 
k, r? 2 r? r . 


Equating (91) and (92) at r = p’ determines A. Substituting back in (91), 
b? 


l 


) 
f 


0 27 b 2 2 
PY in 4 @ In nB (5 p 
L @ p ' r 


p’ is determined by substituting r = a, o, p into (98). 


Co 


» is found by substituting for o,’ in the equation of equilibrium (1), Le. 


do,’ 
, 


dr- 
co,’ is found by substituting o,’ and oc,’ into equation (6), 


v, v (o, T Ee. t EaT 
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since €, , and T T’; and u’ by substituting o,’ and C’ into equation 
(17), 


v) ExaM 


(1 v*)@(2\n) 


The residual stresses and the residual displacement ine found 


and 


In Tables 10, 11 and 12 the residual stresses are given for the 


loaded stresses are given in Tables 3. 5 and 6 


ran.ie 10. Residual stresses in a closed-end tube. b/a 


PaspLe 11 Residual stresses in a osed-end tube. b 


0-430 0-632 


159 


is seen from Tables 10. 11 and 12 that eo is the intermediate principal stress in that 
tube that ts plastic on unloading and that the vield criterion is not lated in 


Is elastix 
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Provided @ > 0 the method of unloading is unimportant, i.e. it is immaterial whether the 
internal pressures are removed first and then the temperature gradient or vice-versa or both 
together. If @ <0, the internal pressure and temperature gradient produce stress distributions 
which differ in sign. In this case on unloading one external effect must not be removed by itself 
if the other external effect is sufficient to produce plasticity by itself. For example, if this were 
not done in the example of Table 4 and the temperature gradient were removed first, the the stress 
system would become that of Table 2 and, on removal of pressure, would be that of Table 7, 
not that of Table 9 


TABLE 12. Residual stresses in a closed-end tube. b/a 1/30; p’'/a = 1-107. 


312 | 206 |— -101 
0-190 0-438 0-629 


‘O37 0-070 0-159 


1-052 1-026 


8. FurRTHER CONSIDERATIONS 


Suppose a tube not subject to temperature gradient has been loaded and un- 
loaded and, that during the latter process, some plastic flow has occurred. On 
the assumption that on reloading plasticity commences again at the bore, at 
what internal pressure will plasticity recommence ? 

Plasticity recommences when o, — o, =k’ at the bore. The residual stress 


distribution had a, o, k’’ at the bore. Since the stress distribution 


superimposed on reloading is additive, plasticity commences when the superimposed 


stress distribution, denoted by a bar, is such that at the bore ¢, — o, = 2k”. 


If in the initial state, the tube had commenced to yield at internal pressure p, 


then on reloading it commences to yield at an internal pressure 7; For a 


0 
non-work-hardening material the internal pressure at which yielding fecommences 


is just double that which caused yielding in the initial state, irrespective of the 
amount of yielding which had previously taken place. 

In the presence of temperature gradients the above remarks require modification 
as the strseses in the completely elastic state are no longer proportional to p 
(see equations 78 and 74). 

There are a number of interesting problems which suggest themselves as exten- 
sions of the matter of this paper; for example shakedown, solutions for values 
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of b a greater than those given by (70) and (71), solutions for large plastic deforma- 
tions of the whole tube, and the effect of transient temperature gradients. 

Shakedown is a state achieved in continuous loading and unloading. At first 
plasticity occurs but after a certain number of reversals plastic flow ceases and the 
stresses and displacements are superimposed elastically. Does this occur with 
thick tubes? It does for the example of Tables 2 and 4 for no plasticity occurs 
on unloading, and on reloading the states of Table 2 or 4 would be reached again. 
For the other examples further plastic flow occurs on reloading and it is necessary 
to follow each loading and unloading separately until no further plastic flow 
occurs, 

Solutions for large values of b,a have been obtained by Korrer (1953) for non 
work-hardening tubes not subject to temperature gradients. He finds that an 
inner plastic region is formed where o, a,. It needs to be investigated whether 
this remains true for the more general case considered in this paper. 

In considering the effect of large plastic deformation, it is necessary to take 
into account the change in radii of the outer and inner surfaces of the tube when 
applying the boundary conditions. This was done in the solution for the problem 
of the expansion of a hole in a plate by ALEXANDER and Forp (1954). For a closed- 
end tube the amount of expansion permissible is limited by the ends. If the centre 
sections expand too far, the assumption of uniform conditions along the length 
of the tube is no longer valid. For open ends or plane strain this objeetion does 
not apply. 

The effect of a varying temperature is easy to assess if it does not produce 
plasticity at any stage. If it does, then a step by step analysis of each variation is 
necessary. It is to be assumed that the temperature varies slowly enough for 
elastic and plastic wave effects to be neglected. If this is not the case, it is necessary 
to add an additional term to the equilibrium equation (1). The mathematical 
problem is then so different as hardly to be classified as an extension to the results 


of this paper. 
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at 500°C for four hours to produce a grain size of approximately 4mm.*. The 
samples were pulled in a constant strain-rate machine which uses a strain-gauge 
load cell to measure the load continuously. This machine was actually designed 
to pull specimens of one-inch gauge length at a constant true strain rate. In order 
to obtain the low stresses desired in this experiment it was necessary to use a 
0-505 inch-diameter-specimen. For this diameter, a two-inch gauge length is 
more suitable. Our strain rates are therefore not perfectly constant. However 
the variation in stress because of this nonuniformity in the strain rate is only of 
the order of 5° and thus is not serious. The variation in strain rate is large 


,), but in a plot such as Fig. 2 or 3 the error is small. 
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Stress strain curve for various temperatures and strain rates. 


8. ReEsULTs 


Fig. 1 shows the types of stress-strain curves which were obtained. In general 
the lower the applied stress the longer is the region where the stress is almost 
constant. It was not possible to go to as high stresses as did Servi and Grant 
because in the higher stress tests, the stress was still rising sharply up to the highest 
strain (see Table 1). The data from all tests are listed in Table 1. 


*Note that some tests were run at 550°C, Table 1. The value of these tests is, of course, doubtful 
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4. Discussion 


A creep law derived from a dislocation model (WrERTMAN, 1955). which should 


be applicable in the present case for polycrystalline samples, is 


steady state creep rate Ac’! sinh ( Bo' 785 (RT) exp ( Q@ RT) 


Taste i. 


Temperatur Average strain Steady state** 
rate h-*. stress dynes /cm? 

1sO 0-012 x 108¢ 
150 0-0012 < 105¢ 
150 0-00012 x 107+ 
200 0-12 <x 10% 
200 0-012 < 108 
250 1-2 ‘ 105¢ 
250 0-12 <x 108° 
250 0-012 5 x 107 
800 1-2 108 
Sn, 0-12 107 
300 0-012 x 107 
350 1-2 107 
354 0-12 < 107 
854 0-12 x 107 
00 1-2 5-2 x 107 
Woo 0-12 < 107 
$50 1-2 i 107 
$50 0-12 <x 107 
$50) 0-012 x 107 
500 12 : 107 
500 0-12 107 
500 0-012 x 108 
500 0-0012 x 108 
550 1-2 107 
550 0-12 5 x 10° 
550 0-012 6-2 x 10° 
550 0-0012 B7 x 10% 


*Stress at largest strain. The stress was still rising sharply at the highest strain 

tCrept only to a strain of 0-11 instead of 0-4. Stress at the strain of 0-11 

[The stress cycled during the test between this value and a value approximately half of this. 
**Measured at strain of 0-4 


where a is the stress, R is the gas constant, T is the absolute temperature, A and B 
are constants, and @ is the activation energy of self-diffusion. At low stress this 
equation reduces to 


creep rate = K = AB (o** RT) exp (— Q RT). 


In the present experiment, the strain rate would correspond to the steady state 
creep rate and the stress would be steady state stress. 

In Fig. 2 is given a log-log plot of the data. It can be seen that the data lie 
on a straight line with a slope of 4-4. The activation energy of creep is 36,000 


Creep of polycrystalline aluminium as determined from strain rate tests 
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Fig. 2. Logarithm of KT exp(Q/RT) plotted as a function of the logarithm of the stress. 


+4 10%. * Present work | | T I 
= ° Servi and Grant 
8 1923|_° iat crystal 


10°? = 


| 
| 


+- ? 


= 

+--+ 
} 
+ 
| 


10" 
107° 


10'9) 


+ 


oe | 


dina ——__+—____ + 


0 
Stress dynes /cm? 
Fig. 8. Logarithm of KT exp (Q/RT) plotted as a function of the logarithm of the stress, 


234 J. WeerTMan 


cal ‘mole. The dashed line shows theoretical values calculated from equation (2). 
Agreement between theory and experiment is to within an order of magnitude. 
In calculating the theoretical curve, the same values were used for the terms 
entering into the expression AB as were used previously (WEERTMAN, 1955) except 
that a grain size of 4mm was used instead of 1 mm and the critical shear stress 
was taken to be 10° dynes cm? instead of 3 x 10° dynes cm*. The higher value 
cannot be used since creep is observed at stresses lower than this in single crystals 

In Fig. 3 is given another log-log plot of the data. Also included in this plot 
is the constant stress data of Servi and Grant and data on single crystals of 
aluminium. The single crystals were made from the same stock of aluminium 
as were the strain-rate samples. The purity of this aluminium is about the same 
as that used by Servi and Grant. It can be seen that there is good agreement 
between the three types of experiments over most of the stress range. Theory 
would predict (WEERTMAN, 1955), however, that the single crystals should have a 
temperature compensated creep rate of a factor ten greater than the polycrystalline 
samples. 

Since the grain size of our specimens 1s about the same as that of most of Serv: 
and GRANT ssamples, we may conclude that constant-strain-rate tests and constant 
stress tests lead to the same results. In other words, the path through which a 
specimen Is led into the steady-state region has no effect on the re lationship between 
stress and creep rate in this region. This demonstrated insensitivity to the type 


of creep test, then, is the main result of this paper. 
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FLANGE WRINKLING IN DEEP-DRAWING OPERATIONS 


By B. W. SEnror 
University of Sheffield 


(Received 81st March, 1956) 


SUMMARY 


THE critical dimensions of a deep-drawn flange and the number of waves into which it will collapse 
on wrinkling are predicted on the bases of the stress/strain curve of the material and the flange 
geometry. 

Further terms are introduced to allow for blankholding pressure of different types and the 
results obtained are shown to agree well with experimental observations. 


BLANKHOLDER 


=\e 


Di = die shoulder dia 
O.= die throat dia 
D = outer dia of blank 


Dh= hoop stress 
Gr = radial stress 


(b) 


Fig. 1. (a) Deep-drawing tools. 
(b) Stresses in a flange segment. 


1. INTRODUCTION 
In the deep-drawing operation an initially flat blank is drawn over a radiused 
die by a profiled punch, the shape of which governs the form of the finished com- 
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ponent. Fig. 1 (a) shows a typical arrangement for the drawing of a cylindrical 
shell or cup from an initially flat circular blank. During the drawing operation, 
the outer flange of material is subjected to a radial drawing stress, o,, and an induced 
hoop stress, o,, as shown in Fig. 1 (b). Under the influence of this combined stress 
system the material yields and plastic flow results. 

For particular drawing-tool dimensions and material thickness there is a critical 
blank diameter, above which the flange collapses into waves or wrinkles under the 
influence of the induced hoop stresses. In drawing blanks smaller than this critical 
diameter the blankholder, as shown in Fig. 1 (a), is unnecessary. In the drawing 
of deeper shells where this critical blank diameter is exceeded, a blankholder is 
employed to restrain the wrinkled wave form by providing a lateral surface pressure 
to the flange. 

In general, the blankhoider load may be applied in either of two separate ways, 
or by a combination of the two. In the first case a constant load is applied by 
pneumatic or hydraulic pressure so that the total load on the flange surface is 
substantially independent of any lateral deflection of the flange surface. In the 
second case the loading is provided by springs or by the stiffness of the holding 
down bolts of the blankholder plate giving rise to a surface load which is a linear 
function of the lateral flange surface deflection. 


2. Use or Enercy MeEtTHop To DETERMINE CRITICAL CONDITIONS 


In general there are two ways in which stability problems may be solved. In 
the first the differential equations for the system in equilibrium are set up and solved 
to give the critical load conditions directly. This method is typified by the Euler 
solution for the buckling of longitudinally loaded struts (e.g. WesterGaarpD and 
Oscoop 1942). Alternatively, a deflected form may be assumed for the system 
and the component quantities of potential energy related to a small deflection 
evaluated. When the total energy tending to restore equilibrium is greater than 
that due to the forces displacing it the system remains stable. Equating the 
two energy values gives the critical condition. 

In the wrinkling of a deep-drawn flange due to lateral collapse under the induced 
hoop stresses, the energy terms involved are of three main types : 


E 


p the energy due to bending into a half-wave segment of the wrinkled 
flange. 
E,,, the energy due to the circumferential shortening of the flange under the 
hoop stress, 
and E,, the energy due to the lateral loading of the flange surface. 

During the drawing operating the inner flange periphery is, in effect, firmly 
clamped between the punch and die radii. Thus the effective resistance of the 
flange to wrinkling is increased. In considering the deflections of an annular 
flat plate rigidly constrained around the inner edge and uniformly loaded around 
its mean radius Mor.ey (1954) has shown that the deflection at the mean radius 


is proportional to the load applied according to the relation 


Cqb* 
8EI 
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where g is the transverse pressure, ) the flange breadth, E is Young’s Modulus 
and J is the second moment of area of the flange section about a radius through 
the centre of the section. C is a constant depending on Poisson’s ratio and the 
ratio of the flange outer and inner radii, r. GecCKELER (1928) has calculated 
values of the constant C over the range of values of r from 8 to 10 and shown 
that it varies between 1:03 and 1:11. Thus, for the purposes of the present 
work, a mean value of 1-07 is assumed. Rearranging (1) and substituting this 
value of C, we obtain 


ps (2) 
It follows that the effect of the constraint around the inner flange periphery can 
be simulated by a transverse loading around the flange centre line proportional 
to the deflection at the point considered. 

In addition, lateral loading components are introduced by the use of a blank- 
holder and where the blankholder is of the spring type, the load is proportional 
to the lateral deflection, whilst a hydraulic or pneumatic blankholder exerts a load 
substantially independent of the deflection. 


3. SELECTION oF ASSUMED DEFLECTED Wave Form IN WRINKLING 


In the most general case the deflected form of a buckled bar or flange segment 
of length | can be expressed in the form 
n—->= 
y = 2 y, sin = (8) 
n=1 l 
TIMOSHENKO (1936) has shown that for a straight strut the use of the first term 
alone in this equation predicts the critical load sufficiently accurately so that it 
is considered adequate to assume a wrinkled wave form 


y = y sin 7 (4) 


where x is the co-ordinate direction along the circumference at the mean flange 
radius and y is the lateral deflection. 

It is also assumed that the number of waves n is sufficiently large for the axis 
of a half-wave segment to be considered straight and that twisting of the flange 
section during buckling may be neglected. 


4. ENERGY COMPONENTS IN BUCKLED HALF-wWAVE SEGMENT: No BANKHOLDER 


Due to lateral elastic bending, the energy stored in a half-wave segment is 


“| d*y 
E EI —~ dz. (5 
B Hl dr ) 


Von Karman (1909) has shown that the conventional elastic bending theory can 
be extended to cover plastic bending by the substitution for Young’s Modulus 
E of a Plastic Buckling Modulus, E, where 
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\y E 4 \ P)* 


P being the slope of the stress /strain curve of the material in simple tension at 
a particular value of strain; it follows that EZ, is a function of strain. 
That the effect of the radial stress may be neglected is confirmed by tests carried 
out by BaLtpwin and Howa.p (1947). 
The length of a half-wave segment / is given by 
an 
l (6) 
nm 
where a is the mean flange radius and n the total number of waves formed. Hence, 


evaluating (5) by means of (4) and then using (6), we obtain 


E. ly mn? 


. 4a® 


E (7) 


The buckling of a half-wave segment reduces its length by 
i dy . 
sft (it)a 
Jo \@ 
5 that tine cre rey rele ased by the hoop stresses 1s 


[ (<2) as (8) 


where o, is the mean hoop stress in the flange, 6 is the flange breadth and ¢ the 
thickness. (It is assumed that the slight thickening of the flange which occurs 
as the drawing operation proceeds may be neglected) 


On evaluating (8) by substituting from (4) and (6) it is found that 


E 


oO, bt ° u . (9) 


H 


Due to the assumed lateral loading of the flange surface q which simulates the 
clamping of the inner flange periphery between the punch and die, the remaining 


energy component 1S 


ae 


: bq dy dz. (10) 


~*~ Od O 


In practice it is uncertain whether a loading proportional to the deflection at any 
particular point in the segment should be taken, 


q = Ky, (11) 
or one proportional to the amplitude of the wave, 
q Ky. (12) 


For this reason it is preferable to substitute in (10) for both conditions and so 
obtain limits between which a transition from stability to wrinkling takes place. 
Using (11) the lower limit becomes 


(18) 


Flange wrinkling in deep-drawing operations 
and from (12) follows the upper limit 


2b Ky* a 


hl 


io 20 30 40 


REDUCTION IN OUTER DiamMETER Vo 
Ra _200 db 
2a +6 


Fig. 2. Number of waves formed in deep-drawing tests without blankholder 


For the lower limit this gives 
Op bt 
and for the upper limit 


Op, bt 


(16) 


Equations (15) and (16) are now differentiated with respect to n to find the condi- 
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tion of minimum hoop stress at the onset of buckling. It appears that the number 
of waves into which the flange would wrinkle is given by 
un a o 
1°65 2-33 ., (17) 
i t 


; } 


and the hoop stress at which instability occurs follows from 


0 16 (‘) wa 0-64 (4). (18) 
b E, b 
It is interesting to note that the result (17) for the critical number of waves n is 
dependent only on the flange dimensions a and 6 and is independent both of the 
flange thickness and the mechanical properties of the material. 

The theoretically predicted limits are shown in Fig. 2 in comparison with experi- 
mentally observed values of the numbers of waves formed in wrinkled pressings 
in pure aluminium (of five different hardnesses), soft 70/80 brass, and commercial 
quality killed steel in thicknesses ranging from 0-083 in. to 0-125 in. Punch diameters 


of 0-75 in. and 2 in. were used in these tests. 
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Fig. 3. Critical curves for soft 70/30 brass without blankholder showing the upper and lower 
theoretical limits. Bars indicate the experimentally observed transition from fold-free to 
wrinkled flanges. 


From (18) it is clear that the factor o,/E, is a function of terms depending only 
on the stress /strain properties of the material, while the other factor (t/b) is 
governed by the geometry of the flange itself. o,/E, can therefore be evaluated 
as a function of strain for a particular material from an experimentally determined 
stress /strain curve. The variation in (t/6) with the mean strain in the flange can 
be calculated for particular values of (t,/6,), t, and }, being the initial values of 
flange thickness and breadth respectively. Thus, both factors in (18) can be 
represented as a function of strain. It has been shown by BaLpwin and Howa.p 
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(1947) that by superimposing the curves of o,/E, and (t,/b,) against strain plotted 
on the same scale, and adjusting them relative to one another at right angles 
to the strain axis, the points of tangency for particular values of (t,/b,) can be 
obtained. Thus, a relationship between (¢,/b,) and mean strain is derived. For 
convenience in experimental work this is converted to a graph of reduction in outer 
diameter of blank R = 2b/(2a + 6) against initial blank thickness to diameter 
ratio, t,/D,, as shown in Fig. 3. The upper and lower theoretically predicted 
limits shown here are for soft 70/30 brass drawn with a 0-75 in. diameter punch. 
The experimentally observed demarkation between wrinkled and fold-free pressings 
is shown for comparison. The length of the bar in the figure denotes the range 
of the observed transition. In these tests the material thickness ranged fron 
0-022 in. to 0-080 in. Similar results have been obtained for all the materials quoted 
above in connection with the observed number of waves, the correlation between 


theory and experiment being in all cases of the order of that demonstrated in Fig. 3. 
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Fig. 4. The effect of material properties on the number of waves formed under spring blank 
holding. 
Theoretical curves Soft 70/30 brass 
Rimming steel 
Experimental results Soft 70/30 brass 
Rimming steel 


5. MopiFICATION OF STABILITY EQUATION FOR SPRING-TYPE BLANKHOLDER. 


In practice, flanges greater than the critical size are drawn with a blankholder. 
This provides a lateral loading of the flange surface and gives rise to configurations 
of stability other than the initially plane condition. Where a spring-type blank- 
holder is used, the loading is proportional in general to the lateral deflection 
of the flange surface. The surface pressure on the flange is 
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Sy 


; (19 
mab 


q) 
y being the amplitude of the wrinkled wave form and S the spring stiffness of the 
blankholder. When this is added to the lateral pressure simulating the clamping 
of the inner edge, the energy component due to the total lateral loading becomes, 
following (9), 


“1 fy 
E, b(q + q,) dy dz. (20) 


~*~ 0 v7 @ 
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of 10° 104 10° To 10 
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Fig. 5. The effect of material thickness on the number of waves formed (under spring holding) 
in drawing test on soft 70/30 brass. 
Theoretical curves 0-036’ material 
0-012’ material 
Experimental results 0-036"’ material 
0-012’ material 


Using the upper limit stated in (12), this becomes 


P 21) 
nab 4n \ 


E, =b (K } 
whence, using E, + E, = E,, E, and E,, being as stated in (7) and (8), it follows 
that 


o (22) 


a (“4 =( E,l " *)). 


- t 
" Obtamn\ @ n\ b ma 
This is stationary with respect to n when 


(i4 388 }! 
a tT . 
| b* E, bat*} 
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The first term due to the lateral loading representing the peripheral clamping is 
negligible except at very low values of S and for practical purposes the equation 


may be written as 


S i 
od 3 
n l-4a (= —, ° (24) 


In evaluating this equation it is necessary to idealize the stress strain curve for 
the material, assuming a constant strain hardening rate. 

Fig. 4 shows the theoretically predicted variation in the number of waves between 
0-012-in. and 0-036-in. soft 70/30 brass drawn on 2-in. diameter tools, for a wide 


range of blankholder stiffnesses. 
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Fig. 6. Effect of variation in initial blank diameter on the number of waves formed in the drawing 
of 0-036” half-hard 70 /30 brass over a 4-00’ — diameter die under clearance blank holding conditions. 
Theoretical curves Initial elastic waves -— — — - 
Final plastic waves ——————— 
Experimental results Initial elastic waves o 
Final plastic waves x 


Fig. 5 demonstrates the effect of different materials, 0-036-in. soft 70/30 brass 
and rimming steel, on the number of waves formed using the same tools. The 
experimental results lie in two distinct groups. Those on the left were obtained 
using coil springs of various sizes behind the blankholder plate, while for those 
to the right long studs of varying diameters were used to give the higher stiffness 
values required. 

Fig. 6 demonstrates the effect of the variation of initial blank diameter on the 
number of waves formed in 4-in.-diameter cups drawn from 0-0386-in. half-hard 
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70 ‘30 brass. These tests were carried out on a 100-ton-capacity hydraulic press 
fitted with a clearance type blankholder. The spring stiffness of the blankholder 
plate clamping mechanism was calculated and checked experimentally. The 
upper curve is obtained using an idealized strain-hardening characteristic and 
corresponds to the plastic wrinkles formed in the latter stage of the drawing opera 
tion. The lower curve is based on the elastic modulus of the material and is com 
patible with the lower number of waves formed elastically in the initial stages 
of wrinkling. These separate phases of wrinkling may be clearly discerned on 
drawn cups and the experimental points agree well with the theoretical predictions. 

It is important in all deep-drawing operations that the number of waves developed 
in wrinkling be relatively large in order that the resulting wave amplitude shall 
be small. This permits ironing out of the wave tips as the drawn body passes through 


the die throat without causing an unduly high built-up of punch load. 
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Fig. 7. Theoretically predicted variation in maximum wave amplitude during the drawing of 
a 4° - diameter blank of 0-036’ rimming steel into a 2” - diameter cup. 


Experimental measurements o 


6. BLANKHOLDERS EXERTING A CONSTANT Loap. 


In the previous Sections the lateral pressure on the flange surface has been 
considered proportional to the deflection of the surface. Where a pneumatic- 
or hydraulic-type blankholder is used the surface pressure is usually very nearly 
constant. 
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Thus, a further energy term must be added to the stability equation 


Eq 


where @ is the total load exerted by the blankholder. The stability equation 
then becomes 


Ex T E, ‘9y Ey, 


Substituting for E,, E,, and E,, from (7), (9) and (18) as before, we derive 


~n T 


E, bt® 0-69 a® E, t® 
a® b8 n? 


o, = 0-083 


Proceeding as before, we find 


1-34 E, a*t® + 2-54 .a* b® Q/y]* 
E, b* # , 


“0 


(26) 


It can be seen that in this case the number of waves and the wave amplitude are 
interdependent. 
Rearranging (26) : 


15-3 Qb® a® 
E,, t® (6* n* — 8-04 at) 


Y (27) 
Fig. 7 shows the theoretically predicted wave amplitude for a particular case 
based on the number of waves counted at each stage of the operation and the 
experimentally measured wave amplitudes are included for comparison. 


CONCLUSIONS 


It has been shown that the conditions of stability in a deep-drawn flange without 
a blankholder may be predicted by an energy method. From the resulting equations 
it is apparent that the number of waves formed is independent of the mechanical 
properties of the material and of the material thickness and that it tends towards 
infinity as stability is approached. 

It is found that, while the critical flange dimensions are dependent on the material 
properties, there is little difference between the normally used strain-hardening 
materials and that the critical diameter is affected to a far greater extent by the 
geometry of the drawing tools and the material thickness. 

The introduction of a term representing the stiffness of a spring-type blank- 
holder leads directly to a solution for the number of waves formed and this number 
tends to increase as the blankholder stiffness increases. The effect of material 
properties is again shown to be slight. 

For a constant-load blankholder where the surface pressure is independent of 
the wave amplitude, it is shown that the number and amplitude of the waves 
are interrelated. Comparison with experimental results shows that, while this 
leads to no directly useful result, the relationship observed agrees well with that 
predicted theoretically. 
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ON THE PROBLEM OF UNIQUENESS IN THE THEORY 
OF A RIGID-PLASTIC SOLID—1 


By R. Huw 


Department of Mathematics, University of Nottingham 
(Received 6th April, 1956) 


SUMMARY 


The yield point of a rigid-plastic solid is defined by specifying the velocity » over a part S, 
of the surface and traction F over the remainder Sp. It is known that these boundary conditions 
uniquely determine the state of stress in a certain part of the plastic zone but not usually the 
instantaneous mode of deformation. In that event it is shown here that it is also necessary to 
specify the traction-rate F over Sp, and that this is sufficient to define the mode uniquely (with 
certain continuity restrictions) when the material work-hardens and when changes in geometry 
are negligible. The appropriate mode in a nonhardening solid is obtained by a limitirig process 


in which the rate of hardening is made vanishingly small. 


OuTLINE oF Basic CONCEPT 


Tue solid under consideration is work-hardening and rigid-plastic with an identical 
vield function and plastic potential at each point. It has been shown that the 
state of stress is uniquely determined in a certain zone when the traction F is 
specified over a part S, of the surface and the velocity v over the remainder 
S, (Hitt, 1951).* This zone forms part (or sometimes all) of the plastic region 
and contains all material that can deform at this instant in conformity with 
these boundary conditions ; a method for delimiting the zone has been described 
by Bisnorp, Green and Hixt (1956). On the other hand, the mode of deformation 
in the zone may not be uniquely determined by these boundary conditions alone. 
A classic example is indentation of a plane surface by a flat punch, for which 
there exists a single infinity of competing modes (HILL, 1950, p. 255). Another 
example is a body in a uniform plastic state of stress under suitable surface tractions; 
the corresponding set of modes has been stated by Pracer (1954a). Many writers 
(myself included), when remarking on this indeterminacy, have suggested ad hoc 
hypotheses for its removal or h: ve vaguely speculated that it might not occur 
if work-hardening were somehow to be taken into account. However, in the 
absence of a valid general criterion, the situation has remained obscure and the 
treatment of problems of continued deformation has been seriously impeded. 


The present discussion of this difficulty is restricted to situations where it is 


permissible to neglect positional changes and rotations of material elements 


This is true also for other natural boundary-conditions, ¢.g. normal component of F (or ©) and tangential com 
ponent of » (or F) specified over the same part of the surface. The modifications in the statements and proofs of 


subsequent theorems are sufficiently obvious 
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ensuing distortion.* The restriction does not, however, affect the basic 
cept in the principle proved in Section 2. For a work-hardening material 
states that, when more than one mode is compatible with the boundary 
n F and v, the physically possible mode is singled out by the following 
quirement there must exist an equilibrium distribution of stress 
ompatible with the imphed rate of hardening everywhere in the body and 

riven traction-rate F on | All other modes are merely kinematically 

possible at the instant and imply a hardening-rate for which this requirement 


unnot be satisfied. In short, there is no inherent indeterminacy in general : 


previous difficulties were due simply to inadequate formulation of the problem 
Iti eiterated that this conclusion does not apply without modification when the 
effects of positional changes are paramount, e.g. the necking of a tension specimen). 


Certain exceptional cases with discontinuities require further investigation, 


noweve;r 
When S 0, the stress-rate components individually are, however, not uniquely 


determined in the deformation zone until reference ts made to yet a further boundary 
condition, namely the “ acceleration " v on S_ (which may be thought of pictorially 
as specifying the “ curvature of the strain-path ' This, indeed, becomes 
obvious by regarding the problem of determining the stress-rate as equivalent 
to determining the actual stress at an infinitesimal time di later ; the uniqueness 
theorem of Hit. can be applied to this later instant, having regard to the new 
distribution of hardness produced by the unique mode and to boundary conditions 
specifying the traction F + Fdi on S, and velocity v vdt on S,. When S, 0, 
the same theorem shows, as would be expected, that the stress-rate is uniquely 
determined in the deforming zone by grven F and F all over the surface. 

4 nonhardening material, on the other hand, is on a different footing. No 
uniqueness theorem for the mode can be proved, even with the problem formulated 


n terms of given F and F on S, and v on S,. It seems necessary, therefore, to 


import into the analysis an extraneous physical consideration, namely that the 


proper mode is to be obtained as a limit approached by the unique mode in a 
work-hardening solid as the hardening rate is uniformly diminished everywhere. 
This appears appropriate when the rigid-plastic nonhardening solid is regarded 
as a convenient approximation to a work-hardening metal at temperatures where 
creep and other time effects are negligible. If it is introduced for other purposes, 
however, it may be more appropriate to regard it as a degenerate case of some 
different solid, for instance a viscoplastic materia! in which the viscosity is reduced 
indefinitely. In Section 4 we describe the precise manner in which this limiting 


yrrocess is to be carried out. 
| 


UNIQUENESS THEOREM 


To simplify the notation the components of the stress and strain-rate tensors 


are regarded as constituting “ vectors ” in a space of 9 dimensions and are denoted 


*A full analysis incorporating these factors is to be given elsewhere 

+This is in marked contrast to the uniqueness theorem for an elastic-plastic solid (work-hardening or not), where 
the stress-rate is uniquely determined by given F on SP and © on Sp (see, for example, Hitt 1950, pp. 53-8). The 
analysis in Section 2 has a certain formal resemblance to that in the proof of the uniqueness theorem for an elastic 
plastic solid, but the interpretation and conclusions are fundamentally different. Relations between the two solids 
and the transition from one to the other, are to be discussed elsewhere 
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by o and «.* The scalar product of two vectors is indicated by placing them in 
juxtaposition ; for example, the rate of work per unit volume is written oe. 
The body mav be ar isotropic and inhomogeneous, but at every point the vield 
surtace in stress space Is assul© ed to be convex and to contain the origin (zcTro 
stress) and to have a unique normal everywhere. The unit outward normal is 
denoted by n (n* nn 1) and is a function of stress and strain-historv. On 
the hypothesis that the vield function and plastic potential coincide, the relations 


between stress o, strain-rate «, and stress-rate o in a plastic element are 


j(mo)n when o 0 
he 1) 
0 when no<0 


where A is a positive scalar function of stress and strain history, expressing the 
work-hardening properties of the material.’ (For an account of the physical 
basis of these relations, see Hi.i, 1956.) m would be found experimentally from 
the measured ratios of the strain-rate components in a plastic state o, while h 
could be obtained as the ratio of any of the corresponding components of stress 
rate and strain-rate when the stress is increased from o along n. From (1) and the 


relation n* 1 we deduce 


h-* (n o)* for t 0 only 


(2) 


h < for all 


Note that « 0 and no < 0 if an element unloads from a plastic state. and that 
« 0 with no unrestricted if an element is nonplastic. Also, when ¢« + 0, 


nao=h|e|. 
Suppose there could be two physically possible modes €, and ¢, such that 


v, =v, on S,, associated with equilibrium distributions of stress-rate o, and o, 
such that F, = F, on S,, with 


(no,)n and where 


he 


he (no,)n and > where 


9 
- 


ne, <0 where €, 0, no, <0 where 


in the uniquely stressed zone. For the moment we exclude from consideration 
any mode that involves a velocity discontinuity (see Section 5). Discontinuities 
in the stress-rate components are contemplated, subject to the restriction that 
in general the traction-rate F across any such surface must be continuous for 
equilibrium.’ This situation arises, for instance, where the strain rate is discon- 
tinuous ; as can easily be seen from (1) this is possible only where the stress at 
each point of the surface of discontinuity is such that the strain-rate components 


®*No confusion need be caused by using the same type for the 3-dimensional vectors F and eo 

+Nbdte that stress-rate in (1) strictly, refers to the change of stress in a material element, but can here be evaluated 
at a fixed station since positional changes are neglected. In evaluating F rotations of the surface normal are also 
neglected 

{This may readily be shown by examining the discontinuities in stress gradient allowed by the equilibrium and con- 
tinuity relations for the stress, coupled with the observation that a discontinuity in stress-rate accompanies one in 
stress gradient when the discontinuity surface moves 

Exceptionally, the tangential component of F can be discontinuous across a surface of discontinuity in the existing 
stress or in the strain-rate (the stress being incipiently discontinuous). The theorems of Sections 2 and 3 (a) are still 


valid when all competing modes have the same tangential velocity 
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in the tangent plane vanish.t Again, there may be points on the surface of the 
body where the strain rate increases without limit as these are approached (e.g. 
in plane strain, at the centre of a fan of slip lines) ; a classification of the various 
possibilities is not attempted here. It is merely remarked that the following proof 
applies without modification when all the competing modes have identical 
singularities (e.g. in the Prandtl indentation problem) ; that is the differences 
between the respective strain rates, stress rates and velocities of any pair of modes 
are finite everywhere or at least such that the following integrals exist. With these 


restrictions the virtual work principle may be applied in the form 
)(v, v,) ds 


where S is the surface of the body and V its interior. 
Consider the integrand, I say, in the volume integral, remembering that the 
existing stress is unique (and known in principle) wherever either €, or ¢€, is 


nonzero. Four regions may be distinguished as requiring separate treatment 
: £ 1 


0. ] ' o,)} > 0 


with equality if and only if «, Se 


0 ' I h* (no,) {n(o, 


since no, > ¥, 0 (the existing stress being : ady ¢ the yield 


point where €; 


) : : } { 7.) ) 
€ Uv, ‘ . I 2) {Rae o,)} { 


since n oo 0, 0 (the existing stress being alre ady at the yi ld point 


where €, + 0). 


iv) ’ 0 for any 71, FF. 


In view of the boundary ¢onditions on F and v the surface integral vanishes. 
Since contributions (i)-(iv) to the volume integral are positive or zero they must 
separately vanish. It follows that «¢, €, in region (i) and that regions (ii) and 
lili) cannot exist since their contributions would be definitely positive. In other 
words, only one mode of deformation is compatible with the boundary conditions 
for F. On the other hand, only the combination of stress-rate components involved 
in no, and not the components individually, is necessarily unique in the zone 


of deformation. 


However, while the values of F on S, depend on the assigned values of v there, 


the quantity Fv dS, is dependent solely on v on S, and F, F on Sp For, from (2), 


>» de e Po AG 
Fi 1S, he dl Fi iS» 
and this only involves quantities which are given or do not depend on v on S,. 
In particular, when Ss, consists of areas where the assigned distributions of v 
+This has been noticed by several writers in the case of a Levy-Mises solid see, for instance, Prager (1954b) 


It was known to the author in 1946 (unpublished) ; the method of proof was later given in relation to the axially 


symmetric problem (Hix, 1950, p. 263 
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constitute rigid-body translations or rotations, this result can be interpreted in 
terms of rates of loading. Note that when the actual mode involves a strain-rate 
singnlarity of such order that the integrals diverge, the loading rate is momentarily 
infinite, i.e. the characteristic load-distortion curve has a vertical tangent initially. 


38. ExtTremuM PRINCIPLES 


(a) Consider the set of modes compatible with the boundary conditions for 
von S, and with the existing stress o. Let e* denote any member of this set derivable 


from a continuous velocity v*. Then, where «* + 0, 
e* = A* an, A* > 0. (3) 


Any such mode will be called virtual. 
If « is the actual mode (supposed derivable from a continuous velocity v) and 


o is the actual stress-rate compatible with given F on S,, 


F (v* — v) dS, F (v* —v) dS o («* e)dV., 


In evaluating the integrand, 7 say, in the volume integral we distinguish four 
regions as before : 
0, ; I A* (n o) he he («* €) < hh (e** e*) 


with equality if and only if «* 


(iii) A* (no) <0 < fh(e*? — &) 
since A* > 0 and no < 0 (the existing stress being at the yield point). 


(iv) 0, «e* = 0. I=0 hh («** «*). 


Hence F (v* —v) dS, < } h (e** — &) dV 
or 


| he@dV —2| Fords, > | Fvds, — | Pods, 
with equality if and only if «* is the actual mode. 
If S >, 0, or if F 0 on Sp: this reduces to 


| het@dV> | Feds. (5) 
If S, = 0, or if v = 0 on S,, there is a disposable positive factor in v. For any 


selected virtual mode we choose this factor so that the left-hand side of (4) is as 
small as possible. This leads to 


[Fe ds > | | F v* ds) he*2dV__ provided F v* dS > 0. (6) 


If the distribution F produces further flow in the actual mode, then 
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FuvdS >0 


Fv dS o<edV and 
where « + 0, by (2). In this case, there is certainly at least one virtual mode 


satisfying the requirement in (6). There may also be virtual modes such that 
F v* dS < 0 and these merely lead to (7) (zero being the best possible choice of 


the factor). If, now, F produces no further flow, then v 0 and the integral in 
(7) vanishes. In this case 


Fv*t dS < 0 (8) 


for all virtual modes, since o «* A* (n o) wherever «* + 0 and this is negative 
since A* > 0 and no < 0 where e«* + 0. Equation (8) may be regarded as the 
necessary and sufficient condition that flow ceases. 

(b) Let o* be an equilibrium distribution of stress-rate such that F* F 


on 8 Then, by virtual work, 


> 
(F* — F)v ds, (F* —F)vdS (o* — o)edl. 

The integrand in the volume integral vanishes where « = 0 while where ¢€ + 0 

it equals 


ht (mo) {m(a* — a)} < 4h {(n at? — (ay. 


The equality holds when n (o* a) 0; note that this could be achieved with 


o* +o. Then 


F* v dS, h'(no*\dV < Fv dS, Fv dS). (9) 


The equality is obtained with any actual o* distribution associated with the 
actual mode (i.e. corresponding to different v on S_). Strictly, the volume integral 
in (9) need extend only over the zone « + 0, but in practice this would usually 
not be known in advance. The integral would then have to be taken over the 
whole deformable zone defined by v on S, and F on S, ; this would tend to weaken 
the inequality. 

If S, 0, or if F 0 on S,, there is a disposable factor of arbitrary sign in 


* 


o*. With the best choice of this, the inequality is improved to 


Pp v dS > G v as) [ h(n o*)? dV. (10) 


All imposed surface velocities necessarily produce further flow (with the trivial 
exception of rigid-body motions, for which both sides of (10) vanish). If S, 0, 
or ifw = 0on S,, 


h(n ot)? dV > Fv dS. (11) 


* 
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By combining (4) and (9) a continued inequality is obtained which can be used 


; as 


to approximate the quantity Fv dS, Fv dS, from above and below ; 


proved in Section 2 this quantity is independent of v. Similar remarks apply to 
(5) and (10), and to (6) and (11). 


NONHARDENING SOLID 


Suppose that the nonhardening solid is introduced with a view to approximating, 
or being in context with, a work-hardening solid having a certain /-distribution 
at the moment under consideration. In order to characterize the appropriate 
solution for the nonhardening solid by a limiting process, substitute uh for h 
in (1), where » is a constant which is to be made vanishingly small. We recall 
that the set of virtual modes depends only on the existing hardness distribution 
and that a definite member of this set corresponds to each »«. A unique sequence 
of actual modes is thereby obtainable for decreasing values of 4, and if the sequence 
approaches a limit this is taken to be the appropriate mode for the non-hardening 
solid ; it is of course dependent on the specified A distribution. 

When v + 0 on S, and F + 0 on S, it is clear — for example from the extremum 
property (4) — that the sequence of modes depends on ,» in a way that cannot be 
foreseen, and requires detailed calculation before the existence of a limit can “be 
examined. When S, = 0 or F = 0 on S, the procedure is much simplified since 
the actual velocity and strain rate are then independent of yu ; n o is proportional 
to » in the zone of deformation but not necessarily the individual components 
of stress rate. Only one member of the sequence need be considered since the 


actual mode is the same for all . It can be found from the field equations or through 


the property of minimizing | h e*? dV in the set of virtual modes ; in particular, 


if h is uniform, | e** dV is minimized. 


Special consideration is required by the case S, = 0 or v = 0 on S,. In a non- 
hardening solid the prescribed F must be such that | F v* dS < 0 for all virtual 


modes since no < 0 wherever e* is non-zero. On the other hand, from (8), flow 
is only possible in a work-hardening solid when the prescribed F are such that 


FvdS >0. One might therefore take the view that the nonhardening solid 


must be considered to stay rigid under any permissible F, since no flow would 
be possible in a material that could harden, however slightly. But this view 
would prevent the nonhardening solid being put to any use when F is such that 


F v* dS > 0 for one or more virtual modes. Instead, the following procedure is 


suggested. A sequence of solutions for decreasing « <1 is defined such that 
traction rates uF are applied to the solid with hardening rate zh. Then the actual 
velocity and strain-rate are independent of u, while no in the deformation zone 
is proportional to yu (and also ¢ itself when S, = 0). All members of the séquence 
have the same mode, which may therefore be adopted as appropriate for the 
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nonhardening solid. According to (6) the mode has the property of maximizing 


[ F v* as) / [ he? dV 


among those virtual modes for which Fv* dS > 0. 


DISCONTINUITIES OF VELOcITY* 


In a work-hardening material a velocity discontinuity can occur at a single 
instant only (or at a discrete number of instants in a process of distortion consisting 
of distinct phases). For otherwise the discontinuity would persist and either remains 
stationary relative to the material or travel through it. The first alternative is 
tantamount to fracture, and solutions of the field equations with this feature 
are purely formal and must be rejected ; the second alternative violates equilibrium 
since it implies discontinuities in strain, hardness, and traction on the discontinuity 
surface. Thus, the discontinuity immediately begins to diffuse so that the velocity 
is continuous during a succeeding interval of time. 

Not only is a discontinuity in velocity momentary but (as is well known) it is 
only possible at all in special circumstances. Take, for illustration, an incompressible 
solid : the state of stress at every point of the surface of discontinuity must be 
that corresponding to a simple strain-rate parallel to the tangent plane and in 
the direction of the discontinuity in tangential velocity. In a general 3-dimensional 
state of distortion, internal surfaces having this property are probably uncommon 
and mainly restricted to the interfaces between plastic and rigid regions. 

The situation is otherwise in special states where the distortion is pure shear at 
all points of the body (for example, torsion and plane strain). The field equations 
are hyperbolic and every characteristic surface is potentially a surface of dis- 
continuity of velocity and strain rate. 

We now inquire whether the actual mode in a workhardening solid does in fact 
ever involve a velocity discontinuity. The answer is in the affirmative : examples 
are known, and many more could be constructed, where there is only one virtual 
mode and this mode involves a discontinuity. However, this case poses no problem 
of selection. 

There remains the situation where, at a certain instant, the set of virtual modes 
contains discontinuous, in addition to continuous, velocity fields. The uniqueness 
theorem of Section 2 shows only that one continuous mode at most can be actual. 
The question whether there could be two (or more) physically-possible modes, 
one continuous and one (or more) discontinuous, is left for further study. 
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Note added in proof :— 


All theorems proved here remain true if the yield surface contains areas which 
are plane (i.e. have the same normal n at every point), provided that A has the 
same value at every point of each suich area. In this case it is m, and not 
necessarily o, that is uniquely determined in the deformable zone for given F on 
S, and v on S,. In a material element whose associated n is normal to one of the 
plane areas on the yield surface, the existing stress can correspond to any point 
of the area. 
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A NOTE ON THE DEFORMABLE REGION IN A 
RIGID-PLASTIC BODY 
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SUMMARY 
Ir is established that the deformable region in a rigid-plastic body yielding under given boundary 
nditions can be determined from an examination of one complete solution. Particular methods 


and are illustrated by a consideration of 


are suggested for determining this region | indentatior 


under conditions of plane strain, plane stress, and axial symmetry 


I INTRODUCTION 


| i} following onsiderations relate to an rele al work hardening igid plasti 
material whose yield function and plastic potential are identical. Consider a body 
such material under given stress and velocity boundary conditions such that 


f it is yielding plasts 


ype tik 4 so-call } 


compiete solution to such a probk m 


an equilibrium stress distribution satisfying the stress boundary con 


i nowhere violating the vield criterion together with one or more modes 


ormation satisfying the velocity boundary conditions and compatible 


wit! 
stress distributior \ theorem due to Hi 


Li. (1951) proves that in a region 
if deformation the stress is uniquely defined; no statement, however, is 


modes except that they must be 


made 
about possible deformation compatible with 


ti In certain classes of problem this theorem enables the 


‘ 
i¢ stress 


vield point 
ads to be determined uniquely if a ompk te solution can be constructed. However 
without further consideration, it cannot be said whether the known deformation 
mode or modes form the complete set satisfying the velocity boundary conditions 


wr indeed whether they cover the region containing the complete set 


In this note we consider only the problem of isolating the domain which is 


xcupied by the complete set of modes ; this domain will be called the deformable 


region If there is more than one mod the isolation of the domain is only the 


first step towards selecting the mode that will actually operate, a problem outside 


the scope of this na? 


4 theorem and corollary established in thx following section provide the gen ral 
basis for determining the deformable region 


2 Basis 


The orem 


4 deformation mode associated with the stress field in one complete 


solution is compatible with the stress field in any other complete solution 
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Corollary. Any region of the stress field in a known complete solution which is 
shown to be necessarily rigid for that field (i.e. by arguments based solely on the 
geometrical and other properties of that field) must be rigid in all complete 
solutions 

The truth of the theorem follows from the uniqueness property mentioned above. 
For where deformation can occur in any mode, the state of stress is unique, i.e. 
identical in all complete solutions. To establish the corollary, suppose that the 
region shown to be necessarily rigid in the known solution were not so in another 
solution. By the theorem, the corresponding deformation mode would be com 
patible with the stress field in the known solution. Since, however, this region 
is shown to be necessarily rigid the supposition that it could deform in another 
solution must be erroneous 

It follows from the theorem and the corollary that the complete set of modes 
associated with the totality of complete solutions is associable with each solution. 
Thus, in determining the deformable region, it is necessary to consider only one 


complete solution 


8. MeTruops 


In general a complete solution includes (i) a plastic region in which the strain-rate 
in some mode is everywhere non-zero; (il) a region stressed to the yield point 
and into which no mode is known to extend ; (11) a region stressed below the yield 
point 

The non-plastic region (iii) is necessarily rigid in the known solution and hence 
by the corollary it must be rigid in all possible complete solutions. It remains 
to deal with the plastic region (ii) in which no modes are known. Normally this is 
bordered by a non-plastic region. The following method is applicable to such a 
situation when the velocity equations are hyperbolic with distinct characteristics. 
Consider for definiteness the situation in plane strain 
where the characteristics are the slip lines of the stress A 
field in a region stressed to the yield point. Suppose that 
his is bordered by a non-plastic region along a curve AB 
which is not a characteristic. Let AC and BC be the con 
current slip-lines in the plastic region terminating in A 
and B. Then the velocity boundary conditions on AB 
uniquely determine the velocity in ACB. But the 


Fig. 1. 


velocity must be continuous across AB and so a consistent velocity field is the 
rigid motion of ACB. This is the unique field in ACB, which is therefore 
necessarily rigid. 

A different situation may arise in problems of axial symmetry. Here, elimination 
of the velocities and the scalar constant from the stress/strain-rate relations leads 
to a differential equation of compatibility involving only the stresses. The restric- 


tion imposed by this equation on the stresses may be sufficient to establish the 


necessary rigidity of a region. 


$+. EXAMPLES 


Consider the indentation by a smooth flat die of a semi-infinite slab under plane 


strain conditions. PranptT. (1923) and HILL (1947) have proposed partial solutions 
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involving different modes, while a complete solution corresponding to both has 
been given by Brsnop (1958). One half of the complete solution is shown in Fig. 2. 
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Fig. 2. 


The material to the right of BK is unstressed and the material lying below the 
stress discontinuity NMK is stressed below the yield point (except along the line 
KP). Modes of deformation are known covering the region OABDC. 

From the corollary it follows that the material lying outside BKMN is rigid. 
The remaining material in CDBKMN is readily shown to be rigid, bearing in 
mind that velocity discontinuities cannot occur across the stress discontinuity 
IM. The proof consists of applying the method described in Section 3 successively 
to the regions KMJ, BKI, MJI, MIH, MLN, MLGH, LGF, BIFE and EFC. 
Hence the Prandtl field OABDC covers the whole deformable region. Analogous 
results can be proved for the corresponding problem in plane stress for which 
a complete solution has been given by Hi.i (1952) and Bisuop (19538), and also 
for indentation by a smooth flat cylindrical die, starting with the complete solution 
due to SureLp (1955) which is based on a Tresca yield criterion and plastic potential. 
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THE PLASTIC YIELDING OF SHALLOW NOTCHED 
BARS DUE TO BENDING 
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Tube Investments Research Laboratories, Hinxton Hall, Cambridge 
(Received 30th April, 1956) 


SUMMARY 


Previous plane strain solutions for the bending of deeply notched bars (GREEN 1953 ; GREEN 
and Hunpy 1956) are modified for bars in which the notch is shallow, so that plastic deformation 
extends to the notched face. The critical minimum depth of notch for which the solution for 
a deep notch is still valid is calculated for (a) pure bending of a bar with a 60° V notch and (b) 


the Izod test. 


INTRODUCTION 


S.IP-LINE field solutions * have been proposed for the initial yielding of a de eply 
notched bar of rigid-plastic material bent under conditions of plane strain, either 
by pure eouples (GREEN 1953), or by a combination of bending moment and shear 
force (GREEN and Hunpby 1956). The strain was assumed to be zero in the direction 
parallel to the length of the notch. Ifthe notch is sufficiently deep, as was assumed 
in these solutions, initial deformation does not extend to the surface of the bar 
on either side of the notch. The shape of the slip-line field then depends only 
on the shape of the root of the notch (or notches) and the loading conditions : 
it is independent of the ratio b a of the depth of the notch 6 to the thickness a 
of the bar at its minimum section. 

The theory is extended in the present paper to shallow notches. Modifications 


of the slip-line fields are suggested which involve the extension of deformation 


to the surface of the bar on one or both sides of the notch. The minimum value 
of b/a for which the solution for a deep notch is valid is calculated in particular 
cases. The theory is supported by previously published experimental work 


(Hunpy 1954); (Green and Hunpy 1956). 


2. Form oF THE SLIP-LINE FIELD 


Let us first consider the problem of the bending by pure couples of a parallel 
sided bar with a single V-shaped notch on one side, since this clearly exemplifies 
the two main types of slip-line field (Fig. 1) which have been constructed for bars 
with deep notches. The shape of the slip-line field in the immediate vicinity 
of any stress-free surface is determined uniquely by the shape of this surface. 

®For an account of the theory of plane plastic strain see R. Hitt, The Mathematical Theory of Plasticity, 1950 


Ch.VI (Clarendon Press) ; the standard notation used there is used in this paper 
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When the total notch angle 28 > 114-6°, the part of the field determined by the 
surface of the notch is connected to the part determined by the opposite flat surface 
at the singular point N (Fig. 1a), across which there is a discontinuity in the 
hydrostatic pressure component of stress. When however 28 < 114-6°, 
the connection between the two parts is made by a pair of circular slip lines PQ 
(Fig. 1b). 


Fig. 1. Slip-line fields for pure bending of a bar with a deep V notch. 


The modification of these fields for shallow notches was first indicated by certain 
experiments of Hunpy (1954), in which the regions of plastic deformation were 
revealed by an etching technique in bars of mild steel with shallow 60° notches, 
bent under four-point loading. The patterns obtained (Fig. 2) correspond with 
remarkable clarity to the kind of slip-line field shown in Fig. 3a. This is a modifica- 
tion of the field in Fig. 1b, and involves deformation of the surface GK on each 
side of the notch. It is envisaged that deformation extends over the whole field, 
and that, taking the central rigid “* pivot *° OPQTQPO to be stationary, the rigid 
ends of the bar rotate about this pivot in opposite directions with angular velocity 


say, while each rigid part WGHEULW rotates in the same direction as the 


Ww 


1? 


end of the bar to which it is adjacent, with angular velocity w,, say, where w, << w 


To fix ideas it will be assumed that the bar is bent to open the notch. ; 

Before discussing other possible modifications it will first be shown that, assum- 
ing this form, the dimensions of the slip-line field are uniquely determined by the 
shape of the bar and by stress and velocity considerations. Since the problem is 
symmetrical about OT, only the right hand half of the slip-line field in Fig. 3a 
will be discussed. 

In the regions LOP, QRS and GIK, the field is determined by the shape of the 
stress-free surface to which it is adjacent. Hence, LM, OM, GI, KI, RQ and SQ 
are all straight lines inclined to their respective surfaces at 45°, while the region 
OMP consists of concentric circular arcs and their radii. The size of these regions 
depends on the following, four unknowns, LM = d,, Gl = d,, QR =d,, and 

MOP = @. Furthermore, by Hencky’s first theorem on the geometrical 
property of slip-line fields (HILL 1950a, p. 136), the slip-line segments connecting 
the pair of slip lines UF and MD are all straight and have the same length, and 


9 
+ 


Deformation patterns for pure bending of bars with shallow V notches. 
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so likewise are the segments connecting AH and BI. The lengths of these 
segments, UM = d, and AB = d,, are two additional unknowns. 

Turning for the moment to velocity conditions, since the rigid end of the bar 
rotates relative to the central pivot by sliding over BQ, this must be a circular 
arc, the radius and angular span of which will be denoted by R, and A, respectively. 
There is a velocity discontinuity across the slip lines OP ABQTR which for positive 


Notation 


Zarc 8@=), 

i oh. 

PAaw 

PM=6 

Radius of arc 8Q<R, 
° Fl=R, 


Fig. 3. Pure bending of a bar with a shallow V notch. 
(a) Form of the slip-line field. 
(b) Hodograph. 


plastic work must be a f line. This determines which slip lines are « and which 


B lines throughout the field, as indicated in Fig. 3a. Further consideration of velocity 
conditions is facilitated by the construction of a hodograph for the velocity distri- 
bution (GREEN 1954, Pracer 1953). The hodograph for the right-hand half of 
the bar is shown in Fig. 3b. Points and lines in the hodograph are indicated 
by the same notation as their counterparts in the slip-line field with an addition 
of a dash after the symbols. The main properties of the hodograph are : 

(i) A line element in the hodograph is perpendicular to its corresponding line 
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element in the slip-line field. Thus, angular variations are identical in the two 
higures 

1 A nonrotating rigid region ts plotted as a point in the hodograph Thus 
the origin of the hodograph represents the stationary central pivot. Furthermore 
taking w, 1, the constant-velocity discontinuity R, across the slip line PA BQT 
leads to the line P’ ( A’ B’)(Q’ T") in the hodograph bein 


ii) The boundaries of a rotating rigid region in the slip-line field are re presented 


g a circular arc of radius R, 
by geometrically similar boundaries in the hodograph the ratio of the dimensions 
of the latter to the former being the angular speed of rotation. Hence, with « : ] 
the boundaries S’' @ BD’ F'l’ K and SQBDFYIK are identical, while the boundary 
LU’ EH’ G’ is similar to LU EHG and « , times its siz 

One immediate deduction from (iii) is that the slip lines EH and FJ must b 
g the comcidence of A’ and FB in tl hodograph the 
lines FE’ H' and F'l so coincide, and this single line is, from (iii), geometrically 
smilar to both EH Fl Hence thes » lines are similar to each other 


which is only possible if they are both c1 res It also follows that 
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Hencky stress relations along the Slip lines 
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LM PQR, A,+%¥-—-@0=1 


1 


and JEV, y=A, 


- 


Stress equilibrium equations 


Zero resultant tensile and shear forces across the minimum section of the bar. 
(8) and (9) 


Three equations of equilibrium for the rigid region WGHEULW. 
(10), (11) and (12 


There are several changes which can be made in the slip-line field of Fig. 3a 
which still result in uniquely determined fields. These are : 

(a) dj = 0. We must then envisage that the slip-line boundary of the rigid 

region adjacent to the notch lies somewhere within OMCD, and the variable 
d, is then replaced by the angle, y say, which this slip line boundary makes 
with PO at O. 

In addition to the above, it may happen that for very small notch angles 
d, 0 (it is known already that d, 0 for deep notches when 8 < 3-2°). 

The Hencky stress relation (6) along LM PQR is then not valid, and there 

remain 11 equations and unknowns. 

R, 0. We must then envisage the possibility of a stress discontinuity 
at the point B, now coinciding with @. The field can be considered as a 
modification of that for deep notches shown in Fig. la, having two singular 
points B instead of the one central one N. Again the Hencky stress relation 
(6) along LM PQR is not valid, and there remain 11 equations and unknowns 
By analogy with the solution shown in Fig. la, this situation is likely 
to arise with obtuse notches. It also seems like ly to occur for very shallow 
notches whatever the notch angle, since this would provide a continuous 
transition to the slip-line field for an unnotched bar as the notch is made 
progressively shallower, whereas from a slip-line field of the kind shown in 
Fig. 3a there is no such continuous transition. 

No attempt has been made to calculate any of the slip-line fields described for 
shallow notches except in the special case when the notch is of the critical depth 
at which the transition to the solution for a deep notch takes place. This is discussed 
in the following section. Clearly, similar types of slip-line fields can be constructed 
for bars of different shape with different shapes of notch, and or/for bars subjected 
to different loading systems, e.g. the Izod test in which the resultant forces across 
the minimum section are a combination of shear force and bending moment. 
For the latter the slip-line field (Green and Hunpy, 1956) is not, of course, 


symmetrical, but lies mainly on the same side of the notch as the line of action 


of the applied shear load (Fig. 5). 


8. Critica, Norcu Depru 


It could be argued that the critical notch depth corresponds to the limiting 
form, as b/a is increased, of the slip-line fields proposed in the previous section 
for shallow notches. For example, considering the slip-line fields shown in Fig. 8a, 
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it is to be exper ted that, as } is increased, kee ping a constant, the length of AB 

d,) will decrease, eventually becoming zero so that ACEHJ coincides with 
BDFIK. The dashed part of the resulting slip-line field (Fig. 4) to the right 
of LUMPB is then, with w, 1, identical to the hodograph, which implies that 
it is rigid. Thus the solution reduces to that for a deep notch shown in Fig. 1b, 
with PQ a continuous circular arc. However, since the set of slip-line fields corres 
ponding to increasing values of ba has not been calculated, it still remains to 
prove that the limiting field shown in Fig. 4 does in fact correspond to the critical 
notch depth. The following proof makes use of the uniqueness and limit theorems 
for a rigid-plastic body (Hui. 1951). The only assumption made is that there ts a 
complete solution associated with the limiting field, i.e. that there exists an 
associated equilibrium stress distribution in the rigid regions which nowhere 


violates the vield criterion. 


i. 


Fig. 4. Limiting slip-line field corresponding to the critical depth of notch (28 = 60°). 


It is convenient to regard a as fixed, and to vary b/a by adding or substracting 
uniform layers of material on the notched surface of the bar. Let M be the yield- 
point bending moment per unit width of bar, and M, be its value for deep notches. 
The critical notch depth 6, is defined as the minimum depth for which M = M, 
and below which M falls below M,. Since the removal of material cannot cause 
an increase in M, M must be less than M, for all b < b,. It follows immediately 
that for all b < b, deformation extends to the notched surface of the bar. For, 
if this were not so, the deformation mode for b < b, would provide an upper 
bound to M for the notch depth b,, so that M, > M, = M,, which is contrary 
to the definition of b.. 

The depth of notch corresponding to the slip-line field shown in Fig. 4 is denoted 
by },. As was remarked above, deformation does not extend to the notched surface. 
If, however, we imagine that the part of the bar to the left of the slip-line 
OP BQR were removed but the forces exerted by this part on the remainder of the 


bar remain unchanged, then deformation could extend to the notched surface. 
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For, with the rigid pivot removed, a velocity discontinuity is permissible across 
the slip-line KIF DB, and a mode exists extending over the regions OLUF BO, 
FI and GIK. It follows that the stress is unique in these regions, even though 
in the complete bar they constitute part of the rigid zone. If, now, b, is reduced 
by an infinitesimal amount, a “ shaving ”’ is removed from this mode along GK. 
Hence, the reduced body cannot withstand the same surface forces over OB, 
since the internal rate of work in the remainder of the mode is now less than the 
rate of work done by these surface forces, which is contrary to one of the limit 
theorems. 

Thus, considering again the complete bar, the slip-line field for a deep notch 
leads to a violation of the yield criterion in some parts of the rigid region if b < b,, 
and would only be valid if the material was sufficiently harder in those parts. 
Hence M, must be less than M, if 6 < 6). For, if M, was equal to M,, it would 
follow from the uniqueness of the stress distribution in the deforming regions of 
the appropriately hardened bar that the stress field of any solution valid for the 
unhardened bar was identical to that given by the slip-line field for a deep notch 
in the deforming region covered by the latter. But this is contrary to what has 
been proved, since it implies that a stress field which does not violate the yield 
criterion anywhere in the unhardened bar can be associated with the slip-line 
field for a deep notch. Finally, since M, < M, and, if the assumption that the 
solution shown in Fig. 4 can be completed is correct, M, = M,, it follows that 
b, is the critical notch depth }, (if the assumption is not correct M, < M, and 

b., though this seems most unlikely). 

The limiting slip-line field is readily calculated, starting with the known solution 
for the deep notch. The five parameters describing the extension of the slip-line 
field to the surface at GK are d,, d,, R,, A,, and ~. To determine these there are 
the three equations of equilibrium for the rigid region WGI FULW, and equations 
(5) and (7), which give A, and y% immediately. 

Calculations have been made for a bar with a 60° V notch bent by pure couples. 
The slip-line field in the region PBDM was calculated numerically, using (7, 7) 
co-ordinates and a 5° equiangular network (HILL 1950a, p. 143). Resultant forces 
were numerically integrated over the boundaries of the rigid regions in terms of 
the unknown lengths d,, d,, and R,. The results were B = A, = ¥ = 80°, 
d,/a 0-042, d,/a 0-077, R,/a 0-59. It was deduced that b./a 0-39 and 
ZK /a = 0-59, ZK being the perpendicular distance from K to the axis of symmetry. 
This numerical! calculation of the limiting field was somewhat lengthy and was 


only practicable because all the angles in the slip-line field could be readily calculated 


without recourse to the conditions of overall equilibrium, and the problem was 
thus reduced to finding the three unknown lengths. However, this method is not 
possible when d, d, 0, (as in the modification (b) suggested in the previous 
section), for then the angle y appears as an unknown in place of d,. This situation 
occurs in the slip-line field for the Izod test (Fig. 5), in which a square bar with a 
45° V notch on one face is firmly clamped at one end up to its minimum cross- 
section, and is loaded as a cantilever by a concentrated force applied to the notched 
face towards the other end. 

An alternative method was used, therefore, which avoided exact calculation 
of the limiting slip-line field. The accuracy of this method was first checked against 
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the above numerical calculation and was then applied to the Izod test. The 
method is based on the construction of a fully plastic stress field of the kind suggested 
by Bisnop (1958), which has stress-free boundaries lying inside the actual body. 
Considering again the problem of the bar with a sharp V notch bent by pure couples, 
the slip-line field for the deep notch was uniquely extended, with a stress-free 
surface LK as shown in Fig. 6. This surface was continued on from OL until 
it became parallel to the flat surface of the bar at K. The resulting field was, 
of course, different from that shown in Fig. 4. The construction was carried out 


Load 


}+$——___—- 22 mm 
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Fig. 5. Slip-line field for the Izod test. 


a —o 


i ' 


Fig. 6. Stress field giving a close estimate of the critical notch depth (26 60°) 


graphically, using a 5° equiangular network, and substituting a straight line 
having the mean slopes at the mesh points for each segment between two adjacent 
mesh points. This is much more rapid than numerical calculation, and remarkably 
accurate if done on a large scale. 

The critical notch depth was taken to be ZO in Fig. 6, where Z is the foot of 
the perpendicular from K on to the axis of symmetry. The resulting estimates 
of ba and of ZK /a were exactly the same as those already calculated by the 
first method. This coincidence must be regarded as somewhat fortuitous sinc: 


it will now be shown that the method may be expected to overestimate 6, ‘a at 
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least by a small amount*. It seems reasonable to suppose that the stress field 
shown in Fig. 6 could be extended over the whole bar without violating the yield 
criterion. If so, M = M, and 6 > b,, and the same would be true for a bar with 
the stress-free regions LWK removed. But the removal of these regions from a 
bar for which b = b, would involve cutting off a part of the region GIK of the 


slip-line field shown in Fig. 4, thus lowering M. Hence 6 must be greater than b,, 


though clearly it need not be much greater. 

A similar stress field was constructed for the Izod test, starting with the previously 
calculated slip-line field shown in Fig. 5. The results were b./a = 0-22, and 
ZK /a = 0-46. For a standard Izod test piece b/a = 0-25, and therefore yielding 
would not be expected to extend to the notched face until some deformation 
has occurred. 


REMARKS 


The solution for a bar with a notch of critical depth (Fig. 4) shows an interesting 
feature not hitherto exemplified. It contains a region where deformation does 
not octur but where the stress is uniquely determined by the given boundary con- 
ditions. Such a region can only be demonstrated in a particular problem by 
imagining the removal of the velocity constraints, but not the forces, transmitted 
across the boundary of some rigid region (in the present problem, the central 
rigid ** pivot ’’), thereby permitting an extension of the deforming region. Thus 
in a rigid-plastic body yielding plastically, the region over which the stress distri- 
bution is unique may be larger than the total region covered by deformation modes. 

Furthermore, the original yield-point loads can no longer be supported if any 
part of the uniquely stressed region is weakened or removed, whether or not it is 
covered by a deformation mode in the unweakened body. In proving this it 
has been shown that, if a tentative solution for a rigid-plastic body yielding under 
given boundary conditions is complete except for the construction of an associated 
equilibrium stress distribution in the rigid regions, and if in fact no such stress 
distribution can be constructed without violating the yield criterion, then the 
yield-point load + will definitely be overestimated. If, however, as Hi. (1951) 
has remarked, an associated equilibrium stress distribution is constructed in the 
rigid regions which does locally exceed the yield condition in certain parts, all that 
can be said is that the solution is valid for a body sufficiently harder in those parts, 
and that the yield-point load for the body under consideration tends to be over- 
estimated. 
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SUMMARY 


Tue results of experiments in the plane-strain extrusion of lead and aluminium with dies of 
semiangle 30°, 45°, 60°, 75° and 90° at various reductions are presented, and a comparison of 
the experimental values with those predicted by the use of slip-line field methods is made. Con 


clusions are drawn about the nature of the process and the predictive value of the theory. 


INTRODUCTION 


A GREAT amount of experimental work on the hot and cold extrusion of metals 
has been performed since the pioneer work of Stepet and FANGMEIER (1981), but 
the process still cannot be said to be well understood. Attention has usually been 
focused on the relationship between reduction and extrusion pressure for certain 
boundary conditions and these have generally been related in a simple empirical 
fashion which was not always illuminating. In particular, to obtain such relation- 
ships homogeneous straining was generally assumed though this was well known 
to be far from the truth. 

Hit (1948) considered the plane-strain extrusion of an ideal rigid perfectly 
plastic material and was able to account for both inhomogeneous deformation of 
the extruded material and approximately for the order of pressure encountered 

The aim of the experiments described and reported below was, primarily, to 
compare the predictions of extrusion pressure for a given reduction as given by 
the theory of slip-line fields, with that obtained under experimental conditions. It 
was felt that if confidence in the predictive value of the theory could be established, 
and provided its limitations were appreciated, a better understanding of the much 
more common industrial process of axisymmetric extrusion would be obtained. 

The only plane-strain extrusion hitherto carried out with metals is that by 


PurRcHASE and Tuprer (1958) who extruded lead through 90° dies of various 


reductions, r. The procedure they adopted was to determine, experimentally, 
the extrusion pressure p for each value of r. Then, assuming a reasonable value 
of k, where k is the yield shear stress of the material in plane strain, they showed 
that their results conformed well with those predicted by Hi.u for extrusion 
through a square die when the container walls are perfectly smooth and the face 
of the die supports a region of dead metal. 

The procedure followéd in the present work was different. The value of k is 
derived experimentally from a true stress-logarithmic strain curve, p is measured 
experimentally, and the quantity p/2k then deduced. This magnitude is then 
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compared with that derived for certain theoretical conditions. The results of 


these experiments lead to results and conclusions different from those of PURCHASE 
and Tupper. They stated that there was a “‘ remarkable consistency between 
theory and experiment . . . ,”’ which appears to imply among other things that 
they believed they had attained states of frictionless extrusion. However, nearly 
all workers dealing with metal-forming operations usually assume or deduce, that 
with lubricated work, the coefficient of friction pe 1S seldom less than 0-08. Even 
in a comparable working operation when drawing wire under conditions of hydro- 
dynamic lubrication, Wistreicu (1955) found (experimentally) » to be 0-02 to 
0-03 As has been indicated (JoHNsoN 1955a) values of ju between 0-08 to 0-15 
though dependent on the reduction attained) are often quite sufficient to cause 
shearing [friction in extrusion processes. 

In respect of flow-pattern studies, Purcnase and Tuprer confirmed that the 
dead-metal zones for lubricated extrusion at small reductions, are in section, nearly 
isosceles triangles, as the theory assumes. The existence and shape of the dead 
metal zones at high reductions are approximately confirmed by their photographs. 

Green (1955) has investigated the modes of deformation in the plane-strain 
extrusion of plasticine, in the use of both symmetrically and unsymmetrically 
situated dies He has shown quite convincingly in his photographs that the 
assumed shapes of the dead-metal zones at high reduction are in close agreement 


with those required theoretically 


EXPERIMENTAL WorK 


ipparatus and Tools A drawing of the plane-strain extrusion apparatus 
which was made in mild steel, is shown in Fig. 1 It was designed to extrud 
rectangular specimens 1-9 in. wide and 1 in. thick through wedge-shaped dies of 


rious semiangies The extrusion container proper consists of four segments 


TABLE 1! 


Die angle in Reducti Die angle in Reduction Die angle in Reduction 


ivgrees, = y ivgrees., = degrees : r 


20 0-500 
0-667 
0-800 
0-882 
0-920 
0-950 
0-960 


tapered on the outside and joined by light steel dowels, pressed into an outer 
container; an interference fit of 0-0075 in. was thought sufficient to prevent 
unv infiltration of metal between the scgments during the course of an extrusion. 
A land was ground on the bottom of the container and the top of the dies to 


prevent infiltration of the metal between die and container wall. 
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The dies were a light drive fit finally located by a die plate which was fastened 
to the outer container with cup-head screws. In all about twenty sets of dies 
were used, their form being as shown in Fig. 2 and the reductions for the various 
semiangles «a being given in Table 1. 


. Punch —— 
(‘M alloy Br600) 4 


(Coote BK ere Inner container 
600 ; Inner container 
' is made from 
four segments 
and is tapered 
press fit in 
outer container. 


Outer container ENN YY 
(‘Malloy Br.600) PQQ 
Inner container —} 
(Malloy Br.600) 


Die {Cook's B.KV) 
Die plate ('M alloy) —+} 


Allen screws~ 


Supporting block —a \ 
(mild steel) 


Ne ee 


Fig. 1. Details of the plane-strain extrusion apparatus. 


0-001" jand 


| 
TT i 


oa 1:9" —H0-5l— 
Fig. 2. Form of wedge-shaped die. 


The pressure pad was a hardened mild-steel block, 0-5 in. thick x 1-9in. » 
1-0 in., carrying a land round its leading edges for the purpose of securing adequate 
protection against “ flashing,”’ or the movement of metal between the pad and 
the container wall. 
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(ii) Compression Tests. These tests were performed on the materials extruded. 
two specimens of each being compressed to a logarithmic strain of more than 8. 
The tests were carried out at the same speed as that of the extrusion, i.e. 0-1 in. 
per min. The compression platens were of hardened metal lapped and polished 
to a surface roughness of 2 to 3 microinches and their hardness was Vickers Pyramid 
Number 649. The strain measurement was made using two dial gauges placed 
on stands on either side of the specimen 

The specimens used were originally of 1 in. diameter and 1-5 in. long, this length 
being short enough to avoid tilting of the specimens during compression. Grooves 
were turned in the ends of the specimens to facilitate retention of the lubricant ; 
60 grooves, 0-01 in. deep spaced at 30 to the inch diameter were used following 
the practice of Loirzou and Sims (1953) The grooving had negligible effect on 
the length during compression 

The procedure in a test was first to lubricate the ends of the specimen well, 
carefully ensuring that the lubricant had been forced well down into the grooves ; 
the lubricant used was graphite in tallow A load of about 100 lb. was applied to 


the specimen when it had been centred on the platens to align the specimen and 


squeeze out superfluous lubricant The load was then taken off and the dial 


gauges set 

Simultaneous readings of load and both dial gauges were recorded after each 
0-025 in. travel of the crosshead. The first stage of compression continued until 
the specimen height was reduced to 0-75 in. and its diameter increased to 1-25 in. 
The specimen was then turned down to 0-80 in. diameter and compress dtoa 
height of 0-35 in. Again it was turned down, this time to 0-563 in. diameter. The 
final height of the compressed specimen was 0-075 in. It was not found necessary 
to turn fresh grooves after each stage of the compression 

(iii) Materials Extruded. The materials used were (a) pure lead, (b) 0-065 
tellurium lead, (c) super-pure aluminium, (d) 99-5°,-pure aluminium, 99-7 °-pure 
aluminium. 

(iv) Specimens. These consisted of two blocks, 0-95 in 1-0 in 
which when inserted side by side just fitted the container. The use of two such 
blocks allowed the inner face of one of them to be stamped with a square grid for 
the purpose of studying the subsequent pattern of metal flow. 

All the lead specimens were hammered to refine the grain size. 

(v) Test Procedure. Before commencing a test the specimen container, die and 
pressure pad face, were cleansed with carbon tetrachloride. The lubricant used (if 
any) was always graphite and tallow, and the loads were recorded every 0-05 in. 


of punch travel for a distance of about 1 in. 


8. EXPERIMENTAL RESULTS 


(i) Stress-Strain Curves. True stress (c), log-strain (e), curves as calculated 
from the compression tests for all materials are shown in Fig. 3; the individual 
points obtained were too numerous to mark and the smooth curves through them 
were almost identical for the two tests made on each material. The curves for 
both aluminiums were found to be identical. Comparison of these curves with 
those obtained for the same materials by CHANG (1950), is, as far as his extend, 


good. 
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(ul) Autographic Diagrams. This diagram is a record of the variation of punch 
load with punch travel and from it the “ true’ extrusion pressure is ultimately 
deduced. Nearly all the autographic diagrams obtained have been given else- 


where (Jounson and Coins, 1954 and JoHNSON 1955b and c). and onlv selected 


Ww Aluminium 
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Fig. 3. True stress-logarithmic strain curves for (1) Pure Lead, (2) 0-:065% Tellurium Lead, 
(3) Super-pure Aluminium; (4) 99-7% Pure Aluminium 


ones are presented in Fig. 4. Repeat tests performed on lubricated and unlubricated 
specimens in respect of pressures generally agreed to better than 3% for the 
former and about 6°, for the latter. 

(ili) Flow Patterns. Many flow pattern tests were carried out but in metals 


these are difficult to interpret precisely. 


INTERPRETATION OF EXPERIMENTAL DatTA 


(i) Autographic Diagrams. Fig. 4(b) represents a typical autographic diagram. 
When experimental readings are being noted as the extrusion load decreases with 
punch travel, a time when the rate of decrease is greatly accelerated is observed ; 
this is quite discernable in practice with a sensitive testing machine. These 
readings when plotted, however, are usually on such a small scale that their 
significance tends to be overlooked. If a test is stopped immediately or very soon 
after this point of accelerated load decrease is observed (i.e. at the points marked 
in Fig. 4 b) and the slug examined, it is very clear that piping or coring is com- 
mencing ; a gap between the material and the pressure pad is opening up over 
a short distance on either side of the slug axis. Extrusion proper has thus ceased 
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af 


and there is no longer pressure over the whole of the pressure pad. The process 
at this point becomes one of nonsteady motion and as such is thereafter not com- 
parable with the theory ; the slip-line field region associated with steady motion 
has been invaded. It is the load applied at this instant, minus an amount due 


4 


7 


5 i 
'@) 05 
Punch travel ——- in 


Fig. 4. Autographic diagrams for the extrusion of (a) Lubricated Pure Lead : r = 0-50, (b) Pure 
Lead: r = 0-30 and a = 20°, U — Unlubricated, L — Lubricated, (c) Lubricated Super-pure 
Aluminium, r = 0-30 and a = 20°. 


to friction between the rigid material and the container wall, that must be used 
to determine the true extrusion pressure. When there is slip over the die face 
this net load can be obtained graphically by extrapolating the portion of the line 
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of steady load decrease before the coring to intersect the point of entry to the 
die. When a dead-metal zone is present, its extent is generally indefinite and the 
load at the end of steady-state extrusion has then to be accepted for the sake 
of consistency. 

This experimentally observed feature is of great importance since it points to 
the physical existence of two qualitatively different forms of flow. Specimens 
may be subjected either to a steady- or an unsteady-state extrusion depending 
on their current length. It may be remarked that the same feature is observable 
in axisymmetric or rod extrusion. The load at which steady-state extrusion is 
considered to cease and the cne used for comparison with theoretical values 1s 
clearly indicated in the autographic diagrams reproduced in Fig. 4 I. will be 
observed that while it is comparatively easy to discern the onset of the unsteady 
state with lead, it is a matter of some uncertainty with a material that has a high 
strain-hardening rate such as aluminium. 

(ii) The Yweld Shear Stress k. To obtain the experimental value of p ‘2k it is 
necessary, besides determining the pressure p, to find a value of k. The value 
of k is assumed constant in theory but when strain-hardening materials are treated 
it is essential to make a consistent and rational allowance for this fact. This was 
done following in principle the method described by Hi. (1950), by determining 
a mean value of 2k from the stress-strain curves. A strain of at least In {1 (1— r)} 
must be acquired by the extruded product since this is the strain required if the 
change of shape is achieved homogeneously. The mean strain actually imparted 
is larger than this, but it is not known a priori. From the theoretical curves 
available, this mean strain for a givén r is seen to be p/2k and accordingly 2k may 
be easily obtained by deriving the mean true stress k 1/3 over the range of logarith- 


mic strain 0 to (2/4/8) -(p/2k) from the true stress — logarithmic strain curves 
of Fig. 3. It is assumed that a Mises yield criterion obtains and that the form of 


the strain-hardening characteristic of the material does not seriously affect the 
true strain imparted. 

In the experiments in lubricated extrusion the mean strain is obtained by 
reference to the curves for frictionless extrusion and since some degree of friction 
is obviously present, this must in fact be underestimated. Similarly, in the unlubri- 
cated experiments the mean strain is assumed to be given by the shearing friction 
theoretical curves and the probability then is that this is overestimated. 

In deducing the value of the extrusion load it may be noted that dead metal 
zones are nearly always associated with the 90° and 75° dies and slip over the die 
face for 30° dies. It is not always clear which mode of extrusion prevails for dies 
of intermediate semiangle and it was necessary to carry out many experiments to 
determine which mode applied for each particular reduction. It is against this 
background of knowledge about the manner of deformation that the final results 
have been interpreted. 


5. COMPARISON OF EXPERIMENTAL AND THEORETICAL RESULTS 


The theoretical values of p/2k for particular values of r, « and degree of friction 
as required for comparison with this experimental work have been calculated and 
presented in earlier papers (JOHNSON 1955a and 1956). 


), JOHNSON 


Fig. 5. Comparison of theoretical and experimental results for « = 90°. Uppe. curve refers to 
a perfectly rough container wall and lower curve to a smooth container wall wich a dead metal 


zone on the die face. Experimental point for lubricated extrusion ; Experimental point 


for unlubricated extrusion. (a) Pure Lead; (b) Tellurium Lead; (c) 99-7% Pure Aluminium ; 
(d) Super-pure Aluminium. 
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In practice the square die is most frequently used and those of small semiangle, 
i.e. 20° and 30°, the least ; dies of intermediate angle are commonly used but no 


particular angle merits special attention. 


Square die, « = 90 

In Fig. 5 the results of the experimental values of p/2k for the various values 
of r for all materials are compared with the two theoretical curves which assume 
a dead-metal zone over the whole die face or, at very high reductions with that 
associated with shearing along the lower edge of the die, when the container wall 


is smooth or perfectly rough. 


05 06 07 
— 7? ome 
Fig. 6. Comparison of theoretical and experimental results for « = 45°. Upper curve refers to 
a perfectly rough container wall and shearing along the die face. Lower curve refers to slip 
along a smooth die face. Experimental points for lubricated extrusion ; [) Experimental 
points for unlubricated extrusion. (a) Pure Lead ; (b) Tellurium Lead ; (c) Super-pure Aluminium 
(d) 99-7% Pure Aluminium. 


There is reasonable agreement except at high reductions where the pressure is 


consistently underestimated. Much of this was attributed to “ flashing” — the 


movement of metal past the pressure pad or its lodgement between pad and 
container wall. The few results obtained with lubricated aluminium are surprisingly 


good. 
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45°, 60° and 75 
The results of experiments at these angle dies are given in Figs. 6, 7 and 8, in 
which the lower curve is for frictionless extrusion and the upper curve the worst 
conditions, viz. rough container wall and a rough die face supporting a small 
dead metal zone. Almost all the results are bounded by these curves, the tendency 


for them being to approach the upper curve at the higher reductions 


| (a) 
05 06 O 05 O06 07 
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Fig. 7. Comparison of theoretical and exp mmental results for « = 60°. Upper curve refers to 

a perfectly rough container wall and shear ng along the die face, Lower curve refers to slip along 

a smooth die face Experimental points for lubricated extrusion , (] Expermental points for 

unlubricated extrusion. (a) Pure Lead; (b) Tellurium Lead; (c) Super-pure Aluminium ; 
(d) 00-"% Pure Aluminium 


20° and 30 


The upper theoretical curve in Figs. 9 and 10 was derived on the assumption 
that the die was perfectly rough or that shearing along the whole of the die face 
occurred. The lower curve corresponds to frictionless conditions. For both kinds 
of lead, lubricated extrusions are bounded by these two curves but the indications 
are that considerable friction is encountered. With unlubricated lead the upper 
curves tend to underestimate the pressure. The lubricated aluminium extrusions 
are well summarized by the upper curves but much of this tendency 1s probably 
associated with the well rounded nature of the stress-strain curves for the com 
paratively small strains imposed. 
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6. DiIscUSSION ON THE LIMITATIONS TO THE USE OF THE THEORY 
There is no reason to doubt that the model suggested by the theory is largely 
correct. Early work on extrusion had need of empirically determined constants 
to match its experimental and theoretical results. The early theoretical work 
was thought of entirely by reference to homogeneous deformation and in con- 
sequence, without empirical constants, gave pressure predictions which were in 


(c) 


| 
05 06 07 


es roe 


Fig. 8. Comparison of theoretical and experimental results for « = 75°. Upper curve refers to a 

perfectly rough container wall and shearing along the die face. Lower curve refers to slip along 

a smooth die face. © Experimental points for lubricated extrusion ; [) Experiental points for 

unlubricated extrusion. (a) Pure Lead; (b) Tellurium Lead; (c) Super-pure Aluminium ; 
(d) 99-7% Pure Aluminium. 


error by a very considerable amount; in particular no attempt was made to 
predict in detail how a grid would distort. The emergence of slip-line field tech- 


niques has removed or very greatly reduced —in the field of plane strain — the 


magnitude of these failings. Nonetheless it is not amiss to summarize the weak- 

nesses and limitations of the new methods. 

(a) Perhaps foremost is the not very satisfactory method of allowing for strain- 
hardening by means of an averaged strain. However, though the differences 
in behaviour between the ideal and real industrial materials may appear large 
enough to appear to discredit the application of this theory to strain-hardening 
materials, yet very reasonable experimental results are obtained. 

Effective lubricated extrusion is very difficult to achieve. This implies that 
the curves relating to extrusion through smooth dies are something of an ideal, 
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and not likely to be ipproached in experiment. These lowest limits, however. 
demonstrate quit clearly that great savings in power could be made if the 


lubrication was effe tive to a high degree 
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Fig. 9. Comparison of theoretical and experimental results for « 30 I pper curve refers to 
shearing along whole die face and lower curve to frictionless conditions Experimental points 
for lubricated extrusion ; Experimental points for unlubricated extrusion. (a) Pure Lead; 


(b) Tellurium Lead ; (c) Super-pure Aluminium ; (d) 99-7 Pure Aluminium 
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Fig. 10. Comparison of theoretical and experimental results for « 20°. Upper curve refers to 
shearing along whole die face and lower curve to frictionless conditions Expe rimental points 
for lubricated extrusion Experimental points for unlubricated extrusion. (a) Pure Lead ; 


(b) Tellurium Lead ; (c) Super-pure Aluminium 


The theorv nowhere takes account of the effect of the proximity of the punch 
to the slip-line field. It would be useful to know how the condition of a punch 


face (or pressure pad) affects the metal flow and the extrusion pressure. 


(d) 
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A limitation to the use of the theory is set by the experimental difficulties of 
closely defining the conditions under which an operation is proceeding. Thus 
far no detailed measurement of the coefficient of friction prevailing in an 
experiment has been made, and it is very doubtful if this can be made to a 
high degree of accuracy. The extrusion process is a dynamic one, and involves 
many and various factors. Extrusion, by comparison with wire-drawing, the 
nearest comparable process, covers a much larger range of working conditions 
from small die-angles and small reductions to square dies with very large 
reductions ; wire drawing is concerned only with slip over a die face but 
extrusion includes this and also requires the consideration of dead metal 
zones. In one, a container wall is absent and in the other is a source of uncertain 
effects. In extrusion the contribution to the total load of the pressure pad as 
it bears on the container wall cannot be evaluated. Wire-drawing experiments 
require lighter die loads (when other things are the same) and are also capable 


of being established to give long runs at steady conditions. 


Considering the factors given above, the method of deciding where on an 
autographic diagram one should read off the extrusion pressure or load, is 
not entirely satisfactory though it is believed that the identification of the 


coring point on the autographic diagram is a new and worthwhile observation. 


Conc LUSIONS 


It is unfortunate that experiments are not repeatable with a high degree of 


accuracy and this, together with theoretical shortcomings, make it possible only to 


reach broad conclusions. These are 


lubricated extrusions are accompanied by coefficients of friction that are not 
small ; 


in the case of lubricated slip over the die face, which occurs for semi-angles 
of die up to about 60°, pressures can be reasonably well predicted if a high 
value of pis assumed ; 


with large angle or square dies, pressures will be predicted to better than 


about 15%, by the curves associated with the dead metal zone hypotheses 
with a rough container wall ; 


the method of allowing for strain-hardening by using an averaged value of 


the yield stress is quite satisfactory for practical purposes ; 


distorted grids as predicted by the theory, though not exact, certainly provide 


very good first approximations ; 


the term extrusion pressure is only fully meaningful when due regard is paid 
to the length of the slug extruded. 
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CREEP RELAXATION FOR COMBINED STRESSES 
By J. E. Grirrira* and Joserpn Marint 
( Received 6th June, 1956) 


SUMMARY 


Tuts paper develops a theory for predicting stress relaxation-time relations for creep in the 


case of combined stresses based on an assumed constant stress-creep-time relation. The accuracy 


of the theoretical prediction ts checked experimentally by conducting some preliminary creep 
relaxation tests on thin-walled circular tubes subjected to combined axial tension and torsion 
The material tested was an aluminium alloy 38-0 and the experiments were conducted at room 
temperature. 


1. INTRODUCTION 


Many studies have been conducted on the mechanics of creep for simple stresses 
as indicated by reviews prepared by Horr (1955), Marin (1951) and Scuworre 
(1952). However, most investigations have considered the condition where the 
stresses remain constant and do not change with time. The general condition. 
however, is that of stress relaxation in which stresses change as creep deformations 
occur. Some creep stress relaxation studies have been made for special cases and 
simple stresses. Relaxation relations for creep in simple tension have been derived 
based on constant-stress creep relations by Davis(1943), Napa1(1952), Opinc (1950), 
Pao (1952), Popov (1942), Roperts (1949), Rosinson (1939) and SopERBERG 
(1939). The authors were unable to find any published papers on experimental 


studies on creep relaxation for combined stresses. A theoretical analysis on creep 


relaxation under a combined state of stress was made by Davis (1952). Davis 
considered the stress relaxation of radial and tangential stresses in an ideal elastic- 
viscous thick-walled tube. 

This paper presents theories for creep relaxation under combined stresses based 
upon a selected constant stress creep-stress-time relation for simple tension. To 
develop this theory, the constant stress creep strain-stress-time relations for 
combined stresses must first be determined. 


Constant CREEP StraAIn-StREsS-Time RELATIONS UNDER COMBINED 
STRESSES 
For simple tension creep, a good approximation to the actual creep strain-stress- 


time relations in various materials is obtained by considering the deformation as 
made up of four parts. That is, 


€ = €, ( ] ) 
® Department of Civi: Engineering, Yale University 
+ Department of Engineer «.g Mechanics. Pennsylvania State University. 
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where «, is the elastic component, T. is the plastic component, vs is the transient 


component and « Q is the steady-state (or constant creep rate) component. Fur- 


thermore, it will be assumed that the foregoing strain components may be expressed 


in terms of stress and time as follows 


where o stress, t time, ¢ base for natural logarithms, and £, k,, ky, ky. q 
and n material constants. Each term on the right-hand side of (2) corresponds 
respec tively to each term on the right-hand side of (1). 

For the case of combined stresses, it will be assumed that each principal strain 
may also be expressed in terms of four components as defined in (1). That is, if 


Eo. and « , are the three principal total strains, 


1? 


J 


principal Stresses, 


, 


v (o, + o,)] 


/ 


To determine the nonelastic strain components in terms of the principal stresses, 
it will be assumed, as in the total strain theory of plasticity, that (1) the non 
elastic strains produce no volume change, and (2) the ratios of the principal shear 


strains to shear stresses are equal. By assumption (1), 


€ 3 0 (5) 


Ww here 
By assumption (2) 


C3 07; 


> 


From the three equations defined in (5) and (6) it can be shown that 


(a, 3 ‘ o,) 
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where c. and o are the nonelastic effective stress and effective strain and have 
values 


—— V4 (Pas Tr eo © eos) 
l ~ 
/2 Vo, — 9)? + (0, — 9)” 4 


(so, — 9, 


Applying the first of (7) to simple tension and noting by (2) that 
c, =o" [ky + hy (1 — ec) + ky f], 


o"-! [k, +k, (1 — eo) + kt]. (9) 


From (7) and (9) the nonelastic strains in terms of the stresses can now be com- 
pletely defined. That is 


in [ky + ky (1 —e®) + ks t] (>; 
a" [k, +k, (1 —e*) +k, t] (c, 


+k, (1 ew) + k, t] (o, 
where a is defined by (8). 
The nonelastic strains in (10) may be combined with the elastic strains in (4) 


to give the total principal strains in terms of the principal stress. 


Then, 


v (o, + o,)] + Gg” '[k, 


v (oy + 04)] + 3" [h, 


8. THEORETICAL RELAXATION CREEP RELATIONS FOR COMBINED STRESSES 


The condition of stress relaxation is defined by expressing the change in the 
principal strains with time. 


Since these changes are dependent upon the time 
and the changes in all three principal stresses, the differential changes in the 


principal strains may be expressed in general form by the following three equations, 


4) \ 

ve€ ve 

de 1 do, ; l do . L do, 
A) - ) . 
00g 003 


do, 


do, 
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The vertical lines following each partial derivative in (12, indicates that the 
initial values of o,, o,, o,, and ¢t are to be substituted after differentiation. The 
partial derivatives in (12) can be determined by means of (11). For example, 
from (11), 


d€, I 


do, +E 2 2 


2 

+ [k, (1 — e*) +k, t] [o*-8] in 1) (o, — 2 - a a]. (18) 
The substitution of other derivatives similar to (18) in (12) yields three equations 
which cannot be solved directly for the stresses since they appear in mixed terms 
and are raised to various values of the exponents. To obtain an approximate 
direct solution (12) can be expressed in terms of increments in place of differentials 
Then by Taylor’s series expansion, the equation corresponding to the first of 
(12) becomes 


where 

Ao i 
. 03 ot 
In this equation the values of «, 2 + @Aa,), 
+ @da,), and (t, + @At,), where @ has some value between zero and one. 


‘ are those values for (O19 + @Aa,), (o 


\%30 


Equations similar to (14) may also be written for the strains «, and ¢, in which 


there are remainders R, and R, in place of R,. Equation (14) and similar equations 


for €, and és will now be used to define stress relaxation for special cases. 


Case 1 — Three principal strains constan! 


For this condition de, 0, and by (14 


\ 
ve ve 
1 \ ll Ao. 


doc} 009] 003] 


‘ 0€o) 
2 j os. + 2) Ao, 
oo}; ‘ dos! 


dea! dea! 
€s) Ao, “3 Ao, | At 


>| OCs} ot J 


0€s 


OO: 


The partial derivatives in (15) can be obtained from (12). When the time Af 1s 
selected, (15) then gives three simultaneous equations which can be solved for 
the unknown stress increments Ao,, Ac,. and Ac, using an iterative process. The 
solution can be simplifi d by noting that approximations may be made depending 
upon whether the times are short or long. 

Case 2 — Principal strain €, and .tresses a, and a, constant 


5] 


By the first of (12) for «, constant d : 0 aud 
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The solution of (16) for the stress changes will depend on the stress condition 
considered. For the principal stress o, and o, constant and o, varying, (1¢) becomes 


d€, d€, 


Ao, T 


do; dt 


At = 0. (17) 


Placing the value of «, as defined by (11) in (12), 


—n | oO. 
{k, (1 ew) 4 k, t} a” 8 \" 1) (o, > — 


n-1{, oe °a) qt | ‘12 
- ta 2 >} (Kad ¢ 3 18) 
Equation (18) can now be used to find the stress change Ao,, for the time change 
At. A graphical solution for this case is simpler than the analytical solution. The 


graphical solution requires the following procedure : 


(g) t (h) ft i) t 


Fig 1 Graphical solution of stress-time relation when only one principal stress varies 


1. Based upon (11), the strain-time curves are plotted as shown in Figs. 1 (a) 
and (b) and (c) for different values of o, and the same values of o, and o, Sub- 
tracting the assumed nonrecoverable initial plastic strain gives the dotted curves 


in Figs. 1 (a), (b) and (c). 
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Vertical lines representing selected time values are next drawn in Figs. 1 (a), 


b), and (« rhe intersection of these time lines and the dotted creep-time curves 
vives a series of values to enable the plotting of the strain-stress curves shown in 
Figs. 1 (d), (3) and (f 


3 Knowing the initial value of o y a horizontal line is drawn in Fig. 1 (d) 


10 


s pont detining in (the stress at f )) A series of values of 


stress o, corresponding to various times can then be obtained for which the strain 
«. remains constant as indicated in Fig 1 (d) With these stress and time values 
known, the relaxation stress-time curve of Fig. 1 (g) can be plotted. In a similar 


1 (e) and (f) the relations of Fig. 1 (h) and (i) may be plotted. 


" €, and j reve ipal stress ratios 0. ‘ 0, constant 


condition where the principal stress ratios o,/¢ z and o,/¢ 


I I 


’ » 


placing the partial derivatives from (11) in (16) gives 


,qget + kh,) At 


;) 
2 
be used to find changes Ao, in o, for changes in time 
Direct so ilso be determined for the short time values by neglecting 
transient ‘ ny te strains For long time values, the elastic strains 


provide a direct solution of (19 \ graphical solution of the 


made by using a procedure similar to that employed for 


ComBIneD Stress-RELAXATION TeEsTs 


order to determine the accuracy of the combined stress-relaxation theory 
oposed in this paper, some preliminary experiments were conducted on thin 
walled tubular specimens of an aluminium alloy 35-0 (Fig. 2). The material 


tested has the properties shown in Table 1 


TABLE 1 


iuerage Mechanical Properties of Aluminium Alloy 3S-0 


Ultimate tensile strength 16,000 psi 
rensile vield strength 6,000 psi 
Compressive yield strength 6,000 psi 
Modulus of elasticity 10,300,000 psi 
Brinell number 28 

Ultimate shear strength 11,000 psi 
Shear field strength 4,000 psi 


The combined stresses were -produced by applying torsion and axial tension to 


the thin-walled tubular specimen. Both the tensile and torsion loads were applied 


mbined stresses 


6 approx) 


180” 


ends 


rhb hime 
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by dead weights as shown in Fig. 3. The tensile load was placed at the end of a 


ever (A) which is connected to the bottom of the specimen (5). The torsion load 
is apphed by dead weights supported by cables passing over pulleys to a disk 
B By wrapping the two cables around the disk on opposite sides of the disk, 
a twisting moment Is produced on the specimen, The axial and torsional stresses 
are determined from the known applied loads and the dimensions of the specimen. 

measured by two mechanical averaging dial gauges (Fig. 3). 


Axial strains were 
and the dial gauges read to within 0-0002 in. The 


anvle of twist was measured by a graduated disk which had inscribed markings for 
\ vernier made it possible to read angles of twist within 0-05 degrees 
The specially designed combined stre-s-strain 


rine gauge length used was 2 in 


eT. h cle ore 


for the 2 in. gauge length used. 
cauge used for measurement of the axial strains and angles of twist was attached 
directly to the specimens as indicated in Fig. 3. 


TT ——"" Experimental | 


Theoretical 
Material: aluminium alloy 3S-O!| 


‘e) 


=12000 PS! — —\- = =F 


oO = 8000 PSI 


Pre liminary constant-stress tensile cree p tests were conducted to determine the 


creep constants in (2). These material constants were found to be : 
0. k, 5-53 10-'7,k, = 6-92 10-™, g 0-12, EB 10-6 = 10° psi, n 3°33. 


The actual creep time curves and their comparisons with theoretical relations 


based on (2) are shown in Fig. 4. 
relaxation creep tests were conducted including simple 


Three preliminary 
In the case of the 


tension, pure torsion and combined tension and torsion tests. 
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simple tension and pure torsion tests, the initial axial strain and angle of twist 
were respectively maintained constant while the loads were reduced. For the 
combined tension-torsion relaxation test, the axial strain and principal stress 
ratio were maintained constant. The results of these tests are shown in Figs. (5) 
and (6). 
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Tension and torsion relaxation curves. 


For tne case cf tension and torsion relaxation, the graphical procedure described 
in this paper was used to obtain the theoretical creep-relaxation relations indicate: 
by the dotted lines in Fig. (5). However, the analytical procedure was used to 
obtain the theoretical creep-relaxation relations shown in Fig. (6). A comparison 
of the dotted and solid curves in Figs. (5) and (6) indicate approximate agreement 
between tests and theory. 


5. CONCLUSIONS 


This paper develops a theory for creep relaxation in the case of combined stresses. 
Some preliminary combined-stress creep-relaxation experiments were conducted 


that indicate for the materia] tested approximate agreement between the theory 


292 J. E. Grirritra and Joseru Marin 


proposed and test results. To the authors’ knowledge, this is the first time creep- 


relaxation experiments have been conducted for combined states of stress. 
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Fig. 6. Tension-torsion relaxation curves. 
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SUMMARY 


Tue theory of minimum weight design of circular thin plates and circular sandwich plates obeying 
v. Mises’s vield condition is discussed. It is shown that the minimum weiyht desiyn admits a 
failure mechanism for which the mechanical energy dissipated per unit volume has a constant 
value throughout the plates. The distribution of the bending moments and thickness through- 
out the plates are determined 


INTRODUCTION 


Tus paper is concerned with the minimum weight design of circular solid: and 
sandwich plates. Only rotationally symmetric types of loading and simple edge 
support are considered. The plate material is supposed to obey v. Mises’s yield 
condition and flow rule, and the failure criterion of limit analysis is used. Except 
for the use of another yield condition, problems of this type have been treated 
by Hopkins and PraGer (1955) minimum weight design of noncircular plates 
has been discussed by CraEMER (1955) and PraGer (1955b). 

Under the rotationally symmetric conditions considered here, the mechanical 
behaviour of an element of the rigid, plastic plate is described in terms of the radial 
and circumferential bending moments as the generalized stresses, and the rates 
of radial and circumferential curvature as the generalized strain rates (see, for 
instance. PRaGER (1954)). Denote the radial and circumferential bending moments 
by M and N, respectively, and the rates of radial and circumferential curvature 
by « and A. On account of the rotational symmetry, all four quantities depend 
only on the distance r from the plate centre. In terms of the rate of deflection, 
1 v(r), the rates of curvature are defined by 


kK v’, A v' /r, (1) 


where the prime indicates differentiation with respect to r. 
The yield condition of the solid plate will be assumed to have the form 


F (M, N) = M,/?, 


where F is homogeneous of the order 4 in M and N and continuously differentiable 


with respect to these arguments, and M, is the fully plastic moment of the plate. 


If o, is the yield stress in simple tension or compression, 


i) t % H? (8) 
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M 


Minimum weight design of circular plates 295 


for a solid plate of the thickness H. 
In addition to the yield condition (2), the bending moments M and N must 
satisfy the equation of equilibrium 


— ['rpar (4) 
0 


where p = p(r) is the intensity of the distributed load. 
According to the theory of the plastic potential, the yield condition (2) is asso- 
ciated with the flow rule 


oF 5 
ts» ( 
dN 
where « is an arbitrary positive factor of proportionality. The rate D at which 
mechanical energy is dissipated per unit area of the plate is given by 


oF 


D = Mx«+Nh) «| M + 


, oF _ 
N =) = }oM,/2, (6) 
where the last term follows from Euler’s theorem on homogeneous functions and 
equation (2). With « from (6), the flow rule (5) can be rewritten as 


2D dF 2D dF 


Mi? ym’ M2 YN’ (7) 


2. Minimum Weicut Desicn or Sour P.Late 


In view of (3) the weight of a solid plate of variable thickness H = H (r) will 
be proportional to 
rR 


| r M,}/? dr, (8) 
0 


where R is the radius of the plate. To minimize the integral (8) under the sub- 
sidiary conditions (2) and (4) is a problem that can be treated by standard techniques 
of the calculus of variations. If « = » (r) and v = v(r) are the Lagrangian factors 
applied to (2) and (4) respectively, the Euler equations corresponding to the 
variables M,, M and N are 
(9) 
oF 
“3M 


oF 
fe Ty - 
dN 


} (10) 


-v=0. (11) 


Elimination of » and v between these equations yields 
oF wF\’ 
= |r —]. 
om = ("5x 
On account of (7), (12) can be written as 


M,}? _ M,}"? Pr). 
D ~~ 
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In view of (1) and (8), this equation is equivalent to 


a = const. (14) 


Equation (14) indicates that the minimum weight design must admit a failure 
mechanism for which the rate of energy dissipation in each plate element is pro- 
portional to the weight of this element. This finding extends to solid plates a 
result that Foutxes (1954) obtained for structural frames. 


8. Mintiwum Wercut Desicn or Sanpwicu PLatTe 


The sandwich plate considered here has a light-weight core of given constant 
thickness H and equal faces of variable thickness h, which has to be designed for 
minimum weight. The fully plastic moment M, is now given by 

M o, hH, (15) 


0) 


and the weight of the plate is proportional to 


R 
[ r M, dr. 
0 


Accordingly, the yield condition is best written in the form 


F (M,N) M.., (17) 


0 


where F is homogeneous of the order I in M and N. This change in the yield con 
dition requires the following changes in (6) and (7) : 


D a M.. (6) 


D dF . DdvF 
M, 3M’ M.oN 


=e * 


(7°) 
Minimizing the integral (16) under the subsidiary conditions (17) and (5), we 
obtain (12) as before, and from this, by means of (6’) and (7°), the relation 


h 


const... 18) 
D ' 


which replaces (14). 


4. Tue von Mises Yretp ConpbIrion 
The von Mises yield condition is 
M* + N* — MN = M,}. 
(a) The solid plate. From (19) and (2) we have, for the solid plate, 
F (M,N) =(M* + N* — MN)'/* 


and from (19) and (3) 
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With F (M, N) from (20), Eq. (12) becomes 
M’ (2M? + 2N? 11MN) + N’ (5M? — 4N? + 4MN) 


M)(M? + N* — MN) = 0. 


For uniform transverse load the equilibrium equation (5) becomes 
rM’ +1 N 4 r* p. (23) 
The solution of (22) and (23) for M and N has been found numerically and is 


plotted in Fig. 1. The thickness distribution was then obtained from (21) ; it is 


plotted in Fig. 2. 


Fig. 1. 


(b) The sandwich plate. From (19) and (17) we have, for the sandwich plate, 
F (M, N) = (M? + N* — MN)'* (24) 

and from (19) and (15) 
M* + N*® — MN = oa,” h® H*. (25) 


With F (M, N) from (24), equation (12) now yields 


; 3 
M’ MN N’ M?* + J N) (M? + N* MN) =0 


which is satisfied by 
M N for all r. 
Substitution of (27) into the yield condition (19) shows that 


\M| = |N| = M, (28) 


everywhere in the plate. The equilibrium equation (23) and the boundary con- 
dition M (R) = 0 then furnishes 


(29) 
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for the simply supported plate. Consequently 


p* 
M,° a, h? H? (R? 
16 
and the thickness distribution is given by 
pR r? 
40, H R?) 


h (r) 


Equation (27) could also be obtained from (18) and the fact that 
D F Hh («* 2 4 eA’. 


5. REMARKS 


The results expressed by (14) and (18) seem to be special cases of a general 
principle in limit design : a minimum weight design admits a failure mechanism 
for which the mechanical energy dissipated per unit volume has a constant value 
throughout the structure 

Hopkins and Pracer (1955) and Pracer (1955a) have shown the Tresca 
yield condition to lead to a minimum weight design for a solid plate in which 
the radial and circumferential bending moments are both equal to the fully plastic 
moment at each point. When the von Mises yield condition is used, this equality 
of the bending moments is still obtained for the sandwich plate considered here 
but no longer for the solid plate, though the difference between the two bending 


moments in this case is nowhere large. 
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) «a sinh 
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